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1. Introduction

Among the methods of solving nonlinear partial differential equations in various areas [1-6], the Hirota

bilinear method is a powerful approach [1]. The shallow water wave equation studied by Hirota and Satsuma

reads [7]

Uggt + 3UUL — ULV — Uy = Uy, (1)
where v, = —u. Through the dependent variable transformation u(z,t) = 2 [ln f(z, t)] v the Hirota bilinear
form of Eq. (1) is

(D3Dy = D3 = D:Di)f - f =0, (2)

where D3D;, D? and D, D; are the Hirota bilinear operators [1] defined by

DiDy(f-9) =

(% B %)a(% B %)?(m,t}g(xﬂt') e ———
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Now we extend the Hirota bilinear Eq. (2) with the generalized bilinear operators, based on a prime
number p = 3, into

(D3 D3t = D3, = D32 D3 ) f - [ =6 fau far =2 fou [+ 27 =2 f for +2fu fr =0, (3)

where the generalized differential operators are introduced in [8]:

. B 9 \a,d o \b
Dp,zDg,t(f g) = (87 +ap%> (a +04p%) [z, t)g(z',t)

€z x'=x,t'=t
a b . . . .
a\ /by 9Tt 9t gb=i o i
— i g _ ‘ ‘ 4 ¢ 'y
;;(Z) (j)apapaxafz ax/(z) 8tb7] 8t/(]) f(x7 )g(l‘ ’ ) x’:x,t’:t’
while
ap = (=), s =rp(s) mod p. (4)

Under the rule given by Eq. (4), we particularly have

=aj =1, ag = —1, o) =aS=1.

W

ag = —1, «
Employing a dependent variable transformation

u(z,t) = 2[ln f(x,t)]z, (5)

which is motivated by a general Bell polynomial theory [9,10], we can directly find that the generalized
bilinear Eq. (3) is linked to a Hirota-Satsuma-like equation as below:

3 3 3 3
gvtug —u + ZUQUt — Uy + 7 Utus + o Utlls = 0 (6)

with u = v,, in virtue of the following equality:

3

: L3
—V+U — U —U
8! ETy

_ (D3.Dsy— D3, —Ds.Ds.)f - f
U — Uy + thuum + §utuz = f2 .

2. Rational solutions by maple

How to find exact solutions to Eq. (6)? Within the framework of investigation on resonant solutions to
generalized bilinear equations, we find that Eq. (6) does not satisfy the conditions for resonant solutions
given in Refs. [9,11]. A conjecture on rational solutions to the Boussinesq-like equation has been given [6].
In this Letter, we will discuss rational solutions to the Hirota-Satsuma-like Eq. (6), based on polynomial
solutions to the generalized bilinear Eq. (3).

Through submitting
77 o
D
i=0 j=0

into Egs. (3) and (5), we find (i) the degree of ¢ is as the same as z in any such polynomial solution f, and
(ii) Eq. (6) possesses only three types of rational solutions.

With the formula of a polynomial solution to the generalized bilinear Eq. (3) as

n n
f= ngxk = ng(t)ﬂck,
k=0 k=0
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where n is a nonnegative integer and the g’s are polynomials of ¢t with g, # 0, we can compute that

n—2 n—1
Bfowfor —Jou fHSo = F ot + fu i =3 [Z“ﬂ +2)(k+ 1>gk+zx’“] lz(k + 1>g;+1x’f]
k=0 k=0

n—1

2
+ (D (k+ 1)9k+193k]

k=0

S g ] [zgkx ]

k=0

[nz:(k +2)(k + 1)gryo 1 lz gra®

k=0

. [”f(kﬂ hore ] [Zw

k=0

2n—3
=3 Z [ Z (1 +2)(+ 1)+ 1)git2 9;+1] a*

k=0 Li+j=k,0<i<n—2,0<j<n—1

- z_: l Z (i+2)(i+1)giva g;

k=0 Litj=k,0<i<n—2,0<j<n
- Z (i +1)(J +1)gi+1 9541 + Z (i + 1)(gip195 — gi1 97 |=" (7)
1+j=k,0<4,j<n—1 i+j=k,0<i<n—1,0<j<n

It is clear that the right-hand side of Eq. (7) is a polynomial of x with coefficients being polynomials of ¢.
Adopting g = 0 if £ < 0, we can compute the coefficients of the like powers of x, e.g., the coefficients of the
first three highest orders are

2?72 ngk — gl gn-1 + Gndn1» (8a)
2?70 3(n = )ngngy, +2(n = 1)gngn—1 + 2(gh_29n — Gn—291), (8b)
2?1 3n(n —1)%ga95,_y 4+ 3n(n — 1)(n = 2)gn-19;, — (n* — 41+ 6)gngn—

+ (n—1)g2_1 — Gn19n—2+ Gn-19n_2 — (N — 3)(g_39n — Gn—395)- (8¢)

The relationship among gx’s (say, Expressions (8)) determines the specific requirement on the structure of
polynomial solutions to Eq. (3). With solving the generalized bilinear Eq. (3), we can conclude the rational
solutions to the Hirota-Satsuma-like Eq. (6) as follows:

Case (1): Degree (f,z) =1
With the assumption

1 1
F=Y gt =" gr(t)at, 9)
k=0 k=0
we find it demands that
g — 9091 + 9190 = 0, (10)
and then the first type of rational solutions to the Hirota-Satsuma-like Eq. (6) is derived as
2f: 2
ul = e = — (11)

f rT—t+c

with ¢; as an arbitrary constant.

Case (2): Degree (f,x) =2
With the assumption

=Y g =) gi(t)z", (12)
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we find it demands that

293 — 9491 + 9295 = 0,
69295 + 9291 + 9092 — 9092 = 0, (13)
69291 — 29290 + g5 — 9190 + 9195 = 0,

then
g2 = g1 =go =0, (trivial)

or

92 =0,
95 — 9097 + 919, = 0. (reduce to Case(l))

Case (3): Degree (f,z) =3
With the assumption

3 3
F=> ga® =" gr(t)a”, (14)
k=0 k=0
we find two types of new rational solutions to the Hirota-Satsuma-like Eq. (6) as

7 2fe 6(x —t)?
u T (=13 +36t+cy (15)

of 6|:((E—t)2+263(1'—t)+63:|
11 _ 2z
T T T 1P +3a@— 02 132 —0) 436l + 1’ (16)

where cg, c3 # 0 and ¢4 are all arbitrary constants.

Case (4): Degree (f,x) > 4
In this case, we find in the expression

n

F=Y gkt = gr(t)a” (17)
k=0 k=0
that gi(t) = 0 with k > 4, and therefore the Case (4) reduces to Case (3).
We guess that the three classes of rational solutions (11), (15) and (16) exhaust all rational solutions to
the Hirota-Satsuma-like Eq. (6), and make the following conjecture.

Conjecture. If a polynomial f = f(x,t) of x and t solves the generalized bilinear Eq. (3), then Degree
(f.2)<3.

3. Concluding remarks

With the generalized bilinear operators based on a prime number p = 3, a Hirota-Satsuma-like equation
was proposed, that is, Eq. (6). Rational solutions were generated, based on polynomial solutions to the
generalized bilinear Eq. (3) by using symbolic computation software Maple.

We conjecture that the three classes of rational solutions (11), (15) and (16) exhaust all rational solutions
to the Hirota-Satsuma-like Eq. (6). Finally, we give some figures to describe the rational solutions (11), (15)
and (16) as seen in Figs. 1, 2 and 3, respectively.
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Fig. 3. Rational solution (16) with ¢ =5 and ¢4 = 0.
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