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Abstract A class of non-semisimple matrix loop algebras consisting of triangular block

matrices is introduced and used to generate bi-integrable couplings of soliton equations

from zero curvature equations. The variational identities under non-degenerate, symmetric

and ad-invariant bilinear forms are used to furnish Hamiltonian structures of the resulting

bi-integrable couplings. A special case of the suggested loop algebras yields nonlinear

bi-integrable Hamiltonian couplings for the AKNS soliton hierarchy.
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1 Introduction

It is known that zero curvature equations on non-semisimple loop algebras generate in-

tegrable couplings (see [25–26]), and a kind of variational identities over loop algebras (see

[20, 14]) is used to furnish Hamiltonian structures of the resulting integrable couplings (see

[34, 38, 40]). A key step in generating Hamiltonian structures by the variational identity is

to confirm the existence of non-degenerate, symmetric and ad-invariant bilinear forms on the

underlying loop algebras (see [18]). Based on special non-semisimple loop algebras, Lax pairs of

block matrix form and Lax pairs with several spectral parameters bring various interesting in-

tegrable couplings, including higher dimensional local bi-Hamiltonian integrable couplings (see

[9–10, 31–32]).

Let us consider an integrable evolution equation

ut = K(u) = K(x, t, u, ux, uxx, · · · ), (1.1)

where u is a column vector of dependent variables. We recall that the Gateaux derivative of a
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function or an operator P along a direction X is defined by

P ′(u)[X ] =
∂

∂ε

∣∣∣
ε=0

P (u + εX). (1.2)

A vector field

σ = σ(x, t, u)

is called a symmetry of the equation (1.1), if it satisfies

∂σ

∂t
= K ′(u)[σ] − σ′(u)[K], (1.3)

where ∂
∂t denotes the partial derivative with respect to the second variable t. If σ is time-

independent, i.e.,
∂σ

∂t
= 0,

then the above condition (1.3) can be reduced to a commutativity condition between K and σ:

[K, σ] := K ′(u)[σ] − σ′(u)[K] = 0. (1.4)

We know that symmetries are crucial in exploring integrability (see [12]) and generate one-

parameter solution transformation groups (see [2]). If σ is a symmetry of the equation (1.1),

then the Cauchy problem
d
dε

ũ = σ(x, t, ũ), ũ|ε=0 = u (1.5)

defines a solution transformation group

gε : u �→ ũ(ε, x, t, u)

with one parameter ε in the interval of existence of the above Cauchy problem. That is to say,

when u is a solution to the equation (1.1), for every ε in the interval of existence, ũ is again

a solution and satisfies the group axioms because of ũ(ε, ũ(η, u)) = ũ(ε + η, u). An important

question in soliton theory is to determine and classify integrable equations. It is helpful to

collect examples of evolution equations which possess infinite dimensional symmetry algebras,

to work towards complete classification of integrable equations.

One way to search for integrable equations is to use zero curvature equations (see [33, 8]).

A zero curvature representation of the equation (1.1) means that there exists a Lax pair (see

[6]), U = U(u, λ) and V = V (u, λ), belonging to a matrix loop algebra, such that

Ut − Vx + [U, V ] = 0 (1.6)

generates the equation (1.1) (see [33]). An integrable coupling of the equation (1.1) (see [9–10]

for definition)

ut = K1(u) =
[

K(u)
S(u, v)

]
, u =

[
u

v

]
(1.7)
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is called nonlinear, if S(u, v) is nonlinear with respect to the sub-vector v of dependent variables

(see [28, 19]). An integrable system of the form

ut = K(u) =

⎡⎢⎣ K(u)
S1(u, v)

S2(u, v, w)

⎤⎥⎦ , u =

⎡⎢⎣u

v

w

⎤⎥⎦ (1.8)

is called a bi-integrable coupling of the equation (1.1). Note that in (1.8), S2 depends on w

but S1 does not. In what follows, we would like to use zero curvature equations to explore

possibilities of generating bi-integrable couplings and construct Hamiltonian structures for the

resulting integrable couplings through the variational identity associated with the enlarged Lax

pairs.

The rest of the paper is structured as follows. In Section 2, a kind of matrix loop algebras

consisting of triangular block matrices is introduced. Zero curvature equations on the suggested

loop algebras generate bi-integrable couplings. In Section 3, an application to the AKNS

spectral problem is made to construct nonlinear bi-integrable couplings for the AKNS equations,

and the corresponding variational identity furnishes Hamiltonian structures for the resulting

integrable couplings. An important step in generating Hamiltonian structures is to look for

non-degenerate, symmetric and ad-invariant bilinear forms on the underlying loop algebras. In

the final section, a few conclusive remarks on other possibilities and problems on integrable

couplings are given.

2 Constructing Bi-integrable Couplings Through Loop Algebras

2.1 Loop algebras

To construct bi-integrable couplings, let us fix an arbitrary constant α and introduce a class

of triangular block matrices

M(A1, A2, A3) =

⎡⎢⎢⎣
A1 A2 A3

0 A1 + αA2 A2 + αA3

0 0 A1 + αA2

⎤⎥⎥⎦ , (2.1)

where A1, A2 and A3 are square matrices of the same order. It is easy to see that the matrix

product of such two block matrices is given by

M(A1, A2, A3)M(B1, B2, B3) = M(C1, C2, C3) (2.2)

with C1, C2 and C3 being defined by⎧⎪⎪⎨⎪⎪⎩
C1 = A1B1,

C2 = A1B2 + A2B1 + αA2B2,

C3 = A1B3 + A3B1 + A2B2 + αA2B3 + αA3B2.

(2.3)
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This closure property under matrix multiplication guarantees that all the above block ma-

trices defined by (2.1) form a matrix Lie algebra under the matrix commutator

[M1, M2] = M1M2 − M2M1. (2.4)

The corresponding loop matrix algebra consists of all block matrices of the form

M(A1, A2, A3)f(λ)

with f being smooth, and its Lie product is defined by

[M1f1(λ), M2f2(λ)] = [M1, M2]f1(λ)f2(λ). (2.5)

Let us denote this matrix loop algebra by g. It is non-semisimple, due to the following semi-

direct sum decomposition:

g = g � gc, g = {M(A1, A1, A1)f(λ)}, gc = {M(0, A2, A3)f(λ)}, (2.6)

where g and gc are Lie subalgebras of g, and g is a non-trivial ideal Lie subalgebra of g.

This kind of matrix loop algebras establishes a basis for constructing nonlinear Hamilto-

nian bi-integrable couplings through zero curvature equations. The first block A1 gives the

original integrable equation as required, and the second and third blocks A2 and A3 yield the

supplementary vector fields S1 and S2 in (1.8) that we are looking for. More interestingly,

the commutators [A2, B2], [A2, B3] and [A3, B2] often generate nonlinear terms in the resulting

bi-integrable couplings.

2.2 Constructing bi-integrable couplings

Let us assume that an integrable equation

ut = K(u) (2.7)

possesses a zero curvature representation

Ut − Vx + [U, V ] = 0, (2.8)

where two square matrices

U = U(u, λ) and V = V (u, λ)

usually belong to a semisimple matrix loop algebra (see, e.g., [3]) and constitute a Lax pair (see

[6]). Let us then take an enlarged spectral matrix U in g as

U = U(u, λ) =

⎡⎢⎢⎣
U(u, λ) U1(u1, λ) U2(u2, λ)

0 U(u, λ) + αU1(u1, λ) U1(u1, λ) + αU2(u1, u2, λ)

0 0 U(u, λ) + αU1(u1, λ)

⎤⎥⎥⎦ , (2.9)
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where u consists of three dependent variables u, u1 and u2. Then an enlarged zero curvature

equation

U t − V x + [U, V ] = 0 (2.10)

with an enlarged Lax matrix V in g:

V = V (u, λ) =

⎡⎢⎢⎣
V (u, λ) V1(u, u1, λ) V2(u, u1, u2, λ)

0 V (u, λ) + αV1(u, u1, λ) V1(u, u1, λ) + αV2(u, u1, u2, λ)

0 0 V (u, λ) + αV1(u, u1, λ)

⎤⎥⎥⎦ , (2.11)

yields the following triangular system:⎧⎪⎪⎨⎪⎪⎩
Ut − Vx + [U, V ] = 0,

U1,t − V1,x + [U, V1] + [U1, V ] + α[U1, V1] = 0,

U2,t − V2,x + [U, V2] + [U2, V ] + [U1, V1] + α[U1, V2] + α[U2, V1] = 0.

(2.12)

Note that the zero curvature representation (2.8) of the evolution equation (2.7) presents a

bi-integrable coupling of the equation (2.7). It is, usually, nonlinear with respect to the two

supplementary variables u1 and u2, thereby providing candidates for nonlinear bi-integrable

couplings.

To generate infinitely many symmetries, we search for a solution W in g:

W = W (u, λ) =

⎡⎢⎢⎣
W (u, λ) W1(u, u1, λ) W2(u, u1, u2, λ)

0 W (u, λ) + αW1(u, u1, λ) W1(u, u1, λ) + αW2(u, u1, λ)

0 0 W (u, λ) + αW1(u, u1, λ)

⎤⎥⎥⎦ (2.13)

to the enlarged stationary zero curvature equation

W x = [U, W ]. (2.14)

This equation equivalently engenders⎧⎪⎪⎨⎪⎪⎩
Wx = [U, W ],

W1,x = [U, W1] + [U1, W ] + α[U1, W1],

W2,x = [U, W2] + [U2, W ] + [U1, W1] + α[U1, W2] + α[U2, W1].

(2.15)

We can often (see, e.g., [33, 8]) have a solution of the type

W =
∞∑

i=0

Wiλ
−i, W1 =

∞∑
i=0

W1,iλ
−i, W2 =

∞∑
i=0

W2,iλ
−i. (2.16)

Then, we introduce a set of enlarged matrix modifications Δm, m ≥ 0, and define the enlarged

Lax matrices to be

V
[m]

= (λmW )+ + Δm, m ≥ 0, (2.17)
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where the subscript “+” denotes the polynomial part, such that the enlarged zero curvature

equations

U tm − V
[m]

x + [U, V
[m]

] = 0, m ≥ 0 (2.18)

generate a soliton hierarchy of nonlinear bi-integrable couplings for the equation (2.7). In

general, integrable couplings in this hierarchy commute with each other, and so, they provide

infinitely many common symmetries for the hierarchy.

The next crucial step is to find a class of bilinear forms over the underlying loop algebra,

which should satisfy the non-degenerate property, the symmetric property and the ad-invariant

property. Then use the corresponding variational identity (see [20]):

δ

δu

∫
〈W, Uλ〉dx = λ−γ ∂

∂λ
λγ〈W, Uu〉, γ = const. (2.19)

to furnish Hamiltonian structures for the resulting bi-integrable couplings. In the above varia-

tional identity (2.19), 〈 · , · 〉 is the required non-degenerate, symmetric and ad-invariant bilin-

ear form over the underlying loop algebra consisting of square matrices of the form (2.9) (see

[20, 27, 17] for details). Hamiltonian structures link symmetries and conservation laws together.

In the next section, to show an illustrative example, we apply the above general com-

putational paradigm to the AKNS spectral problem and generate nonlinear Hamiltonian bi-

integrable couplings for the AKNS equations.

3 An Application to the AKNS Spectral Problem

3.1 AKNS hierarchy

The spectral matrix

U = U(u, λ) =

[−λ p

q λ

]
, u =

[
p

q

]
, λ-spectral parameter (3.1)

generates the AKNS hierarchy of soliton equations (see [1, 39]). There are other integrable

equations associated with gl(2) (see, e.g., [41]). Upon setting

W =

[
a b

c −a

]
=

∑
i≥0

[
ai bi

ci −ai

]
λ−i, (3.2)

the stationary zero curvature equation

Wx = [U, W ]

yields

bi+1 = −1
2
bi,x − pai, ci+1 =

1
2
ci,x − qai, ai+1,x = pci+1 − qbi+1, i ≥ 0. (3.3)
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Taking the initial data as

a0 = −1, b0 = c0 = 0, (3.4)

and assuming

ai|u=0 = bi|u=0 = ci|u=0 = 0, i ≥ 1

(equivalently selecting constants of integration to be zero), the recursion relation (3.3) uniquely

defines all differential polynomial functions ai, bi and ci, i ≥ 1. The first few sets are listed as

follows:

b1 = p, c1 = q, a1 = 0;

b2 = −1
2
px, c2 =

1
2
qx, a2 =

1
2
pq;

b3 =
1
4
pxx − 1

2
p2q, c3 =

1
4
qxx − 1

2
pq2, a3 =

1
4
(pqx − pxq);

b4 = −1
8
pxxx +

3
4
pxpq, c4 =

1
8
qxxx − 3

4
pqxq;

a4 =
1
8
pxxq − 1

8
pxqx +

1
8
pqxx − 3

8
p2q2.

Note that the zero curvature equations

Utm − V [m]
x + [U, V [m]] = 0, V [m] = (λmW )+, m ≥ 0 (3.5)

generate the AKNS hierarchy of soliton equations

utm = Km =

[
−2bm+1

2cm+1

]
= Φm

[
−2p

2q

]
= J

δHm

δu
, m ≥ 0. (3.6)

The Hamiltonian operator J , the hereditary recursion operator Φ and the Hamiltonian functions

in (3.6) are given by

J =

[
0 −2
2 0

]
, Φ =

⎡⎢⎣−
1
2
∂ + p∂−1q p∂−1p

−q∂−1q
1
2
∂ − q∂−1p

⎤⎥⎦ , Hm =
∫

2am+2

m + 1
dx, (3.7)

where ∂ = ∂
∂x and m ≥ 0.

3.2 Bi-integrable couplings

We begin with an enlarged spectral matrix

U = U(u, λ) =

⎡⎢⎢⎣
U U1 U2

0 U + αU1 U1 + αU2

0 0 U + αU1

⎤⎥⎥⎦ , u =

⎡⎢⎢⎢⎢⎢⎢⎣
p
q
r
s
v
w

⎤⎥⎥⎥⎥⎥⎥⎦ , (3.8)
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where U is defined as in (3.1) and the supplementary spectral matrices U1 and U2 read

U1 = U1(u1) =

[
0 r

s 0

]
, u1 =

[
r

s

]
,

U2 = U2(u2) =

[
0 v

w 0

]
, u2 =

[
v

w

]
.

As before, to solve the enlarged stationary zero curvature equation (2.14), we take a solution

of the following type:

W = W (u, λ) =

⎡⎢⎢⎣
W W1 W2

0 W + αW1 W1 + αW2

0 0 W + αW1

⎤⎥⎥⎦ , (3.9)

where W , defined by (3.2), solves Wx = [U, W ], and

W1 = W1(u, u1, λ) =

[
e f

g −e

]
,

W2 = W2(u, u1, u2, λ) =

[
e′ f ′

g′ −e′

]
.

Then, the second and third equations in (2.15) equivalently generate

⎧⎪⎪⎨⎪⎪⎩
ex = pg − qf + αrg − αsf + rc − sb,

fx = −2λf − 2pe− 2αre − 2ra,

gx = 2qe + 2λg + 2αse + 2sa

and ⎧⎪⎪⎨⎪⎪⎩
e′x = (p + αr)g′ − (q + αs)f ′ + (r + αv)g − (s + αw)f + vc − wb,

f ′
x = −2λf ′ − 2(p + αr)e′ − 2(r + αv)e − 2va,

g′x = 2(q + αs)e′ + 2λg′ + 2(s + αw)e + 2wa,

respectively. Trying a formal series solution W by assuming

e =
∞∑

i=0

eiλ
−i, f =

∞∑
i=0

fiλ
−i, g =

∞∑
i=0

giλ
−i,

e′ =
∞∑

i=0

e′iλ
−i, f ′ =

∞∑
i=0

f ′
iλ

−i, g′ =
∞∑

i=0

g′iλ
−i,
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we arrive at⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fi+1 = −1
2
fi,x − pei − αrei − rai,

gi+1 =
1
2
gi,x − qei − αsei − wai,

ei+1,x = pgi+1 − qfi+1 + αrgi+1 − αsfi+1 + rci+1 − sbi+1,

f ′
i+1 = −1

2
f ′

i,x − (p + αr)e′i − (r + αv)ei − vai,

g′i+1 =
1
2
g′i,x − (q + αs)e′i − (s + αw)ei − wai,

e′i+1,x = (p + αr)g′i − (q + αs)f ′
i + (r + αv)gi − (s + αw)fi + vci − wbi,

(3.10)

where i ≥ 0. We select the initial data to be

e0 = −1, f0 = g0 = 0; e′0 = −1, f ′
0 = g′0 = 0, (3.11)

and assume that

ei|u=0 = fi|u=0 = gi|u=0 = 0, e′i|u=0 = f ′
i |u=0 = g′i|u=0 = 0, i ≥ 1.

Then the recursion relation (3.10) uniquely determines the sequence of ei, fi, gi and e′i, f
′
i , g

′
i,

i ≥ 1, recursively. It is now direct to compute the first few sets of functions:

f1 = p + r + αr,

g1 = q + s + αs,

e1 = 0;

f2 = −1
2
px − 1

2
αrx − 1

2
rx,

g2 =
1
2
qx +

1
2
αsx +

1
2
sx,

e2 =
1
2
pq +

1
2
ps +

1
2
qr +

α

2
ps +

α

2
qr +

α + α2

2
rs;

f3 =
1
4
pxx +

α + 1
4

rxx − 1
2
p2q − α + 1

2
p2s − (α + 1)p(q + αs)r

− α(α + 1)
2

qr2 − α2(α + 1)
2

r2s,

g3 =
1
4
qxx +

α + 1
4

sxx − 1
2
q2p − α + 1

2
q2r − (α + 1)(p + αr)qs

− α(α + 1)
2

ps2 − α2(α + 1)
2

rs2,

e3 = −1
4
pxq +

1
4
pqx − α + 1

4
pxs +

α + 1
4

psx +
α + 1

4
qxr − α + 1

4
qrx

− α(α + 1)
4

rxs +
α(α + 1)

4
rsx;

f ′
1 = p + (α + 1)r + (α + 1)v,

g′1 = q + (α + 1)s + (α + 1)w,
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e′1 = 0;

f ′
2 = −1

2
px − α + 1

2
rx − α + 1

2
vx,

g′2 =
1
2
qx +

α + 1
2

sx +
α + 1

2
wx,

e′2 =
1
2
pq +

α + 1
2

ps +
α + 1

2
pw +

α + 1
2

qr +
α + 1

2
qv +

(α + 1)2

2
rs

+
α(α + 1)

2
rw +

α(α + 1)
2

sv;

f ′
3 =

1
4
pxx +

α + 1
4

rxx +
α + 1

4
vxx − 1

2
p2q − α + 1

2
p2s − α + 1

2
p2w

− (α + 1)pqr − (α + 1)pqv − (α + 1)2prs − (α + 1)2

2
qr2

− α(α + 1)(α + 2)
2

r2s − α(α + 1)prw − α(α + 1)psv

− α(α + 1)qrv − α2(α + 1)
2

r2w − α2(α + 1)rsv,

g′3 =
1
4
qxx +

α + 1
4

sxx +
α + 1

4
wxx − α + 1

2
pq2 − α + 1

2
q2r − α + 1

2
q2v

− (α + 1)pqs − (α + 1)pqw − (α + 1)2qrs − (α + 1)2

2
ps2

− α(α + 1)(α + 2)
2

rs2 − α(α + 1)psv − α(α + 1)prw

− α(α + 1)qsw − α2(α + 1)
2

s2v − α2(α + 1)rsw,

e′3 = −1
4
pxq +

1
4
pqx − α + 1

4
pxs +

α + 1
4

psx − α + 1
4

pxw +
α + 1

4
pwx

+
α + 1

4
qxr − α + 1

4
qrx +

α + 1
4

qxv − α + 1
4

qvx − (α + 1)2

4
rxs

+
(α + 1)2

4
rsx − α(α + 1)

4
rxw +

α(α + 1)2

4
rwx

+
α(α + 1)

4
sxv − α(α + 1)2

4
svx.

We point out that those functions are all differential polynomials in six variables p, q, r, s, v, w.

For each integer m ≥ 0, let us further define an enlarged Lax matrix by

V
[m]

= (λmW )+ =

⎡⎢⎢⎢⎣
V [m] V

[m]
1 V

[m]
2

0 V [m] + αV
[m]
1 V

[m]
1 + αV

[m]
2

0 0 V [m] + αV
[m]
1

⎤⎥⎥⎥⎦ , (3.12)

where

V
[m]
i = (λmWi)+, i = 1, 2.

Then the enlarged zero curvature equation

U tm − (V
[m]

)x + [U, V
[m]

] = 0 (3.13)
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generates⎧⎨⎩U1,tm − V
[m]
1,x + [U, V

[m]
1 ] + [U1, V

[m]] + α[U1, V
[m]
1 ] = 0,

U2,tm − V
[m]
2,x + [U, V

[m]
2 ] + [U2, V

[m]] + [U1, V
[m]
1 ] + α[U1, V

[m]
2 ] + α[U2, V

[m]
1 ] = 0,

together with the m-th AKNS system in (3.6). This presents the supplementary systems

vtm = Sm = Sm(u) =
[

S1,m(u, u1)
S2,m(u, u1, u2)

]
, v = (r, s, v, w)T, m ≥ 0, (3.14)

where

S1,m(u, u1) =

[−2fm+1

2gm+1

]
, S2,m(u, u1, u2) =

[−2f ′
m+1

2g′m+1

]
.

In this way, the hierarchy of enlarged zero curvature equations gives a hierarchy of bi-integrable

couplings

utm =

⎡⎢⎢⎢⎢⎢⎢⎣
p
q
r
s
v
w

⎤⎥⎥⎥⎥⎥⎥⎦
tm

= Km(u) =

⎡⎣ Km(u)
S1,m(u, u1)

S2,m(u, u1, u2)

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
−2bm+1

2cm+1

−2fm+1

2gm+1

−2f ′
m+1

2g′m+1

⎤⎥⎥⎥⎥⎥⎥⎦ , m ≥ 0 (3.15)

for the AKNS hierarchy (3.6).

Except the first two, all bi-integrable couplings presented above are nonlinear, since the

supplementary systems (3.14) with m ≥ 2 are nonlinear with respect to the four dependent

variables r, s, v, w. This implies that (3.15) provides a hierarchy of nonlinear bi-integrable

couplings for the AKNS hierarchy of soliton equations. The first nonlinear bi-integrable coupling

system is given by ⎧⎪⎨⎪⎩
pt2 = −2b3, qt2 = 2c3,

rt2 = −2f3, st2 = 2g3,

vt2 = −2f ′
3, wt2 = 2g′3,

(3.16)

where b3, c3, f3, g3, f
′
3, g

′
3 are defined before.

3.3 Hamiltonian structures

To furnish Hamiltonian structures of the obtained bi-integrable couplings, we need to com-

pute non-degenerate, symmetric and ad-invariant bilinear forms on the adopted matrix loop

algebra:

g =

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎣
A1 A2 A3

0 A1 + αA2 A2 + αA3

0 0 A1 + αA2

⎤⎥⎥⎦ f(λ)

∣∣∣∣∣∣∣∣ Ai ∈ sl(2), 1 ≤ i ≤ 3, f ∈ C∞(S1)

⎫⎪⎪⎬⎪⎪⎭ . (3.17)

For convenience, the general algorithm (see [18]) suggests us to transform the Lie algebra g into

a vector form through the mapping

δ : g → R
9, A �→ (a1, a2, · · · , a9)T, (3.18)
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where

A = A(a1, a2, · · · , a9) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1 a2 a4 a5 a7 a8

a3 −a1 a6 −a4 a9 −a7

0 0 a1 + αa4 a2 + αa5 a4 + αa7 a5 + αa8

0 0 a3 + αa6 −a1 − αa4 a6 + αa9 −a4 − αa7

0 0 0 0 a1 + αa4 a2 + αa5

0 0 0 0 a3 + αa6 −a1 − αa4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.19)

This mapping δ induces a Lie algebraic structure on R
9, isomorphic to the above matrix Lie

algebra g. The corresponding commutator [ · , · ] on the resulting Lie algebra R
9 reads

[a, b]T = aTR(b), a = (a1, a2, · · · , a9)T, b = (b1, b2, · · · , b9)T ∈ R
9, (3.20)

where R(b) is given by

R(b) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2b2 −2b3 0 2b5 −2b6 0 2b8 −2b9

b3 −2b1 0 b6 −2b4 0 b9 −2b7 0

−b2 0 2b1 −b5 0 2b4 −b8 0 2b7

0 0 0 0 2b2 + 2αb5 −2b3 − 2αb6 0 2b5 + 2αb8 −2b6 − 2αb9

0 0 0 b3 + αb6 −2b1 − 2αb4 0 b6 + αb9 −2b4 − 2αb7 0

0 0 0 −b2 − αb5 0 2b1 + 2αb4 −b5 − αb8 0 2b4 + 2αb7

0 0 0 0 0 0 0 2b2 + 2αb5 −2b3 − 2αb6

0 0 0 0 0 0 b3 + αb6 −2b1 − 2αb4 0

0 0 0 0 0 0 −b2 − αb5 0 2b1 + 2αb4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

An arbitrary bilinear form on R
9 takes the form

〈a, b〉 = aTFb, (3.21)

where F is a constant matrix. Two of the three required properties, the symmetric property

〈a, b〉 = 〈b, a〉

and the ad-invariance property

〈a, [b, c]〉 = 〈[a, b], c〉, (3.22)

mean that

FT = F

and

(R(b)F )T = −R(b)F for all b ∈ R
9.

This matrix equation on F yields a system of linear equations on the elements of F . Solving
the resulting linear system gives

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1 0 0 η2 0 0 2η3 0 0
0 0 1

2
η1 0 0 1

2
η2 0 0 η3

0 1
2
η1 0 0 1

2
η2 0 0 η3 0

η2 0 0 αη2 + 2η3 0 0 2αη3 0 0
0 0 1

2
η2 0 0 1

2
αη2 + η3 0 0 αη3

0 1
2
η2 0 0 1

2
αη2 + η3 0 0 αη3 0

2η3 0 0 2αη3 0 0 0 0 0
0 0 η3 0 0 αη3 0 0 0
0 η3 0 0 αη3 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.23)
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where η1, η2 and η3 are arbitrary constants.

Therefore, a required bilinear form on the underlying Lie algebra g is determined by

〈A, B〉g = 〈δ−1(A), δ−1(B)〉R9

= (a1, a2, · · · , a9)F (b1, b2, · · · , b9)T

= η1

(
a1b1 +

1
2
a2b3 +

1
2
a3b2

)
+ η2

[
a1b4 +

1
2
a2b6 +

1
2
a3b5 + a4(b1 + αb4) +

1
2
a5(b3 + αb6) +

1
2
a6(b2 + αb5)

]
+ η3[2a1b7 + a2b9 + a3b8 + 2a4(b4 + αb7) + a5(b6 + αb9) + a6(b5 + αb8)

+ 2a7(b1 + αb4) + a8(b3 + αb6) + a9(b2 + αb5)], (3.24)

where A = A(a1, a2, · · · , a9) and B = B(b1, b2, · · · , b9) are two block matrices of the form

defined by (3.19). This bilinear form (3.24) is symmetric and ad-invariant:

〈A, B〉 = 〈B, A〉, 〈A, [B, C]〉 = 〈[A, B], C〉, A, B, C ∈ g,

and it is non-degenerate if and only if

det(F ) = (α2η1 − αη2 + 2η3)3η6
3 	= 0. (3.25)

To apply the variational identity, let us further compute that

〈W, Uλ〉 = −η1a − η2e − 2η3e
′,

〈W, Uu〉 =
(1

2
η1c +

1
2
η2g + η3g

′,
1
2
η1b +

1
2
η2f + η3f

′,
1
2
η2(c + αg) + η3(g + αg′),

1
2
η2(b + αf) + η3(f + αf ′), η3(c + αg), η3(b + αf)

)T

,

γ = −λ

2
d
dλ

ln |〈W, W 〉| = 0,

where W is given by (3.9). Therefore, the corresponding variational identity (2.19) leads to

δ

δu

∫
η1am+1 + η2em+1 + 2η3e

′
m+1

m
dx

=
(1

2
η1cm +

1
2
η2gm + η3g

′
m,

1
2
η1bm +

1
2
η2fm + η3f

′
m,

1
2
η2(cm + αgm) + η3(gm + αg′m),

1
2
η2(bm + αfm) + η3(fm + αf ′

m), η3(cm + αgm), η3(bm + αfm)
)T

, m ≥ 1.

It follows thus that the AKNS bi-integrable couplings in (3.15) possess the following Hamiltonian

structures:

utm = Km(u) = J
δHm

δu
, m ≥ 0, (3.26)
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where the Hamiltonian operator is

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 − 4α2

β 0 4α
β 0 − 4

β

4α2

β 0 − 4α
β 0 4

β 0

0 4α
β 0 − 4

β 0 2(η2−αη1)
βη3

− 4α
β 0 4

β 0 − 2(η2−αη1)
βη3

0

0 − 4
β 0 2(η2−αη1)

βη3
0 αη1η2+2η1η3−η2

2
βη2

3

4
β 0 − 2(η2−αη1)

βη3
0 −αη1η2+2η1η3−η2

2
βη2

3
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.27)

with β being defined by β = α2η1 − αη2 + 2η3, and the Hamiltonian functionals read

Hm =
∫

η1am+2 + η2em+2 + 2η3e
′
m+2

m + 1
dx, m ≥ 0. (3.28)

3.4 Commutativity of symmetries and conserved functionals

Based on (3.3) and (3.10), a direct computation shows a recursion relation

Km+1 = Φ Km, m ≥ 1, (3.29)

where the recursion operator Φ (see [30] for definition of recursion operators) is given by

Φ =

⎡⎣Φ 0 0
Φ2 Φ1 0
Φ5 Φ4 Φ3

⎤⎦ (3.30)

with Φ being given by (3.7) and

Φ1 =

⎡⎣− 1
2
∂ + (p + αr)∂−1(q + αs) (p + αr)∂−1(p + αr)

−(q + αs)∂−1(q + αs) 1
2
∂ − (q + αs)∂−1(p + αr)

⎤⎦ ,

Φ2 =

⎡⎣ r∂−1q + (p + αr)∂−1s r∂−1p + (p + αr)∂−1r

−s∂−1q − (q + αs)∂−1s −s∂−1p − (q + αs)∂−1r

⎤⎦ ,

Φ3 =

⎡⎢⎣−1

2
∂ + (p + αr)∂−1(q + αs) (p + αr)∂−1(p + αr)

−(q + αs)∂−1(q + αs) 1
2
∂ − (q + αs)∂−1(p + αr)

⎤⎥⎦ ,

Φ4 =

[
(r + αv)∂−1(q + αs) + (p + αr)∂−1(s + αw) (r + αv)∂−1(p + αr) + (p + αr)∂−1(r + αv)

−(s + αw)∂−1(q + αs) − (q + αs)∂−1(s + αw) −(s + αw)∂−1(p + αr) − (q + αs)∂−1(r + αv)

]
,

Φ5 =

[
v∂−1q + (r + αv)∂−1s + (p + αr)∂−1w v∂−1p + (r + αv)∂−1r + (p + αr)∂−1v

−w∂−1q − (s + αw)∂−1s − (q + αs)∂−1w −w∂−1p − (s + αw)∂−1r − (q + αs)∂−1r

]
.

Furthermore, we can show

J Φ
†

= ΦJ,

where Φ
†

denotes the adjoint operator of Φ. This tells that all bi-integrable couplings in (3.15)

commute with each other and so do all conserved functionals in (3.28). It is also direct to verify
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that J and M = Φ J constitute a Hamiltonian pair (see [29, 5]), and so, Φ is a hereditary

recursion operator (see [4]) for the hierarchy of Hamiltonian bi-integrable couplings (3.15). It

now follows that there exist infinitely many commuting symmetries and conserved functionals:

[Km, Kn] := K
′
m(u)[Kn] − K

′
n(u)[Km] = 0, m, n ≥ 0, (3.31)

{Hm, Hn}J :=
∫ (δHm

δu

)T

J
δHn

δu
dx = 0, m, n ≥ 0, (3.32)

and that the resulting bi-integrable couplings possess a bi-Hamiltonian structure

utm = Km = J
δHm

δu
= M

δHm−1

δu
, m ≥ 1. (3.33)

In particular, the bi-integrable coupling (3.16) has the following bi-Hamiltonian structure:

ut2 = K2 = J
δH2

δu
= M

δH1

δu
, (3.34)

where

H1 =
∫

1
2
(η1a3 + η2e3 + 2η3e

′
3)dx, H2 =

∫
1
3
(η1a4 + η2e4 + 2η3e

′
4)dx. (3.35)

4 Concluding Remarks

We have introduced a kind of matrix loop algebras which provide an architecturally rich

context for understanding and constructing integrable couplings. The variational identities on

the adopted matrix loop algebras were used to furnish Hamiltonian structures of the resulting

bi-integrable couplings. An application to the AKNS spectral problem presented a hierarchy

of nonlinear bi-integrable Hamiltonian couplings for the AKNS soliton hierarchy. Our results

complement well some of the previous ideas of generating linear and nonlinear integrable cou-

plings (see [9, 11, 19–20]), and help us gain fresh insights into rich structures that integrable

couplings possess.

We remark that matrix loop algebras of high order block type will allow us to generate

multi-integrable couplings and more diverse integrable couplings, and provide supplements to

the spectral matrices of the other forms in the literature (see, e.g., [13, 22]). Moreover, enlarged

Lax pairs of direct-sum type always hold for degenerate coupled systems. For instance, we can

specify an enlarged spectral matrix Û(û) in either of the following forms:⎡⎢⎢⎢⎢⎢⎣
U(u) U1(u, v)

0 U(u)
0

0
U(u) U2(u, r) U3(u, r, s)

0 U(u) + αU2(u, r) U2(u, r) + αU3(u, r, s)
0 0 U(u) + αU2(u, r)

⎤⎥⎥⎥⎥⎥⎦
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and ⎡⎢⎢⎢⎢⎢⎣
U(u) U1(u, v)

0 0
0

0
U(u) U2(u, r) U3(u, r, s)

0 U(u) + αU2(u, r) U2(u, r) + αU3(u, r, s)
0 0 U(u) + αU2(u, r)

⎤⎥⎥⎥⎥⎥⎦ .

Those can also be generalized to enlarged spectral matrices which generate tri-integrable cou-

plings:

ut = K(u), u1,t = S1(u, u1), u2,t = S2(u, u1, u2), u3,t = S3(u, u1, u2, u3).

Further, by an idea of using the Kronecker product (see [23, 37]), we can construct many other

enlarged Lax pairs generating integrable couplings.

Moreover, various other integrable characteristics such as Hirota bilinear forms can be ex-

hibited for integrable couplings (see, e.g., [24]). Integrable couplings may possess another

interesting property: the linear superposition principle on subspaces of solutions, and the clo-

sure of such subspaces of exponential wave solutions should contain all soliton solutions (see

[21]). In particular, it is interesting to see what kinds of subspaces of solutions the bi-integrable

coupling

ut = K(u), vt = K ′(u)[v], wt = K ′(u)[w]

can possess. To enrich multi-component integrable equations (see, e.g., [15–16, 35–36, 7, 42]), it

has been an important task to explore more integrable properties for multi-integrable couplings

including the above intriguing bi-integrable coupling.
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