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We construct matrix integrable fourth-order nonlinear Schrédinger equations through reducing the Ablowitz—
Kaup-Newell-Segur matrix eigenvalue problems. Based on properties of eigenvalue and adjoint eigenvalue prob-
lems, we solve the corresponding reflectionless Riemann—Hilbert problems, where eigenvalues could equal adjoint
eigenvalues, and formulate their soliton solutions via those reflectionless Riemann—Hilbert problems. Soliton solu-
tions are computed for three illustrative examples of scalar and two-component integrable fourth-order nonlinear

Schrédinger equations.
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Abundant nonlinear phenomena in physical sciences
and engineering can be described by integrable models. [!!
When lower-order perturbations are taken into account,
two prototypical examples of integrable models, the non-
linear Schrédinger (NLS) equation and the modified
Korteweg—de Vries (mKdV) equation, are introduced to
learn and identify wave propagation in nonlinear media. (21
By presenting integrable models as the compatibility con-
ditions (i.e., zero curvature equations), matrix eigenvalue
problems are used to solve their Cauchy problems by the
inverse scattering transform. [3,4]

By taking account of the invariance of zero curva-
ture equations under group constraints, nonlocal inte-
grable models can be generated from Lax pairs of ma-
trix eigenvalue problems. Such integrable models keep the
integrable structures that the original integrable models
exhibit (see, e.g., Refs. [5—7] for nonlocal reduced inte-
grable models). If one group constraint is taken into con-
sideration, we can formulate three classes of local inte-
grable models, i.e., one class of NLS type and two classes
of mKdV type, 8.9 and five classes of nonlocal integrable
models, i.e., three classes of NLS type and two classes
of mKdV type. (19 On the other hand, Riemann—Hilbert
problems have been widely applied for constructing soliton
solutions. "' Indeed, many local and nonlocal integrable
models have been investigated by considering the associ-
ated Riemann-Hilbert problems (see, e.g., Refs. [13-15]
and Refs. [7,16-19] for details in the local and nonlocal
cases, respectively).

It should also be noted that the standard inte-
grable NLS model of second-order plays a significant
role in nonlinear optics, used as the governing equa-
tion for the propagation of wave field envelope in weakly
nonlinear dispersive media (see, e.g., Ref. [20]). Its

*Corresponding author. Email: mawx@cas.usf.edu
(© 2022 Chinese Physical Society and IOP Publishing Ltd

vector and matrix integrable generalizations were pro-
posed, for which there exist higher-order symmetries; !
and its continuous, semi-discrete and fully discrete ma-
trix versions were analyzed and solved in terms of bi-
differential graded algebras. (22
NLS equation with a combined second- and third-order
nonlinearity was recently studied, with its symmetric
and antisymmetric soliton solutions being constructed
and the influence of the Lévy index on diverse soli-
tons being analyzed.”*) A (341)-dimensional normalized
NLS equation with variable-coefficients was used to de-
scribe light bullets in a tapered graded-index waveg-
uide with parity-time-symmetric potentials. (24 An energy-
conservation deep-learning method was constructed to
study a coupled system of NLS equations and to ana-
lyze its formation mechanism of vector solitons in bire-

I A fractional generalized

fringent fibers.?®® Moreover, higher-order analogous inte-
grable models were formulated and studied to explore non-
linear dispersive waves in optical fibers and water waves
(see, e.g., Refs. [20,26]).

In this Letter, we present a paradigmatic example of
applications of Riemann—Hilbert problems. We formulate
a class of reduced matrix hierarchies of integrable models
of AKNS type, including reduced matrix integrable fourth-
order models of NLS type, and apply the Riemann-Hilbert
technique to construction of their soliton solutions. Specif-
ically, we present a kind of group constraints of the AKNS
matrix eigenvalue problems to formulate reduced matrix
hierarchies of integrable models of AKNS type, including
matrix integrable fourth-order models of NLS type. Based
on properties of eigenvalue and adjoint eigenvalue prob-
lems, we solve the corresponding reflectionless Riemann—
Hilbert problems, in which eigenvalues could be equal to
adjoint eigenvalues, and compute soliton solutions to the
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resulting reduced matrix integrable models of AKNS type,
particularly to one scalar integrable fourth-order model of
NLS type and two two-component systems of integrable
fourth-order models of NLS type. The scalar integrable
fourth-order model reads

2 + 80'|p1|2p1,zz

—ip1t = P1gess + 60T 4 + dopi|p1 s
+20p1P} 2o + 607 1| 1, (1)

where 0 € C is an arbitrary nonzero constant, * stands
for the complex conjugation, and |p1| denotes the absolute
value of p;. The final section concludes our findings and
gives several remarks for future studies.

Reduced Matriz Integrable mKdV Hierarchies— The
Matriz AKNS Integrable Hierarchies Revisited. To express
the subsequent analysis clearly, let us first recall the AKNS
hierarchies of matrix integrable models. As usual, we as-
sume that p and g denote two matrix potentials:

p= p(l’,t) = (pjk)mxm q= q(m,t) = (ij)nxm7 (2)

where m,n are two given natural numbers. The matrix
AKNS eigenvalue problems are defined by

—ige = VI = VI (u, )6 = W 24+QM)p, r >0, (3)

where A stands for the spectral parameter. The constant

square matrices A and (2 are given by
A = diag(arlm, a2lyn), 2 = diag(Bilm,B21n), (4)

where I; denotes the identity matrix of size s, and a1, as
and (1, B2 are two arbitrary pairs of distinct real constants.
Moreover, the other two involved square matrices of size
m + n are defined by

P =P() = [2 ﬂ , o)

called the potential matrix, and
r—1 [r—s] [r—s]
T S a b
Q=3 L[rs] d[rs]} ) (6)
s=0

where al®, b1 cl*] and dl*! are determined recursively by

b =0, =0, o=p1, d=381I,, (7a)
1

plstl) _ E(_ib[;] —pd® +alp), s >0, (7b)

sl é(icgf] + qa[s] _ d[s]q)y s >0, (7¢)

ayt = i(pe = bPg), di = i(gb" — lp), s> 1, (7d)

with @ = a1 — a2 and zero constants of integration being
chosen. Based on the relations in (7), we can see that

(s pls]

_s|a b

wW=> X L[s] d[s]] (8)
s>0

presents a solution to the stationary zero curvature equa-
tion

We =14[U, W], (9)

which plays a crucial role in defining an integrable hierar-
chy.

By using computer algebra systems, we can directly
work out all sets of al*!, bl*l, ¢*l and d*!, s > 1, which are
differential polynomials of p and ¢ with respect to x. For
example, we can have

B

+ (4P22q + 2P qs + 2pgze + 6pgpq)D],

[5] _

g

+ q(4pqus + 2p2qe + 2peeq + 6pgpq)),

B .
af = <5 (6Pa(Pae = P2q) + Plsae = Pozaq

B .
Pl = gz[2q(pacq — Dqz)p + 44PgDs — 442Pqp + Pz

where 8 = 1 — 2. Now, we can see the zero-curvature
equations

U, — Vv +iu, vl =0, r>o0, (10)

which are the compatibility conditions of the two matrix
eigenvalue problems in (3), generate one so-called matrix
AKNS integrable hierarchy (see, e.g., Ref. [27]):

r+1]
)

pe = iabl @ = —ioc™ >0, (11)

which possesses a bi-Hamiltonian structure. The nonlinear

integrable models with » = 2 and r = 4 in the hierarchy
give us the matrix NLS equations:

pr = _%i(pm +2pqp), 4 = %i(qm +20pq),  (12)

and the matrix fourth-order NLS equations:

B .
pr = Jl[pmzzm + 4pgpas + 2(3pxq + PG )P
+ 2(2P22q + P2x + Plea + 3paPq)p),
5.

+ 2¢(2pgaz + Paqe + Paxq + 3pgpq)), (13)

where a = a1 —a2 and 8 = (81 — 32 are arbitrary constants,
and the two matrix potentials, p and ¢, are defined by (2).

Reduced Matriz AKNS Integrable Hierarchies. We
would like to construct a kind of novel reduced matrix
integrable AKNS models by taking a kind of group con-
straints for the matrix AKNS eigenvalue problems in (3)
(see Refs. [8,28] for other applications).

Assume that Y and X5 are a pair of constant invert-
ible Hermitian matrices of sizes m and n, respectively. Let
us consider a kind of group constraints for the spectral
matrix U:

U, t,A7) = [U(a, t, )] = SU(z,t, ) I, (14)
where * denotes the complex conjugation, as indicated in

the introduction, 1 denotes the Hermitian transpose, and
the constant invertible Hermitian matrix X is defined by

2y 0
0 X

o= . (15)
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It is easy to see that every group constraint requires
Pi(z,t) = Pz, t) X", (16)

and more precisely, it requires either of the constraints for
the two matrix potentials:

q(z,t) = E;lpT(x,t)El, 17
p(z,t) = Efqu(ﬂc,t)ﬂz. (18)

Moreover, we observe that under the group constraints in
(14), we can have

Wiz, t,\) = [W(z,t, )] = W (z,t, )X, (19)
and this implies that we have
VI @t 2% = VI (@, 6, )] = 2vIT@, 6, )27, (20)
or equivalently, we have
QU (z,t, %) = [Q"(z, t, \)]T = Q" (z, £, )X, (21)

where r > 0.

Consequently, it is direct to see that under one poten-
tial constraint defined by Eq. (17) or (18), the integrable
matrix AKNS models in (11) reduce to one hierarchy of
reduced matrix integrable AKNS models:

pe = iab" Y] r>0, (22)

q=%5 'ptzy
where p is an m X n matrix potential, or

qr = —iac[r+1]|

p=xlgtsy T >0, (23)
where ¢ is an n X m matrix potential. In the above re-
duced matrix integrable models, X1 and X5 are a pair of
arbitrary invertible Hermitian matrices of sizes m and n,
respectively. Each reduced equation in the hierarchy (22)
or (23) with a fixed integer r > 0 possesses a Lax pair of
the reduced spatial and temporal matrix eigenvalue prob-
lems in (3), and infinitely many symmetries and conserved
densities from those for the integrable matrix AKNS mod-
els in (11).

Reduced Matrix Integrable Fourth-Order NLS FEqua-
tions. If we take r = 2 and r = 4, then the reduced
matrix integrable AKNS models in (22) give a kind of ma-
trix integrable second-order NLS equations

pr = —gi(pm +2p25 'pT S1p), (24)

and a kind of matrix integrable matrix fourth-order NLS
equations:

+ 025 ' pL X ) pe + 2(2pee X5 ' pTE0 + pa Xy pl 5y
+pX5 Pl X)p + 6(pX5 'p' 51)°p), (25)

where p is an m X n matrix potential, and Xy and X
are two arbitrary constant invertible Hermitian matrices
of sizes m and n, respectively.

In what follows, we are going to compute three illus-
trative examples of these novel reduced matrix integrable

fourth-order NLS equations, by selecting different values
for m,n and appropriate choices for Y.

Let us first consider m = n = 1. When we take
=1 X;'=o, (26)

we obtain the following scalar integrable fourth-order NLS
equation

Pie = gi(pl,mm +60pipt . +4opi|pre|’
+ 80 |p1|*p1,ae + 2007D7 4w + 607 p1 | P1),  (27)

where p = (p1) and o # 0 is an arbitrary complex con-
stant. A special case of this equation with & = 1 has been
solved by Darboux transformation. [29]

Let us second consider m = 1 and n = 2. When we
take

Si=1, 5t= [”1 O} , (28)
0 o2

we obtain a two-component system of integrable fourth-
order NLS equations:

pie = %i[pl,mm + 4(201 |p1|2 + 02|p2\2)p1,zz
+ 409p1P5p2,ca + 201P1PT 00 + 202P1P2D5 0
+ 601pipl . + 2(201p1D1 & + 302p5D2 .0
+ T2p2aps o )P1,x + 202|p2,s |1
+6(o1|p1|* + o2lp2|*)?p1],
P2 = %i[pz,zm + 401pipap1 wa + 401 |p1|?
+ 202|p2|*)p2,ax + 201P1P2P] w0 + 202P3D5 0
+ 602p5D5 & + 2(301P1 P10 + 202p2p5
+ G1p1D} 2)P2,0 + 201 D1, D2
+6(01|p1|* + o2p2|*)?po), (29)

where p = (p1,p2), and o1, o2 are two arbitrary nonzero
complex constants.
Let us third consider m = 1 and n = 2. When we take

0
o=1, 5t = [a ﬂ : (30)
2

we obtain another two-component system of integrable
fourth-order NLS equations:

Pt = %i[pl,zmz + 4(201p1p5 + 02P1D2)P1,2a
+ 402|p1|*P2,2x + 202D1D2D] 2e + 201D1D5 2a
+601p5p; o + 2(201p1P5 5 + 302p P22
+ 0opapi 1 )P,z + 202D 4D2,2P1
+ 6(o1p1ps + o2pip2)’pal,
P2t = %i[pQ,x:cxx + 401|p2\2p1,m
+ 4(01p1ps + 202p1P2)p2,ve + 202D5D1 40
+ 201p1P2pP3 20 + 60217’{1)%,1 +2(301p5p1,5
+ 209p2p1 & + O1P1P3 2 )P2,0 + 201D1,2D5 2 P2
+ 6(o1p1ps + 02pip2)’pa), (31)
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where p = (p1,p2), and o1, o2 are two arbitrary nonzero
complex constants.

Soliton Solutions wvia Riemann—Hilbert Problems—
Properties of Eigenvalue and Adjoint Figenvalue Problems.
It is easy to see that under the group constraints in (14),
we can see that A is an eigenvalue of the matrix eigenvalue
problems in (3) if and only if A\ = A\* is an adjoint eigen-
value, i.e., the adjoint matrix eigenvalue problems hold:

ZQEI = éU = QZEU(U, 5\)7 lﬁgt - Q‘;V[T] = (;Z;V[T] (u7 5‘)7 (32)

where r > 0.

Moreover, under each group constraint in (14), if ¢(\)
presents an eigenfunction of the matrix eigenvalue prob-
lems in (3) associated with an eigenvalue A, then ¢'(\*) X
defines an adjoint eigenfunction associated with the same
eigenvalue A.

Solutions to Reflectionless Riemann—Hilbert Problems.
We would like to formulate solutions to the corresponding
reflectionless Riemann—Hilbert problems.

Let N > 0 be an arbitrarily given integer. First, we
take N eigenvalues A and N adjoint eigenvalues et

My, 1<EZN: pi,..., pn, (33)
and
Moy LR SN: pf,-oo, pi,s (34)

where p € C, 1 < k < N, and v denote their correspond-
ing eigenfunctions and adjoint eigenfunctions by

vg, 1<k<N,and vy, 1<k <N, (35)
respectively. If we do not assume
M 1<k<NYN{M\|1<EkE<N}=0,

then we have to use the following generalized solutions to
the reflectionless Riemann—Hilbert problems:

N —1 ~
G+(/\) =ILnin — Z M’

k=1 A=N
N —1 ~
—\—1 'Uk(M )kl'Ul
A) = Im+n —
(@70 = Tt 3 25 (36)

where M is a square matrix of size N, whose entries are
given by

SRV i A £ A,
Mg = { N7k a Ak (37)
0, if A\ = Ag,

where 1 <k, < N.

Indeed, as shown in Ref. [17], these two matrices G (\)
and G~ () solve the reflectionless Riemann—Hilbert prob-
lem:

(GT)TTNGTA) = L, AER, (38)
provided that we have the orthogonal condition:
v =0 if A = Ag, (39)

where 1 <k, < N.

Soliton Solutions. Let us take zero potentials in the

matrix eigenvalue problems in (3). Then, we can obtain
. 1

vk = vi(z,t, A\p) = e MRATTIN T2 1<k <N, (40)

and following the above analysis, we can assume to take
@k - @k(xz t: )A\k:) = U/i(x: t: )‘;;)E
_ wke—iikzxz—ii;“m’
1<k<N, (41)

W = w;LE,
where wi (1 < k < N) are arbitrary constant column vec-
tors. Furthermore, the orthogonal condition (39) becomes

wi Sw = 0if N = Ay, (42)

where 1 < k, Il < N.
A standard step to compute soliton solutions is to make
an asymptotic expansion

1 1
G*(N) = Inin + 361 +0(53), (43)
as A — oo, we obtain
N
Gf =- Z ve(M ™). (44)
kyi=1

A substitution of this into the matrix spatial eigenvalue
problems recovers the potential matrix:

P=—[AG{]= lim AGT(N), A]. (45)

This provides us with the N-soliton solutions to the matrix
integrable AKNS models in (11):

(M ™YY b1 (46)

_
I
|
Q
M- !
[~

In the above solution formulas, we have split vy =
()™, WHTT and ox = (0}, 07) for each 1 < k < N,
where vi and v2 are column vectors of dimensions m and
n, respectively, while 91 and 92 are row vectors of dimen-
sions m and n, respectively.

To compute N-soliton solutions to the reduced matrix
integrable AKNS models in (22), we must check if G7 de-
fined by Eq. (44) satisfies the involution property or not:

(GHT =-xGyx . (47)

This property exactly means that the resulting potential
matrix P determined by Eq.(45) will satisfy the group
constraint condition in (16). Accordingly, the above N-
soliton solutions to the matrix AKNS integrable models in
(11) are reduced to the following N-soliton solutions:

N
p=a Y vi(M )it (48)
k,l=1

to the reduced matrix integrable AKNS models in (22).
To sum up, if we have the orthogonal condition for wy,
1 <k < N, in (42) and the involution property in (47),
then the formula (48), together with (36), (37), (40) and
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(41), provides N-soliton solutions to the reduced matrix
integrable AKNS models in (22), particularly to the ma-
trix integrable NLS equations in (25).

Lastly, we would like to present three examples of
one-soliton solutions in the cases of m = n = 1 and
m = n/2 = 1. Let us consider \; = p, A\; = p*, where
w € C, and define

wi = (w1,1,w1,2)T,w1,1,w1,2 €R, forn=1, (49)
and

_ T
w1 = (w1,17w1,2,w1,3) )

w11, w12, w3 €C, forn =2 (50)

Following the above general formulation of soliton solu-
tions, the first situation leads to a class of one-soliton so-
lutions to the integrable fourth-order NLS Eq. (27) with
o=1:

p1 = [(a1 — a2)(p — p")wi 1w 2]

 [w} e ier et e B G

+wi2e—i(al—a2)uw—i(/31—ﬂ2)u4 t]*17 (51)

where p € C,wi,1,w1,2 € R are arbitrary nonzero con-
stants. The second situation yields the following one-
soliton solutions to the integrable fourth-order NLS equa-
tions in (29):

(a1 — as)(p — p")wi s
0-1wile*i(oq*az)u*l“*i(lhfﬁz)ﬂ*% ’

p1 =

o — (a1 —a2)(p — p")wig (52)

O'Qwile_i(al_0‘2)H*x_i(ﬁl_ﬂ2)u*4t ’

where w12, w13 € C need to satisfy the condition

2 + 0’2"[1)1,2|2 =0 (53)

0’1‘11)17

and the following one-soliton solutions to the integrable
fourth-order equations in (31):

(01 — az)(p — p")wi 3
leile_i(al—042)11«*90—1'(/31—[32)H*4t ’

P =

s = (o1 —az)(p— p")wis (54)

—— — T
g—zwile i(ar—ag)p*z—i(B1—Bz)u*tt

where wi,2,w1,3 € C need to satisfy the condition
o1w12wi 3 + 02wl pwi,3 = 0. (55)

The conditions in (53) and (55) are just consequences of
the involution property in (47).

Concluding Remarks. A kind of reduced matrix lo-
cal integrable AKNS models, including matrix integrable
fourth-order NLS equations, and their soliton solutions
have been constructed. The formulation of soliton so-
lutions has been established by using the associated
Riemann—Hilbert problems. Three illustrative examples
of the resulting matrix integrable fourth-order NLS equa-
tions have been worked out, together with their one-soliton
solutions.

We point out that there is another kind of group con-
straints, through which one can create local reduced in-
tegrable mKdV equations from the AKNS matrix eigen-
value problems. ) Therefore, there are more diverse matrix
integrable mKdV equations than matrix integrable NLS
equations. In the nonlocal case, the situation becomes
different. (1%

We also remark that it is very interesting to explore
more reduced local integrable models by different kinds
of group constraints from other Lax pairs, [30,31] integrable
couplings 132 and variable-coefficient integrable models. [33]
When conducting group constraints, we can assume to in-
clude the shifts of potentials:

Ul (z + zo,t 4 to, \*) = [U(x + zo,t + to, \")]}
=XU(x,t,, )27, (56)

where g, z(, to, t( are arbitrary real constants, to gener-
ate diverse reduced integrable models. It is also surely
important to study dynamical properties of exact an-
including lump and breather wave
(36371 Wronskian
s[4041] and soli-
tonless solutions, *?! from a perspective of the Riemann—
Hilbert technique. Such studies will supplement the ex-
isting theory on fourth-order NLS equations and their
applications. [43-45]
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