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Abstract To study the lump—soliton interaction phe-
nomenon for the (3 + 1)-dimensional nonlinear model
with dimensional reduction, interaction solutions have
been formulated by combining positive quadratic func-
tions with hyperbolic function in bilinear equations.
The collision between lump and soliton has been ana-
lyzed and simulated. When the lump is induced by a
bounded twin soliton, the rogue wave turns up, which
can only be visible at an instant time. Based on the
solutions, it is easy to find the amplitude, the place and
the arrival time of the rogue waves. The mechanism
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investigated in this paper may shed some light on the
study of rogue waves in oceanography, fluid dynamics
and nonlinear optics.
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1 Introduction

Nonlinear evolution equations (NLEEs) arising in
physically relevant situations possess potential appli-
cations, especially, the (2+ 1)- and (3 + 1)-dimensional
ones [1-3]. For instance, the Kadomtsev—Petviashvili
(KP) equation, as a two-dimensional generalization of
the one-dimensional Korteweg—de Vries (KdV) equa-
tion, can be applied to model water waves of long wave-
lengths with weakly nonlinear restoring forces and
frequency dispersion [4,5]. The (2+ 1)-dimensional
breaking soliton equation can be used to describe the
(2+ 1)-dimensional interaction of Riemann wave prop-
agation with the long-wave propagation [6,7]. More-
over, some (3 + 1)-dimensional NLEEs have also been
proposed and solved to investigate the spatiotemporal
features of the associated nonlinear phenomena (see,
e.g., Refs. [1,8-12]).

The exact solutions to NLEEs are helpful in studying
the physical mechanism and dynamical characteristics
of associated problems [4,5,10-16]. In mathematical
physics, abundant exact solutions have been derived
to NLEEs, such as solitons, dromions, positons, com-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-018-4514-5&domain=pdf

2644

F-H. Lin et al.

plexitons, and lumps [1, 17-19]. Two-dimensional soli-
tons of the KP equation and their interaction have been
studied in Ref. [20], while lump solutions to the KP
equation have been given in Ref. [19,20]. Dromion
is another type of localized solutions for the (2+1)-
dimensional NLEEs, and the generalized dromion solu-
tions of the (2+ 1)-dimensional KdV equation can be
found in Ref. [17]. By using Wronskian technology,
positon and complexiton solutions to integrable equa-
tions can be generated [18].

As a kind of special solutions to integrable NLEESs,
soliton solutions are exponentially localized in certain
directions, while lump solutions are rationally (alge-
braically) localized in all directions in the space [21—
28]. With symbolic computation, lump solutions have
been generated through searching for positive quadratic
function solutions to the associated bilinear equations
[19,27,28]. Study on the interaction solutions between
lump and soliton or kink is of great importance in
describing the interesting nonlinear phenomena [29-
32]. Currently, many interaction solutions have been
formulated by combining positive quadratic functions
with other kinds of functions in bilinear equations
[29,30]. It is obvious that lump is a type of rational
solutions, and rogue wave solutions are a class of lump-
like solutions, which attracted a great deal of attention
from mathematicians and physicists worldwide, e.g.,
in oceanography, nonlinear optics and financial system
[33-35].

The Hirota bilinear representation of NLEEs plays
an important role in searching for soliton solutions,
lump solutions and interaction solutions [27-30,36].
Based on a multivariate polynomial, a Hirota bilinear
equation [37] has been proposed as

(D,Dy — D3Dy — 3 D> +3D§) fof=0, (1
where f = f(x,y, z,t) is a (3+ 1)-dimensional func-
tion, and the derivatives D, Dy, D? Dy, D? and D? are

the Hirota bilinear operators [36] defined by

D¢DIDYID](f - g)

_<1 i)“(i i)"(i
dx  d9x’ ay  ady’ 9z
AN’ /o a8\

i) (o)

x f(x,y,z,08(x", ¥, 2 1)

x'=x,y'=y,7/=z,t'=t.
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Bell polynomial theories tell Eq. (1) is linked with the
following (3 + 1)-dimensional NLEE

Uyt — Uxxxy — 3 (uxuy)x —3uxx +3uz;; =0, 2
through the dependent variable transformation

fx(x’ y’Zﬂ t)

, 3
fx,y,z,0) ©)

= 2[ln .2, z)]x =2

where we demand that f(x, y, z,1) # 0.

By use of the linear superposition principle [37],
two types of resonant N-wave solutions have been
found and illustrated to Eq. (2). A bilinear Bick-
lund transformation consisting of six bilinear equations
and involving nine arbitrary parameters has been con-
structed, and nonresonant-typed one-, two-, and three-
wave solutions have been obtained with multiple expo-
nential function method [12]. By searching for positive
quadratic function solutions to the associated bilinear
equations [28], lump solutions have also been derived
and discussed for the dimensionally reduced cases of
Eq. (2),suchasz=y,z =1,y = x,and y = z. How-
ever, we have not found lump solutions to the reduc-
tions z = x and y = ¢. The higher-dimensional models,
e.g., the (2+ 1)- and (3 + 1)-dimensional ones, are more
applicable to describe the nonlinear phenomena in the
real world. To reveal the complex physical mechanism
described by higher-dimensional models, it is effective
to consider the dimensional reductions. In summary,
both soliton solutions and lump solutions have been
studied for Eq. (2). How about the lump—soliton inter-
action for the dimensional reductions of Eq. (2)? The
main contribution of this paper is to study the interac-
tion phenomena (exactly interaction between lump and
soliton) for Eq. (2). Moreover, the induced mechanism
of rogue waves will be investigated in theory.

In this paper, we will search for the lump—soliton
interaction solutions to the dimensionally reduced
Hirota bilinear Eq. (1) via taking z = t or z = x,
and begin with

f =& + &7 + kcosh&s + ao, ©))
where three linear wave variables are defined by

&1 = a1x + azy + ast + ay,
& = asx +agy + ayt + ag,
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& =kix ~|—k2y + kat,

while a; (1 <i <9),k; (1 <i <3)and k are all real
parameters to be determined. Eq. (4) givesrise to a class
of lump solutions with £&3 = 0 and generates a class of
one-soliton solutions with &; = & = 0. The exact solu-
tions generated via the combined form of Eq. (4) are
called interaction solutions, that is, interaction between
lump and soliton [11,19,27-31].

2 Lump-soliton interaction for the reduction with
z=t

The dimensionally reduced form of Eq. (2) with z = ¢
turns out to be

Uy — Uxxxy — 3 (uxuy)x —3uxx +3uy =0, &)

the bilinear representation of which reads

(Dny — DDy —3D? +3Dt2) fof
=2 [(ffiy = fify + Foxxfy +3 faxy fr
=3 fax Sy — [frxxy
3 (e £2) 43 (1h— )] =0, ©

through the dependent variable transformation

fe(x, v, 1)

= 2[111 fx,y, t)]x =25

(7

The following two classes of solutions for the param-
eters are obtained by substituting f in Eq. (4) into
Eq. (6):

{al ==xa7, a=0, a3 =0, ay = a4, as =0,

6 1 [1k?
ag = —0az, a7 =ay, ag = ag, (19—5 525

1

1\4
k:k,k1=s<§) ko = — 6k,

3
1\ "1
ks = (§> (—e % ﬁ)} : (8)
where k > 0, a7 #0,and ¢ = £1; and

{u1=u1, ay =0, a3 =0, ag = a4, as =0,

2 2 2.2

_ 3(af +43) B _ K

a6 =—— — , aj=4aj, ag=4dag, A9 = 7,
az 2a;

k=k, ki
1

(3(1? + 211%11% + 3u§) +8\/(af - a%)z (9a‘1‘+14a|2a% + 9u‘7‘) !
=¢ 5
6 (a} +a3)’

2 3 (a%+a3)k;‘—2a%]

ko = (&)

RT3k (@ -d)

where k > 0,a; # 0,a7 # 0, a%—a% # 0, and
e ==l.

The two sets of solutions for the parameters gen-
erate correspondingly the combined solutions to the
bilinear Eq. (6), and then the resulting combined solu-
tions present the interaction solutions to the dimen-
sionally reduced Eq. (5), under the transformation in
Eq. (7). The function f is well defined by the condi-
tions a; # 0, a; # 0, and af — a% # 0, while the
positiveness of f and the analyticity of the interac-

tion solution u is definitely guaranteed by £k > 0 and
272

ag = %\/g ];—z or ag = % Because a line soliton is
involved, the7interaction sollutions do not approach zero
in all directions in the independent variable space, and
a peak arises at finite times due to the existence of a
lump wave.

Corresponding to Egs. (8) and (9), the explicit for-
mulas of solutions to Eq. (5) can be written, respec-
tively, as

Ak ar)(Earx + ag) + 2k 8(%)%Sinh<e(% r—6e(N)iy+ (4ot V2)r)
u= ,
(Farx + ag)? + (—6azry + agt + ag)? + kcosh(s(%)%x - 68(%)%)) + (%)7%(—8 + ﬁ)t) + %\/gz—i
7
(10)
and
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Fig. 1 a The three-dimensional plots of w; via Eq. (30) at the time t = —5, ¢ = 0 and ¢ = 5; b the corresponding contour plots of (a)

dai(arx + aq) + 2k ky sinh(klx — %y +

s vt
3k (a% — a%)

_ 3(a% + a%)
ar

(a1x +as)* + (

2
y+a7t+ag> + k cosh <k1x — %y+

, an
3(a? +ad)k} — 243 " K23
3ki(af —a3) 2a%

where k1 can be found in Eq. (9).

We will choose two special sets of the parame-
ters corresponding to Egs. (8) and (9) to get two spe-
cific interaction solutions to the dimensionally reduced
Eq. (5), respectively, as u; and up, which lead to
another forms of the associated interaction solutions w1
and wy with introducing the transformation w = u,.
The detailed parameters and formulas are given in
“Appendix A.”

The three-dimensional plots and contour plots of w1
and wy are shown in Figs. 1 and 2, respectively.

@ Springer

3 Lump-soliton interaction for the reduction with
=X

The dimensionally reduced form of Eq. (2) with z = x
turns out to be

Uyt — Uxxxy — 3 (uxuy)x =0, (12)
the bilinear representation of which reads

(DDy = DDy f - f
=2 [(ffty - ftfy + fxxxfy
+3fxxyfx _3fxxfxy_ffxxxy)] =0, (13)
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Fig. 2 a The three-dimensional plots of w, via Eq. (33) at the time t = —5, ¢ = 0 and ¢ = 5; b the corresponding contour plots of (a)

through the dependent variable transformation Eq. (7).
Substitution of f in Eq. (4) into Eq. (13) leads to the
following two classes of solutions for the parameters:

asde
{(11 =———, ;m=ay, a3 =0, ag = a4, as = as,
az

ag = ag, a7 =0, ag = ag, ag = av,

k=k, ky =k, ko =0, k3=k%}, (14)

where k > 0, ag > 0, and as (ag + a%) # 0; and

4 (—M) (—%x +ayy + a4> + 4as (asx + agy + ag) + 2kk; sinh(klx + k%t)

az

{al=al, a =0, a3 =0, ay = a4, a5 =0,
as = ae, a7 =0, ag = ag, ag = av,

k=k, ky =k, ko =0, k3=k%], (15)

where k > 0, ag > 0, and ajae 7# 0. Parameters
given in both Eqgs. (14) and (15) can lead to lump—
soliton interaction solutions for the reduction with z =
X, which can be shown in an explicit form, respectively,
as

u =

az

2
(—Mx +axyy + a4> + (asx + agy + ag)” + kcosh(klx + kft) + ag

: (16)
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Fig. 3 a The three-dimensional plots of w3 via Eq. (38) at the time r = —30, t = 0 and ¢ = 30; b the corresponding contour plots of

(a)
and

4ar (a1 + as) + 2Kk sinh (kyx + &t )

u = .
(a1x + as)? + (asy +ag)> + kcosh<k1x + kft) +ag

A7)

With two special sets of the parameters, we can
obtain lump-soliton interaction solutions #3 and ug4
with w3 and w4. The details can be seen in “Appendix
B.” Three three-dimensional plots and contour plots of
solutions w3 and w4 are shown in Figs. 3 and 4, respec-
tively.

Furthermore, we can obtain some parameters for
exact solutions of other type, for example,

{611 =0, a2 =a2, a3 =0, a4 = a4, as = as,

ae =0, a7 =0, ag = ag, ay = av,

@ Springer

k=k, k1 =0, ko =k, k3=0}, (18)
where k > 0, ag > 0; and
{al =ay, ap =0, a3 = a3, a4 = a4, as = as,

ag =0, a7 = a7, ag = ag, ag = ay,

k=k, ki =ki, kp =0, k3=k3}, (19)
where k > 0, ag > 0, and aja7 — azas # 0; and

asag
{a1 =aj, ap =———, a3 =0,a4 = a4, as = as,
ai
ag = ae, a7 =0, ag = ag, ag = av,
k=k, k1 =0, ko =k, k3=0}, (20)
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(b)

Fig. 4 a The three-dimensional plots of w4 via Eq. (39) at the time t = —30, t = 0 and ¢ = 30; b the corresponding contour plots of

()

where k > 0 and a9 > 0.

Parameters given in Egs. (18), (19) and (20) give rise
to some other explicit solutions for the reduction with
7 = x, respectively, as

das(asx + ag)

three other type specific exact solutions to the dimen-
sionally reduced Eq. (5), respectively, as us, ug and
u7 with ws, we and wy by introducing the transfor-
mation w = u,. The detailed parameters and formulas

u= ; - , @D
(a2y + as)” + (asx + ag)” + k cosh(kay) + ag
dai(aix + azt + aq) + 4as (asx + ayt + ag) + 2kk; Sinh(klx + k3t>
u= , (22)
(a1x + ast + as)?® + (asx + a7t + ag)® + kcosh(klx + k3t) + ag
and are given in “Appendix C.” The three-dimensional plots

asag

day (alx — 2%y +a4) + 4as (asx + agy + ag)

ai

U=

(23)

We will choose three special sets of the parame-
ters corresponding to Eqgs. (18), (19) and (20) to get

" (aix — “Z‘]’(’ y +ag)? + (asx + agy + ag)® + k cosh(kay) + ay

and contour plots of solutions ws, we and w7 are shown
in Figs. 5, 6 and 7, respectively.

4 Discussions

Summarily, we have derived seven classes of exact
solutions to the dimensionally reduced Egs. (5) and (12),

@ Springer
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Fig.5 aThe (a)
three-dimensional plot of
ws via Eq. (44); b the
corresponding contour plot
of (a)

N}

n
| I |

Fig. 6 a The ()
three-dimensional plot of

we via Eq. (46); b the

corresponding contour plot

of (a)

-

=
n
sa o le e

i T

Fig.7 aThe
three-dimensional plot of
w7 via Eq. (48); b the
corresponding contour plot
of (a)

among which u1 (wy), ua (w2), u3 (w3) and ug (w4) are
lump-soliton interaction solutions. We find the rogue
waves appear during the collision between the twins of
solitons and the lump. The collision properties of the
lump and soliton can be analyzed and simulated (see
Figs. 1, 2, 3 and 4). Based on Eq. (4), we get all critical
points of the function f, at a fixed time ¢, as

@ Springer

(b)
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-40 0 30 40

®) |

(1) = (apa7 — azae)t + (arag — asae) @)

ajae — aras
ayjay — azas)t + (arag — aqa
_ _(mag —azas)t + (aras 5)’ 24)
ajae — dads

which is the global extreme value point and describes
the moving path of the invisible lump. Further, we can
get the centerline of the twins of solitons as

kix +koy + k3t = 0. 25)
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Therefore, the rogue wave will appear at the time

(asas — azag)ky + (arag — asas)ks

™ (a2a7 — azae)ky + (azas — aran)ka + (aras — azas)ks’
(26)

and the place

< (asa7 — azag)ko + (arag — asae)ks
(ara7 — azag)ki + (azas — ajan)ks + (ajag — aras)ks’

_ (aga7 — azag)ky + (arag — asas)ks )
(aza7 — azag)ky + (azas — ajar)ks + (aras — azas)ks )’

27)

and the maximum amplitude of the rogue wave can be
obtained by calculating the value of u when the lump
arrive at the center of the twin soliton.

Attention should be paid to solutions us (ws), ug
(we) and u7 (w7), which are special cases of lump-
soliton interaction solutions. As a result of the vanish-
ment of the variable ¢ in the solutions us (ws) and u7;
(w7), they look like lump-type structures (see Figs. 5
and 7). However, the variable y vanishes in the solu-
tion ug (wg), and the rogue wave appears (Its amplitude
is giant compared with background waves, see Fig. 6).
This case is similar to the rogue waves in nonintegrable
KdV-type systems described in Ref. [32].

5 Concluding remarks

Itis generally defined the algebraic solution localized in
space as a lump solution, and the two-dimensional lump
solutions are well studied in the literature. Currently,
attention has been attracted on interaction solutions for
two-dimensional NLEEs. Based on symbolic compu-
tation and bilinear method, we have investigated lump—
soliton interaction phenomenon for (3 + 1)-dimensional
NLEEs with dimensional reduction. The models are
Egs. (5) and (12), and the solutions in terms of u are
given in Eqgs. (29), (32), (36), (37), (43), (45) and (47),
and of w are given in Egs. (30), (33), (38), (39),
(44), (46) and (48).

The collision between lump and soliton has been
analyzed and simulated. When the lump is induced by

a bounded twin soliton, the rogue wave turns up (see
Figs. 1, 2, 3 and 4), which can only be visible at an
instant time. Based on the solutions, it is easy to find
the amplitude, the place and the arrival time of the rogue
waves.

We hope our work shed some light on the investiga-
tion of rogue waves in oceanography, fluid dynamics
and nonlinear optics.
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Appendix A

Corresponding to Egs. (8), we choose the parameters

{alzl, a=0,a3=0, ag =0, a5 =0,

V3

ag=—06,a7=1,a3=0, ag = —,

:1,
6

™

k=1, k =371, ky=—2-31, ky = (v2— 1)3%},
(28)

to get the interaction solutions u with w as

ui

ax+2-3 bsinh (374x 234y 434 (V2 - 1):)

24 (—6y+1)? +cosh(3*%x—2 - 3%y+3%(\/§— 1 z) +4°
(29)

%

and
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2 [2 3 3cosh (3—%x 234y 434 (ﬁ— 1) t)]
w] =

x2 + (—6y +1)2 + cosh (3—%x .39y 431 (ﬁ 1)t> + 3

2
2[2x+3—%sinh (3—%x—2.3%y+3% (ﬁ—l t)]
. (30)
2
[x2 + (—=6y +1)*> 4 cosh <3_%x -2 3iy —+—3% (ﬁ— 1) t) + %3]
Corresponding to Egs. (9), we choose the parameters and
{al :2, az:O, Cl3=0, a4:O’ aszo’ {Cl] :lv 612:0, Cl3:0, a4:Ov a5:01
1 ag =2, a7 =0, ag =0, ag =1,
a5 =15, a7 =1, a5 =0, ay = o, e =1, 0 7 1 s ’ 1
k=1, k=1 k=-2 k3=3}, (31) 2 8

to get the interaction solutions uy with w» as

16x + 2sinh(x — 2y + £1)
Uz = ,
4x2 + (—15y + )2 + cosh(x — 2y + 1)+ 1
(32)

and

2[8 + cosh (x — 2y + £1)]
Wy =
2T 42 4 (“15y+ )2 +cosh (x — 2y + B1) + &
2 [Sx + sinh (x -2y + %t)]z

[4x2 + (—=15y +1)2 + cosh (x — 2y + £1) + %]2
(33)

Appendix B
Corresponding to the parameters given in Eqs. (14)

and (15), we choose the following two special sets of
the parameters:

{alz—l,a2=2, a3 =0, a4 =0, as =1,
ag =2, a7=0, ag =0, a9 =2,

1 1
k=10, kf =—=, ko =0, ka = —— ¢, 34
1 7 R 3 8} (34)

@ Springer

which generate two interaction solutions to the dimen-
sionally reduced Eq. (12), respectively, as

8x — 10sinh (—sx — §7)
U3 = ,
ST (Cx 427+ (x +2)2 + 10cosh (—1x — L) +2
(36)

and

4x — 3sinh (—%x —

t
= , (37)
x2 +4y? +3cosh (—3x — §1) + 1

uq

Associated with Egs. (36) and (37), the derivative
form of the interaction solutions can be obtained with
w = uy, respectively, as

8 + 5 cosh (—%x - ét)
w3 = 2 2 1 1
(—=x +2y)* + (x +2y)* 4+ 10cosh (—§x — g1) +2
2 [4x — 5sinh (—3x — 1)]
[(—x + 2y)2 + (x + 2y)2 + 10 cosh (— %x — %t) + 2]2’

(38)
and
4+ %cosh (—%x — %t)
Wy =
! x2 +4y2 + 3 cosh (—%x - %t) +1
2 [2x — %sinh (—%x — %Z)]Z (39)
[x2 +4y2 + 3cosh (—3x — §1) + 1]2‘
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Appendix C
Corresponding to the parameters given in Egs. (18),

(19) and (20), we choose the following three special
sets of the parameters:

{a1=0, a=2,a3=0, as =0, a5 =1,
ag =0, a7 =0, ag =0, ag =1,

1
k=2, k5 =0, k2=§, k3=0}, (40)

{alzl, ar=0,a3=2, as =2, as =1,

ag =0, a7 =—1, ag =2, ag =1,
k—2k—1k—0k—l 41
=2, kK1 = > 2—,3—2,

and

{alzl, ar=-2,a3=0, a3 =0, a5 =1,
ag =2, a7=0, ag =0, ag =1,

1
k=2, k=0, k2=§, k3=0}, (42)

to derive the exact solutions in the form of u and w,
respectively, as

4x
us = N 43
> T 4y 42+ 2cosh (Sy) +1 3)
4
ws =
> 4y2 +x2 4+ 2cosh (3y) + 1
2
- S , (44)
[4y% + x2 + 2cosh (3y) + 11
8x + 4t — 2sinh (—1x + §1) + 16
ueg = N
o (x+2t+2)2+(x—t+2)2+2cosh(—%x+%z‘)+]
(45)

8 + cosh (7%)6 + %t)
we =
T Gtu+2+(x —1+2)? +2cosh (—1x + 1) +1
2 [4x + 21 — sinh (—%x + %I) +8]2

[ 420 +2)2 + (x — 1 +2)2 + 2cosh (—hx + 11) +1]7
(46)

and
8x
uy = ,
(x — 2y)2 + (x + Zy)2 + 2 cosh (%y) +1
47)
8
w7 = 2 2 I
(x —2y)* 4 (x +2y)* +2cosh (3y) + 1
32x2
[(x = 2)2 + (x +2y)? + 2cosh (3y) + 1]
(48)
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