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1. Introduction

Integrable couplings [1,2] are associated with non-semisimple Lie algebras [3,4] and variational identities provide tools to
generate Hamiltonian structures of integrable couplings, in both continuous and discrete cases [5,6]. Most of the presented
integrable couplings are linear with respect to the supplementary variables (see, e.g., [1,7-13]). For example, the spectral
matrices of the form

o-[% 32)

where the sub-spectral matrix U is associated with a given integrable equation u, = K(u) and U’ denotes its Gateaux deriva-
tive, lead to integrable couplings of the perturbation type. In such resulting integrable couplings, the equation for the sup-
plementary variable v is linear with respect to v. If the second equation of an integrable coupling

{ut =K(u),

v =S(u,v),

defines a nonlinear equation for #, then the whole system is called a nonlinear integrable coupling. The two variables u and »
above can be either scalars or vectors.

Linear integrable couplings contain extensions of symmetry equations [1,7] and are important in classifying integrable
equations, but definitely, nonlinear ones have much richer structures. There are a few systematical ways to construct linear
integrable couplings, starting from the perturbed spectral matrices [2,7], defined as before, and the amended spectral matri-
ces [8,10]:

= [U@W) Uu(”)}
U= ,
{ 0 0
where U, may not be a square matrix. However, there is no feasible way which allows us to construct nonlinear integrable
couplings.
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In this paper, we focus on integrable partial differential equations and are concerned with a natural question: How can
one construct nonlinear continuous integrable couplings? We would like to show that the following choice of spectral
matrices:

S (U@ Uao)
0 U)+U(v))

can engender nonlinear continuous integrable couplings. The set of all matrices above is closed under the matrix product,
and so it constitutes a matrix Lie algebra, which is non-semisimple. The variational identities (see [5,14,15]) over this kind
of Lie algebras can be used to furnish Hamiltonian structures for the corresponding continuous integrable couplings. We will
illustrate such an idea of generating nonlinear continuous integrable Hamiltonian couplings by the AKNS hierarchy of soliton
equations. All these will amend the existing theories of linear integrable couplings. The resulting theory also provides an ap-
proach to another interesting mathematical question: How can one generate an infinite hierarchy of vector fields which
commute with each other?

2. Constructing nonlinear integrable couplings
2.1. General scheme

Assume that an integrable equation
u; = K(u) (2.1)
has a zero curvature representation
U —Vi+[U, V] =0, (2.2)

where two square Lax matrices U and V usually belong to semisimple matrix Lie algebras (see, e.g., [16]). Let us then intro-
duce an enlarged spectral matrix

— U(u Uq(v

U=U= [ E) ) Uu) jr(U)a(f/)}’ (2:3)
where # consists of u and 2. Now, an enlarged zero curvature equation

U -Vy+[0,V]=0 (2.4)
with

- V(u Vq(u

V=V = { E) ) V(u) Jr(\/)a(ﬂ)] 2:3)
gives rise to

{Uf—VX-&-[U,V}:O, (2.6)

Ut — Vax + [U, Vo] + [Ug, V] + [Ug, Vo) = 0.

This is an integrable coupling of Eq. (2.1), due to Eq. (2.2), and it is normally a nonlinear integrable coupling because the
commutator [Ug, V,] can generate nonlinear terms.
We further take a solution W to the enlarged stationary zero curvature equation

W, = [0,W]. (2.7)

Then, the associated variational identity written in vector form [5]:

0 — [PPSR
i (W, U,)dx =2 ai (W, Uy), (2.8)
with the constant y being determined by
s d —
V=5 g; (W, W), (2.9)

can be used to furnish Hamiltonian structures for those integrable couplings described above. In the variational identity
(2.8), the expression on the left-hand side is the vector of variational derivatives with respect to all elements of @i, U, denotes
the partial derivative of U with respect to /, U; denotes the vector of partial derivatives of U with respect to all elements of i,
and (., -) is a non-degenerate, symmetric and ad-invariant bilinear form over the Lie algebra consisting of square matrices of
the form (2.3) (see [5,14,15] for general discussion). In what follows, we will make an application to the AKNS hierarchy to
shed light on this generating scheme.
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2.2. An application

2.2.1. AKNS hierarchy
Let us consider the spectral matrix

Al

U=U(u,2) = {:; p} u= [Z} /-spectral parameter, (2.10)

which generates the AKNS hierarchy of soliton equations [17] (see also [18]). There are other integrable equations associated
with gl(2) (see, e.g., [19]). Upon setting

a b a b7
W: — =1
L: —a} ;L— —al}“ 211)

the stationary zero curvature equation W, = [U, W] gives

1 1 .
b1 = _ibi"x = Dpa;, Cip1 = ici‘x —qa;, Qiz1x=DpPCiq — qbi+17 i>0. (2.12)
Choosing the initial data as
(10:—1, b0:C0:O (213)

and assuming aj|y—o = bilu-o0 = Cilu-0 = 0,1 > 1 (equivalently selecting constants of integration to be zero), the recursion relation
(2.12) uniquely defines all differential polynomial functions a;, b; and c;, i > 1. The first few sets are listed as follows:

bi=p, ca=q a=0;

1 1 1
b, = *ipxy G =§qu a =§PQ%

1 1 1 1 1
by = 7P~ jpzq, €3 = 70w~ =pq*, az = 7 (Pdx — Px9);
e Ly 3 oty 3

4 = prxx 4pqu7 4 = 3 xxx 4pqxq

S PR BRI IR g
4 = 8pqu 8pqu SpCIxx 8p q.

The zero curvature equations

Uy, =V +[U V™ =0, V™ =("W),, m >0, (2.14)
where (P). denotes the polynomial part of P, generate the AKNS hierarchy of soliton equations:
—2bm+] : —2p oH
U, =Kp= = (LH" === m=>0 2.15
no {Zcmﬂ} (){2q}1au’ 219
with the Hamiltonian operator J, the hereditary recursion operator L™ and the Hamiltonian functions:
0 -2 19—qo! a7
J=[ ] e TS AR (2.16)
2 0 —pd'p —%3—}—1)37(] m+1

where L' is the adjoint operator of L, § = 2and m > 0.
2.2.2. Integrable couplings
Let us now start from an enlarged spectral matrix

p

E:U(m):[u Ua ] = , (2.17)

0 U+U,

“©v = Q

where U is defined as in (2.10) and the supplementary matrix U, is taken as

Uy = Ua(0) = [2 g} = m (2.18)
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For the enlarged stationary zero curvature equation (2.7), we look for a solution
— w W, _ e f
W= Wy =Wq(u,2) = ,
[ 0 W+WJ’ o = Welth) {g —e]
where W, defined by (2.11), solves W, = [U,W]. Then, Eq. (2.7) requires
Wox = [U, W] + [Ug, W] + [Ug, W],
which equivalently generates
ex=pg—qf +rc—sb+rg—sf,
fx = —2if — 2pe — 2ra — 2re,
g, = 2qe + 2)g + 2sa + 2se.

Trying a formal series solution

ei/liiv f = Zfi[i7 g= Zgi/lia
i=0 i=0

e =

o

Il
o

1
we obtain
€ii1x = P&ip1 — Qfir1 + TCiy1 — Shipt +7183,1 — Sfisa,
fir = = 3fix — pe; — ra; — re;,
_1
8i1 = 38ix — q€; — Sa; — S€;,
where i > 0. We choose the initial data as

eo=-1, fo=g=0

7241

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

and assume that e;|;_; = fil,_o = &ilieo = 0, i = 1. Then the recursion relation (2.23) uniquely determines the sequence of

sets of e;, f; and g;, i > 1. The first few sets are computed as follows:

fi=p+2r, g=q+2s, e =0;

1 1 1
fa=—=5D—Tx, & =50+, € =5Dq+PpS+qr+rs;
2 2 2
1 1 l 2 2 2 2
f3 = 5Pw + 5T —5P°q — P*s — 2pqr — 2prs — qr* —r°s,
4 2 2
1 l 1 2 2 2 2
83 = 7 0u t 55« —5Pq" —PS” —2pqs — 2qrs — q°T — 15",

1 1 1 1 1 1 1 1
€3 = — prq + qux - ipxs + ipsx + qur - Eqrx - zrxs + irsx;

f*—l —1r +§ +§ s+E r+E rs+§ r+§ rs+§rr+§rrs
4 = prxx 4 XXX 4pqu prp szq 2px zpqx 2px qu 2 X1y

1 1 3 3 3 3 3 3 3 3
84 = gqxxx + ZSXXX - leqxq - quxs - qusx - Epsxs - iqxqr - jqxrs - zqrsx - ETSXS.,

1 1 1 1 1 1 1 1 1 1 1 1 3,5, 3,5,
€4 :gpqu_gpqu +§qux +prxs_szsx +ZPSXX+quXX _Zqurx+_qxxr+_rXXS__rXSX+_rSXX __p q _le S

4 4 4 4 8

- §qzr2 — §r252 - E1)2qs - §pq2r - Eqrzs - §prs2 — 3pqrs.

4 2 2 2 2 2
For each integer m > 0, take
_ _— ym o yml
yim — (/LmW)+ = |: 0 VFm] ) VLm] = (}~mwa)+

and then, the enlarged zero curvature equation
Ty, — (V") + [0,V"] =0,
yields

(2.25)

(2.26)
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Uatn = (Vi) + [U V"] + [Ua V™) + U, Vi) = 0,

together with the mth AKNS system in (2.15). This tells
_zfm+1
2gm+1

where v=(r,s)" defined as in (2.18). This way, the hierarchy of enlarged zero curvature equations presents a hierarchy of
integrable couplings:

Vi, =Sm =Sm(u,v) = {

m

}, m >0, (2.27)

p *meﬂ
= q 72 Km(u) _ 2Cm+1
S tm 2gm+1

for the AKNS hierarchy (2.15). Except the first two, all integrable couplings above are nonlinear, since the supplementary
systems (2.27) of r and s with m > 2 are nonlinear. The third one reads

P, = =3P +P’0, 4y, = 39 — PT%,
Tty = —3Dx — ' + D?q + 2D + 4pqr + 4prs + 2qr? + 2r7s, (2.29)
St, =30y + S — PG* — 2ps? — 4pqs — 4qrs — 2q*r — 2rs?.

Therefore, the systems in (2.28) with m > 2 provide a hierarchy of nonlinear integrable couplings for the AKNS hierarchy of
soliton equations.

2.2.3. Hamiltonian structures
To construct Hamiltonian structures of the obtained integrable couplings, we need to compute non-degenerate, symmet-
ric and ad-invariant bilinear forms on the Lie algebra considered before:

A B
g= A,Besl(2) ;. 2.30
e={[5 alpllBes} (230)
For brevity, let us transform the Lie algebra g into a vector form through the mapping
aq a; Ay as
a —m [¢1 —Ay

5:g—>R6, AH(G],GQ,G3,G4,G5,GG)T, A= €g. (231)

0 0 am+as a+as
0 0 as +ag —0a1 — 0y

This mapping ¢ induces a Lie algebraic structure on R®, isomorphic to the matrix Lie algebra g. The corresponding commu-
tator [-,-] on R® is given by

[a,b]" =a'R(b), a=(a,...,as)", b=(by,...,bg) € R, (2.32)
where
0 2b, —2bs 0 2bs —2bg
bs -2b, 0 be —2by 0
R(b) = —b, 0 2b, —bs 0 2by
0 0 0 0 2b2 + 2b5 —2b3 — 2b6
0 0 0 bs +bs —2b; —2b, 0
0 0 0 —b, — bs 0 2by +2b,
A bilinear form on R® is determined as follows
(a,b) = aFb, (2.33)
where F is a constant matrix. The symmetric property (a,b) = (b,a) and the ad-invariance property
(a,[b,c]) = ([a,b],c) (2.34)

requires that F' = F and
(R(b)F)" = —R(b)F for all b e R®. (2.35)

This matrix equation gives a system of linear equations on the elements of F. Solving the resulting system, we obtain
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27, 0 0 27, 0 O
o 0 mnm 0 0 n
0 nm 0 0 n, O
2, 0 0 27, 0 O
0 0 #n, 0 0 n
0 n, 0 0 n, O

where #; and 7, are arbitrary constants.
Therefore, a bilinear form on the underlying Lie algebra g is defined by

<A>B>g = <57] (A)7571 (B)>[R5 = (alv = '7aG)F(b17 . ‘7b6)T

F—

=1 (201 by + abs + a3b2) +1, [2(11 by + a;bg + azbs + 204(b1 + b4) + 05(b3 + bs) + as(bz + bs)],

where
a  a ay as b b, b, bs
A a; —m as —0y B bs —b; bg —by
0 0 a+as ay+as |’ O O by+bs by+bs
0 0 a3+as —a;—ay 0 O b3+bs —by—Dby

This bilinear form (2.37) is symmetric and ad-invariant:
<A7B> :<BvA>7 <A7 [B,C]>:<[A,B],C>, ABCeg
and it is non-degenerate if and only if

(M —12)1, # 0.
Now, based on (2.37), we can easily compute that

<W7 U/) = _2]7]0 - 2172@7

(W, Uu) = (1, + 1,8 1D + 1f 115 (¢ + 8). 1, (b + )"
A d —
where W is defined by (2.19). Thus the variational identity (2.8) with y = 0 yields

0 / 2711am+1 + znzemﬂ

50 m dx = (111Cm + 1M28ms N1bm + Nofim, N3 (Cim + &), M2 (b +fm))T7 m>1.

It follows now that the AKNS integrable couplings in (2.28) possess the following Hamiltonian structures:

o ZO0H
t, = K@) =] %"

where the Hamiltonian operator is given by
0 2 0 -2

m > 0,

B 1 -2 0 2 0
— 2
J My —M 0 -2 0 ﬂi;

_2m
2 0 w0
and the Hamiltonian functionals are given by

m erl l = .

It is direct to see a recursion relation
Zéﬁm _ 5ﬂm+1

ou ou

[L Lq }
0 L+LJ

m>=0

with

ol
Il
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(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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where L is given by (2.16) and

L — —(q@+5)0'r—s07"p (q+5)8's+sd7'q
0=

. 2.45
—(p+nd'r—ro'p (p+nNd's+197'gq (2.43)

Moreover, we have J L = L], where L' is the adjoint operator of L. Based on the Tu scheme [20], it follows then that all inte-
grable couplings in (2.28) commute with each other and so do all conserved functionals in (2.43). It is also not difficult to
show that J and J L is a Hamiltonian pair [21] and L' is a hereditary recursion operator [22] for the hierarchy of integrable
couplings (2.28), which similarly implies that the hierarchy (2.28) commutes.

3. Concluding remarks

We proposed a kind of specific Lie algebras which allows us to generate nonlinear continuous integrable couplings and
applied the variational identities on the suggested Lie algebras to the construction of Hamiltonian structures of the resulting
continuous integrable couplings. An application to the AKNS hierarchy gave a hierarchy of nonlinear continuous integrable
Hamiltonian couplings. The obtained results supplement the existing theories on the perturbation equations and linear inte-
grable couplings [1,5,8].

It is clear that using the block type matrix algebras, we will be able to generate larger classes of integrable couplings.
Combining the considered form of spectral matrices with the other forms in the literature (see, e.g.,[10,23]) will lead to more
diverse integrable couplings. The presented integrable couplings can also possess other integrable properties such as Hirota
bilinear forms [24] and t-symmetry algebras [25]. All such analyses will enrich multi-component integrable equations (see,
e.g., [15,26]) and help understand them better to work towards classification of integrable equations based on loop algebras.
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