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Abstract: The paper aims to demonstrate that a linear expansion in a unital two-dimensional algebra
can generate integrable couplings, proposing a novel approach for their construction. The integrable
couplings presented encompass a range of perturbation equations and nonlinear integrable couplings.
Their corresponding Lax pairs and hereditary recursion operators are explicitly detailed. Concrete
applications to the KdV equation and the AKNS system of nonlinear Schrédinger equations are
extensively explored.
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1. Introduction

Integrable equations represent a crucial class of partial differential equations in mathe-
matical physics. Derived from Lax pairs of matrix spectral problems, they exhibit distinctive
features including infinitely many symmetries, conservation laws, and hereditary recursion
operators. Integrable couplings [1], a specific type of integrable equation, are characterized
by their matrix spectral problems being associated with non-semisimple Lie algebras [2].

Researchers have explored integrable couplings across different types of nonlinear
wave models, including both discrete and continuous ones (see, e.g., [3-9]). A particular
class of integrable couplings are perturbation equations [1]. Itis known in various previous
studies (see, e.g., [1,3-9]) that a spectral matrix of the form

o [ v v | o
0 U(u)
or equivalently,
. U(u) 0
U= , )
[ U'(w)fo] Uu) ]

where the block U is a spectral matrix associated with a given integrable equation u; = K(u)
and the block U’ denotes its Gateaux derivative, generates an integrable coupling of the
perturbation type:

ur = K(u), vy = K'(u)[v]. (3)

In this perturbation-type coupling (3), the second equation for the variable v is linear with
respect to v, while u is fixed. If the second equation in an integrable coupling,

uy = K(u), vy = S(u,0), 4)

defines a nonlinear equation for v, then the system (4) is called a nonlinear integrable
coupling [10].
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Linear integrable couplings contain extensions of symmetry equations (see, e.g., [1,11-13])
and are important in classifying integrable equations, but definitely, nonlinear ones possess much
richer structures. There are a few systematical ways to construct linear integrable couplings,
stemming from the perturbed spectral matrices defined as before and the enlarged spectral

matrices [14]:
U (u) Ul,a(v)] . U (u) 0]

and U = (5)
0 0 Up,(v) O

where U , and Up , may not be square matrices. There is a feasible way which enables us
to construct nonlinear integrable couplings from the choices of spectral matrices [10,15]:

U(u) Ua(v)
0 Uu)+ Uy(o)

U(u) 0
U,(v) U(u)+ Uy(v)

U= orU = (6)

In this paper, we consider the connection between integrable couplings and two-
dimensional unital algebras. We demonstrate that all unital algebras of dimension two
yield two classes of integrable couplings, one of which is of perturbation type and the
other of nonlinear type. This provides an approach for constructing integrable couplings.
We illustrate the general idea with the KdV equation and the AKNS system of nonlinear
Schrodinger equations. All results will enrich the existing theories of integrable couplings.

2. Integrable Couplings via Two-Dimensional Algebras

There are two unital associative algebras of dimension two over the complex number
field [16]. Let the identity element be denoted by 1. Each of those two algebras consists
of linear combinations of two basis elements: 1 and a. According to the definition of the
identity element,

1-1=1,1-a=a,a-1=a. (7)

The other properties are
aa =0, 8)

for the first algebra and
aa=a )

for the second algebra, where we denote a - a by aa for convenience.
Let us take an integrable equation

up = K(u, uy, . ..,u(”)), (10)

where 1 is a column vector of dependent variables and #(") means the n-th derivative with
respect to x. Assume that it possesses a Lax pair of matrix spectral problems:

pr = U(u, \)p, 1 = V(u,A)¢, (11)
and a hereditary recursion operator ®(u):
Lox® = ®PLx®, Lg® = 0, (12)

where X is an arbitrary vector field and Ly is the Lie derivative. The hereditary property [17]
allows us to define a bidifferential calculus, which yields a commuting hierarchy of conserved
currents [18].

2.1. Perturbation Equations

We first make use of the first algebra and introduce linear expansions

u=u1l+uza, ¢ = @11+ ¢oa. (13)
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Then, based on (7) and (8), we can observe

X(u11+ upa) = X11+ Xoa = X(u1)1+ X' (u1)[uz]a, (14)
for a vector or operator X(u) and, further, obtain an integrable coupling of perturbation
type [1]:

0y = R0, iy, ..., 0M), i, ugy = K(ur), upy = K' (1) [u2)], (15)
where 21 = (u], ul)T and K = (KT, K'T)T, and its corresponding associated Lax pair:
~ AA A U(ul,/\) 0 :|
=Ugp, U= , 16
e [ U'(ur)[ua] - U, ) (16)
and ( )
A AN A 1% ul,A 0
=Vp, V= , 17
b= 909 = [ ) Vi | i

where ¢ = (¢I,¢I)T. Moreover, similarly based on (14), we can see that the perturbation
Equation (15) has the following hereditary recursion operator

CD(Ml) 0 ‘|

d(n) = 18
D= o)) o) o

where ®(u) is a hereditary recursion operator for the original Equation (10).

The system (15) is a generalization of the symmetry problem. The second equation
in (15) is the linearized equation of the original Equation (10). When u, satisfies the
second equation for all solutions u; of the first equation, then 1, presents a symmetry of
the first equation.

Let us illustrate the above generating idea by a specific example. Consider the KdV equation

U = 6Ully + Uyyy, 19)
and its Lax pair:

0
A—u 0

—Uy 4N +2u

,V(u,)\):l , . (0)

() = [ CA+w)(u—A) — i s

Then the resulting integrable couplings in (15) appear as

{ Uy = 6u1ul,x + U1 xxxs (21)

Uyt = 6(”1”2)36 + U2 xxxr

which is exactly the first-order perturbation equation of the KdV equation [1]. Its corre-
sponding Lax pair reads

. U(ul,)t) 0 ] . V(ul,)\) 0 1
u= , V= , (22)
U'(uy)[ua)  U(ug, ) V'(up)[ua] V(ug,A)
where
u/ _ 0 0 V’ - _”2,x 2142 23
e dfur] = l —up  Vion)lual = l —2up(uy — A) = 2(2A +up)up — g xx  Uny ] =

The KdV Equation (19) has the hereditary recursion operator

O (1) = 0% + 4u + 2u, 0, (24)
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and by (18), this leads to a hereditary recursion operator for the perturbation Equation (21):
0
. (25

0%+ 4uq + 2u1,xa‘1
02 + 4uq + 2up 0!

4uy + 2u2,xa‘1

(o) ( 251 ) 0 ]
@' (u)[uz] - ()
More generally, such hereditary recursion operators can be found in [19].

2.2. My-Extensions
Secondly, we make use of the second algebra and introduce the same linear expansions
u=ul+uza, ¢ = P11+ ¢a. (26)

Then, based on (7) and (9), we obtain an integrable coupling
(27)

uy = K(uy), uzy = S(uy, up),

where S is determined through
K(u11 + upa) = K(uqp)1 + S(uq, up)a. (28)
It is also efficient to show that its corresponding associated Lax pair is given by
T 0
be=tp =g g | 9
and .
A PN 1% 0
=V, V=1| 45 » = | 30
pr=Ve { U V4T ] (30)
where ¢ = (¢1,¢; )" and
(31)

U(u11+ uga, A) = Uh 1+ Upa = U(u1)1+ Ua(uy, uz)a,
V(Mll + ura, }\) = Vll + Vza = V(u1)1 + Vz(ul, 1/[2)01.

Moreover, its resulting hereditary recursion operator reads
P, 0
, (32)

Ci>2 Ci>1 + Ci>2

where ®; and &, are determined by
(33)

D (w11 + upa) = 11 + doa = O(ug)1 + Dy (uy, up)a.

Other integrable properties can also be obtained for the resulting integrable coupling (27).
Let us give an example. Again, start from the KdV Equation (19). Upon working out S

by (28), we see that the corresponding resultant integrable coupling is
(34)

{ Uy = 6”1”1,3{ + U xxxs
Up s = 6(uqtn)x + U xxx + 6UUY x,

which is a nonlinear integrable coupling of the KdV equation and can be presented by an
approach in [10]. As a result of (29) and (30), it possesses a Lax pair defined by (29) and (30) with

0 0
] , (35)

0 1
—Un 0

)\—Ml 0

, U=

U =
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and
~ —U1x 41 + 2u1
i = ,
_Z(ZA + ul) (ul - )\) — Ul xx Ui x (36)
. —U2,x 2u
B —2(A 4 2uq)up —2u5 — Uy Upy .
Furthermore, it has a hereditary recursion operator defined by (32) with
&) = & +4uy +2up 071, Dy = duy +2uy,07 (37)

An Mj-extension [20] comes from an application of the second algebra as well, and it
is [21] associated with

bb =1, (38)
where b can be taken as
b=1-2a. (39)
With the linear expansions,
u=r1+sb, ¢ =111+ b, (40)
we obtain an Mj-integrable extension
re = Kq(r,s), st = Ka(r,), (41)

where K; and K; are generated from K as follows:
K(r1+sb) = Kq(r,5)1 + Ky(r,5)b. (42)

Its corresponding associated Lax pair reads

o~ o~ [ Uy(r,s) Ua(r,s)

¢« = U, U= [ (y(rs) 0i(r.s) } )
e Vir,s) Talrs)

- ~ 7,8 7,8

=V V‘{ hirs) Valrs) ] 4

where ¢ = (¢],¢;)7, and

U(r1 +sb,A) = Uy (r,s)1 + Uy(r,s)b, 5)
V(r1 +sb,A) = Vi(r,8)1 + V5(r,s)b.
Likewise, we can show that the extended system (41) has a hereditary recursion operator
~ Di(r,s) Dy(1,s
@ _ . 1( ) R ( ) , (46)
Dy(r,5) D1(r,s)
where
®(r1 +sb) = &;(r,5)1 + Do(r,5)b. (47)

We remark that the system (41) can be transformed into the one in (27), under

Uy =r—+s, up = —2s. (48)
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There is also a similarity transformation between the two extended Lax pairs:
U=r17'ar, v =1"9T, (49)
since
MR A T
) 1) 0 21

where I denotes the identity matrix.
Let us illustrate the general scheme above by considering the AKNS system of nonlin-
ear Schrodinger Equations [22]:

{ pr=—3pxx + 14, -
9 = 3xx — PO*
This system has a Lax pair:
Ay ~A%+3pg —Ap = i
u= A],V:l—/\ 1 1 , (52)
q q+ 29x 2Pq
and a hereditary recursion operator:
30—po! —po~!
o |2 pe q po °p . (53)
q97lq  —30+4q97'p

By virtue of (41) and (42), the corresponding M;-extended equation of the AKNS system of
nonlinear Schrédinger equations reads

it = — 3710y + 1312 + 2715182 + 1252,
ror = Arpax — 1113 — 2rp815, — 1153, 54)
S1 = — 3510y + 1282 + 217251 + 5352,
Sot = %Sz,xx — 1351 — 211198 — 5153,
and based on (43)—(45), its corresponding Lax pair is given by
N B i U - 12
¢x:u¢,¢t:V¢,u:[a2 al},vz{% 120 5)
where
. A . 0 s
U = , Uy = , (56)
14 —A S 0
and ) .
7 [ —A2 4 2(rirp +5152) —Ar — 5r1x ]
1= p
—Ary + %1’2,3( A2 — %(7”17’2 + Slsz) -
7 F(risp+ras1)  —Asy— 3six ]
2= )
—Asy+ 3spx  —5(r1s2 +1251)

Similarly, via (46) and (47), we can work out the resulting hereditary recursion operator:

- & P,
d=| _ _ ; (58)
d, P
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where 1 1 1 1 1
® 50 — 110" 12 —510" 'S —7r107 11 — 810 81
1= ’
1’28711’2 + 5287152 —%a + 7’28717’1 + 5287151 (59)
59
B —7’187152 — 818711’2 —1’187151 — 518711’1
¢ —
? 915y + 5,071 915y + 5,01
7207 'Sy + 207 "1 1207781 + 5207 11

References

By using such Mj-extended integrable equations, Alice-Bob models (see, e.g., [20,21]),
both local and nonlocal, can also be generated, which enrich multicomponent integrable
equations (see, e.g., [23,24]).

3. Conclusions and Discussion

We proved that expansions over two-dimensional algebras lead to integrable cou-
plings, providing an idea of generating a class of perturbation equations and a class of
nonlinear integrable couplings. The analysis explored the algebraic structures of the re-
sulting integrable equations and their corresponding Lax pairs and hereditary recursion
operators. Illustrative examples were presented in the cases of the KdV equation and the
AKNS system of nonlinear Schrodinger equations. All results enrich the existing studies on
integrable couplings [1,25].

It is clear that by using the block-type matrix algebras for Lax pairs, we are able to
generate larger classes of integrable couplings. Combining the considered form of spectral
matrices with the other forms in the literature will lead to more diverse integrable couplings.
The obtained integrable couplings can also possess other integrable properties such as
Hirota bilinear forms [26] and T-symmetry algebras [27]. One can also observe that M-
extensions can be separated through linear transformations of the dependent variables. All
such analyses will help us understand multicomponent integrable equations better to work
towards classification of integrable equations from a Lie algebra perspective. Concerning
these integrable couplings, the issue of exact controllability (see, for example, [28,29])
warrants attention.

Integrable couplings can often be classified into different categories based on the nature
and structure of the coupling. Two such classifications are bi-integrable couplings [30] and
tri-integrable couplings [31,32]. A bi-integrable coupling takes a specific form,

ur = K(u), vy = S(u,v), wy = T(u,v,w). (60)

An interesting question is whether there exists an integrable coupling which contains two
given integrable equations. That is, if we are given two integrable equations u; = K(u) and
v = S(v), can we construct a bigger system of the form,

ur = K(u), vy = S(v), wy = T(u,v,w) (61)

in a way that maintains overall integrability? Here, the Gateaux derivatives T' (1) and
T'(v) are assumed to be nonzero. This is a special bi-integrable coupling. Further research
on integrable couplings holds the promise of uncovering new mathematical structures and
physical phenomena.
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