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By applying the Lie symmetry method, abundant group-invariant solutions are constructed for a
(3+1)-dimensional generalized Kadomtsev-Petviashvili (gKP) equation, which provides a water
wave model for long waves of small amplitude with weakly non-linear restoring forces and fre-
quency dispersion. Infinitesimal generators of symmetries, the commutation table of the sym-
metry Lie algebra, and an optimal system of one-dimensional Lie symmetry sub-algebras are
presented. The governing gKP equation is reduced into several nonlinear ordinary differential
equations utilizing thrice symmetry reductions. Consequently, abundant group invariant solu-
tions are obtained in the shapes of different dynamical wave structures of solitons, multi-solitons,
W-shaped solitons, doubly solitons, kink-type solitons, lump-type solitons interaction between
parabolic waves and lump solitons, and annihilation multi-solitons profiles. The physical inter-
pretation of the resulting soliton solutions is illustrated by three dimensional graphical through
numerical simulation. The obtained group-invariant solutions involve many arbitrary functions,
thereby exhibiting rich physical structures and including the existing solutions in the literature.

1. Introduction

Nonlinear partial differential equations (PDEs) appearing in various physical fields like plasma physics, oceanography, condensed
matter physics, fiber optics, fluid dynamics and marine engineering demonstrate a rich range of nonlinear complex phenomena. It is a
well-known fact that it is one of the hottest topics in mathematical and physical sciences to seek exact analytic solutions of nonlinear
PDEs. In the study on nonlinear PDEs, it has increasing importance to understand the dynamical behavior of solutions through
qualitative and quantitative characteristics of nonlinear equations. To further understand nonlinear complex phenomena, with the
help of symbolic computation, numerous powerful methods are introduced to investigation of nonlinear PDEs, including the inverse
scattering transform [1], Backlund and Darboux transformations [2], the Hirota bilinear method [3], homotopy analysis method [4,5],
the generalized bilinear method [6,7] and the Lie symmetry method [8].

Lie symmetry analysis is among the most systematic methods to obtain exact closed-form solutions to nonlinear PDEs of
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mathematical physics. Over the last few decades, the Lie symmetry method has been applied to many examples in mathematical
physics and engineering sciences (see, e.g., [9-18]). Once Lie group analysis is performed for nonlinear equations, symmetry re-
ductions and group-invariant solutions can be obtained. The resulting symmetries can be often used to reduce the number of inde-
pendent variables of a PDE as well as the order of an ordinary differential equation (ODE). Usually, researchers focus on
lower-dimensional models, particularly soliton equations in (1+1)-dimensions and (2+1)-dimensions. There are few studies on
higher-dimensional equations due to their complexity. We would like to think one (3+1)-dimensional generalized KP equation in
soliton theory and make connections with reduced lower-dimensional equations and present abundant group-invariant solutions.

In the present paper, an attempt will be made to obtain abundant group-invariant (exact closed-form) solutions to a (3+1)-
dimensional generalized KP (gKP) equation in the following form,

Uyxry + 3(“,\'”)‘))[ + Uy + Uy — Uz = 07 )

where u = u(x,y, 2, t) is the amplitude wave function. Eq. (1)appears in a wide range of physical applications. This four dimension gKP
equation provides a water wave model for long waves of small amplitude with weakly non-linear restoring forces and frequency
dispersion. It is important to exploit group-invariant solutions and compute symmetry reductions for the governing gKP equation.
Recently, the (3+1)-dimensional gKP equation was studied and examined by distinct methods inclduing the Hirota bilinear method
and the multiple exp-function method [19-21]. Multiple-soliton solutions, rational traveling wave solutions, Wronskian, and Gram-
mian formulations, and one-, two-, and three-wave solutions were presented for this gKP equation, indeed [19-21]. Wazwaz [22]
obtained the soliton solutions by applying the simplified Hereman-Nuseir method. Dubrovin et al. [23] studied the dispersive shock
wave formation for a few generalized KP equations. Besides, Hashemi et al. [24] obtained the invariant and soliton solutions and also
used PainlevE analysis to check the integrability of the generalized (KP-MEW) equation. Mohyud-Din et al. [25] constructed exact

solutions to the gKP equation by the modified tan( — %) method. Lin et al. [26] obtained resonant multiple wave solutions by using the
linear superposition principle [27] to the Hirota bilinear form of a new generalized (3+1)-dimensional KP equation. Qin et al. [28]
obtained some exact solutions including breather, rogue, and solitary waves by utilizing a homoclinic breather limit approach. Another
generalized (3+1)-dimensional KP equation was studied, and symmetry reductions and some invariant solutions were obtained by
using the Lie group method [29]. Saleh and Rashed [30] obtained other similarity reductions and five exact solutions using a com-
bination of the Lie symmetry method and the singular manifold method.

Motivated by those studies in the literature, we would like to construct infinitesimal generators, Lie point symmetries, commutator
relations, an optimal system of one-dimensional symmetry sub-algebras, similarity reductions, and abundant group-invariant (exact
analytic) solutions for the above (3+1)-dimensional gKP equation. Classical Lie group analysis will be made and used to determine
group-invariant solutions, which include multi-solitons, W-shaped solitons, doubly solitons, kink-type solitons, and annihilation of
different multi-soliton profiles. Most of the group-invariant solutions involve many arbitrary constants and functions. The arbitrary
functions exhibit rich localized characteristics to understand complex physical phenomena. The resulting abundant group-invariant
solutions are relevant and beneficial in the propagation of different wave structures of solitons, dynamics of solitons, plasma phys-
ics, fluid mechanics, fiber optics, nonlinear wave phenomena, mathematical physics, acoustics, and many other physical sciences.

The article is organized as follows: In Section 2, we obtain infinitesimal generators of symmetries, possible geometric vector fields,
the invariance condition, and the commutator relations of the infinitesimal generators of the gKP equation. In Section 3, we obtain the
adjoint representation relations and also construct an optimal system of one-dimensional symmetry sub-algebras to the (3+1)-
dimensional gKP equation. In Section 4, we obtain abundant group-invariant solutions through twice symmetry reductions. We make
analyses and discussions of the group-invariant solutions so obtained in Section 5. We summarize our results and make concluding
observations in Section 6.

2. Lie symmetry analysis

The crucial step in the classical Lie symmetry method is to determine symmetry algebras of nonlinear PDEs. In this section, we will
obtain to infinitesimal generators of symmetries and geometric vector fields for the gkP Eq. (1). Let us consider a one-parameter Lie
group of symmetry transformations:

=x+e&(x,y,t,u) + O(e
=y+en(x,y,tu)+ O(e
=z+eylxyt,u)+0(), 2
© =t+er(x,y, t,u) +0(e),
© o =u+ed(x,y tu)+0(e),

X* 2 ,
2
i )
.
z
f
u
with an infinitesimal generator

V:'fax+nax"+waz+70t+¢au' 3

The fourth prolongation of V for the gKP Eq. (1) is given by
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and so the invariance condition reads as
¢ 4+ 3udp® + 3ug " + 3u,p™ + 3und’ + ¢+ P — T =0,
where

¢x :(SX(IS*M,\ xéfuvvxﬂfugxwful“‘)ﬁ
¢)7 :qus*uk ygfu»~»r]7u$xl//7uzq\
¢n = @x(ﬁ - uxx~x§ - u)y~x7] - uA‘,ny/ - uxt®x77
(ISX) = @y‘ﬁ( - ux)c@yf - Mxygyrl - sz{gyl// - uxl®y77
Xt ¢
¢ =D —uoDE —uy :@,r] - uxz~tV/ —uy D1,
jt
‘/))w =D —uy Dr‘f =y Dy — Uy, Dy — 1, Dy,
P° =D —u DL~ u7v~’77u Dy — uy D1,
d)xju =D ¢ — Uy ~/x§ Upxy Vx"l — Uy DAW — Uy DT
¢XU) - @ ¢xu - uxx)x/»vg uuxy yn - u.\'xxz:gyw — Uxx E)'Ta

and Dy, Dy, D; and D, denote the total differential operators with respect to x, y, z and t [8]. Thus, we have

D—a+u,a

d .
o +u,ja ni=1,2,3.4

where (x!,x?,x3,x*) = (x,y,2,t). We obtain the determining equations with the help of (4) and (5):
1 1 1 2 1 1
¢u = 75‘/’:7 ¢x = gé:n ¢y = 5617 ¢z; = gfna fu = Oa 5; = El//gv ‘fy = 0» fz = El//n
1 1
e =0, m, =0,y =2y, 0, =0, n.=zw, v, =0, y, =0, y,=0,

3
W, =0, l//zz:()v l//zz:()v 7, =0, 7, =0, Ty:07 7, =0, 7, =31

Ve

The solution of those over-determining equations furnishes the following set of infinitesimals for the gKP (1):

C: c
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2 2 2

D04 5500+,

36‘2 Cy Zz "
=5 it b= quti0+

(€))

(G))

(6)

)

®

Table 1
Commutator table.
Vi V2 V3 Vs Vs Ve V7(f2) Vs(fs)
Vi 0 j %vl 0 } %(vﬁ v —v 0 Va(tha) 0
% 1 0 1 - V. 3 1 3 / 1
2 SV -5V ¢ - 3% -3V 3V7((#2)) §Vs(3lfs +f3)
V3 0 1 0 0 0 0 0
7V3
V. 1 V. 0 0 0 0 1% 0
4 E(Vs + Vg) 4 80(2)
Vs vy gvs 0 0 0 0 V() Velfy)
Ve 0 1 0 0 0 0 0 0
2%
V; — Vi 3 , 0 — Vi — 0 0 0
7 (f2) s(tf2) =5Vr(()) 3(f2) Vo (fy)
1 _
Vs(fs) 0 e+ g 0 0 Va(£l) 0 0 0




S. Kumar et al. Chinese Journal of Physics 69 (2021) 1-23

where c1,c2,c3,c4 and cs are arbitrary constants, and fi(t), f2(t) and f3(t) are arbitrary functions. we suppose fi(t) = cs, then in-
finitesimals generators in Eq. (8) can be recast as

Cy Cy Cy Cy
13 :3x+zz+c(,, nz;y—%—?z—&-c;, W =it + Cz + cy,
3c c ®
T :721+C57 ¢:—52“+Zf2(t) +4(0),
This way, we obtain eight infinitesimal generators corresponding to the five arbitrary constants and three arbitrary functions:
zd z0 0 xd yo 0 30 wuoa
Vi=S 4 — i V=S — i — = —
ow 2 T ra 2y Rt e 2w
0 0 ] 0
Vize— Vi=— Vs=— Vo=—, (10)
Toy o U YT oy

Vi) = 0) s Velf) =50

The commutator relations of the above infinitesimal generators for the gKP Eq. (1) are shown in Table 1, with the (i;j)th entry
indicating the Lie bracket [V;, V] = V;V; — V;V;. We observe that Table 1 is skew symmetric with zero diagonal elements. Also, the
generators V;...Vg are linearly independent.

3. An optimal system of one-dimensional subalgebras

In this section, we obtain the optimal system of one dimensional Lie subalgebra. From the commutator relations between eight
infinitesimal generators presented in Table 1, these infinitesimals generators given in Eq. (10) can be furnished as a linear combination
of V; as

V= alVl + (12V2 + (I3V3 + a4V4 + (15V5 + (l(,V(, + (I7V7 + (lng. (11)
Now, we obtain the adjoint representation relations as shown in Table 2. By using the Olver technique [8], the adjoint representation

relations of the (3+1)-dimensional generalized KP equation, in Table 2 are computed via symbolic computation for the commutator
relations of those vector fields.

3.1. Construction of invariants

To obtain the optimal system of Lie algebra R®, it is necessary to construct the invariant for the selection of representative elements.
Then, from Table 1, we get the desired following matrix representations of ad(V;):

Table 2
Adjoint representation table.
Ad Vi Vo V3 A Vs Ve v, Vs
Vi Vi Vo + %Vl Vs Vi + %(Vs T Ve) Vs + €Vy Ve V7 —¢Vg Vg
Vs € Vs € eVy 3e € 3e €
e 2V, e2Vs e2 Vs e2Vg e 2V, e 2Vg
1
Vs i Va— 5 Vs V3 V4 Vs Ve 7 Vs
| vy — %(V3 + Vo) Vo —€eVy V3 Vs Vs Ve V7 — €V Vg
Vs Vi—€Vy 3e V3 Vy Vs Ve e “Vy e Vg
Vo — EVS
Ve Vi V, — SVE, Vs Vs Vs Ve Vy Vg
3 3 3
% Vi + eV Vot §V7 V3 Vi+ €Vg Vs + €V Ve %4 Vs
Vs 14 Vo + %Vs V3 Vs Vs + eV Ve \%% Vs
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Ad(exp(eW))(V) = e VVeV =V —e[W, V] + %62 [W, [W,V]] -

—(@Vi+ ...+ aV,) — eV + .+ b Ve a Vi + ...+ a,V,] + 0(¢) 12)

= (a1V1 + ... +a”Vn) 7€(®1V1 + ... +®nVn)

where © = O(a1,...,0n, f, ..., f,) are obtained with the help of from the commutator table. The commutator relations of the eight-
dimensional Lie algebra are shown in Table 1. On substituting V = Zle a;Vi and W = Zle/jjvj in Eq. (12)with

1 1 1 1 1 1

0, = _Eazﬂl + Ealﬂm 0,=0, 6;= —§a4ﬂ1 - Eaaﬂz + zazﬂz + Ealﬁm
3 3

0, =-asp —wp,+ Py +afs, ©Os= —Easﬁz + 50‘2/357

1 1 1 1 3 3 (13)
0y = —50!4/31 - Eaﬁﬂz + 5a1ﬁ4 + Eazﬂm 0; = §a7ﬁ2 +arfs — §a2ﬂ7 —aspy,

1 1
O =mp + iasﬂz +arfy + asPs — anfp; — aufpy — Eazﬂs — asf,
For any 3,1 <j < 8, it requires
dp d¢ a9 a9 9 9 9 9
(€] O— 4+ 03—+ Oy— + Os— + Og— + B;— + B, =0. 14
I + 2a + za + 4a + 56 + Ga + 7() + 8()(18 14

On equating the coefficients of all same powers of f; in above equation, then we get the desired eight differential equations about ¢(as,
az, ..., ag) as

a 0p s O 0p oy O 0P

b G T 2 das Toas 2 dag Vo
p, L9 _wop | O0b 3a50p 0p 35 0h as0p
2 "2 04 20w oas 2 das 2 dag | 2 Oa; 2 das
Lo o Vﬂdﬁqﬁ dp a; o [
bs "2 Oas =9, ﬂ4'26a +adoz4+2()ozﬁ a()ag 0, 15
o 3a 0p  op I @ 0
bs @™ 2 das T Vo T a0y =" ot g

B, :< 3¢, a>%+(falfa4)%¢;:0, ﬂsz( % a)ai’:o

By solving the system of Eqs. (15), then we can obtain ¢(a1, az, a3, a4, as, ae, a7, a3) = F(az) which is known as the general invariant
function of Lie algebra R®, where F is an arbitrary function of ay. Thus, the generalized KP equation has only one basic invariant.

3.2. Calculation of the adjoint transformation matrix

For F; : g — g defined by V — Ad(exp(¢;V;).V) is a linear map, for i = 1,2,...,8. The matrix A{ of F{,i=1,2,...,8 with respect to
basis {V1, ..., Vs} are given below and defined [31] as

oo 0000 0 e 00 0 0 0 0 0
%1000000 010 0 0 0 0 0
001 0000 O 0 0 0 0 0 0 0
A;:OO%IO%IOO A= 0 0 0 e gzo 0 07
000 e 1 00 O 0 00 0 e 0 0 0
000 0010 O 0 0 0 0 0 ¢ 0 0
000 000 1 —e 000 0 0 0 &% 0
000 0000 1 0 00 0 0 0 0 &7
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0
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0
0
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S O O o o o ©

1

€4
1 00 ) 0
01 0 —e O
001 0 O
A = 0 0 0 1 0
00 0 O 1
000 0 O
000 O O
000 0 O

Similarly, we can find the other matrices A5, Ag, A5, and Ag.

Therefore, global adjoint matrix can be obtained using these eight matrices as

e 1 -
6772 0 0 A14 0 758 2254 0 Alg
I o €: 3
3¢ e, 1 753 Ay —5¢s Az Ay Asg
0 0 & 0 0 0 0 0
1 2 e 30 €
A= 0 0 =e?e; €2 e e; 0 e?eq
36, 3¢y
0 0 0 e?e; €7 0 ele; Asg
0 0 0 0 0 e? 0 0
o 0 0 0 0 0 TS Ag
0 0 0 0 0 0 0 et
where
I o a2 a2 o o
Ay =5 ey —e Tes, Ag=e Te;+ -5 Te, — € Zes ey,
1 . 1 o 1 .
Ay = *167726164 € e Tacs, Ay = *167726164 - %67
A 1 7*7: 1 ;‘73 + n 1 ;‘72 + €g 3
=—e Teie7 — | —e Tejeq + ey + =€ Tejes €7 +— — =€s€
28 3 1€7 7 1€st ety 165 €7 + 5 — 56568,
€ £ —e -2 ~1(3e,)
Ass =e?ecle7+e7eg, Ag=—e “|e Te+e ey

3.3. One-dimensional optimal system for the gKP equation

€4

S O o O

[

The adjoint transformation equation to the generalized KP equation is

(yl 3 Y25 V35 Va5 Y5, Y60 V75 yS) = (al » A2, A3, Ay, As, Ao,y a77a8) A
where A is global matrix which is expressed above.
€ €3 A4€

= +—, =, =03 ——(— s
71 1 5 V2 2, V3 3 ) 5

A1€4
Ya :014+0¥5€1—T+(12< Vs = Qs,

4€ A1€4 €1€4 6 30267
R G 5) 7= @k aset Ty

<

4 2

+ar( — e —€) + as,

)

€467 €€ €€
s = (67 4 ) +0!2(€7( = €4> +i+€s> + age7 + as(ere7 + €5)
)
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which must have solutions for ¢;’s fori = 1,2, ...,8 (assuming e; = e5 = 0).
Case 1:For a; = 1 representative element V = V. By substituting y; = 1 into Eq. (18) we get

€ >0, ¢ =—g (19)

Case 2:For a; = a5 = 1 representative element V = V; + Vs. By substituting 71 =vs = 1 into Eq. (18) we get

€] = As, €3 = 307 + Q7 — Ay, €7 = —7, €4 =20 (20)

Case 3:Select a representative element V=Vi+ Vot Vs
Substituting y; =y, =75 = 1,7; = 0,2 <i< 8 and a; =1 into Eq. (18), we obtain the solution
1

2 2 2
€ = 0, 63 > 23, €4 — ﬂ, €6 — 75((14730{5), €7 > ——7, €3 > 30

3 s (10asa7 + 6a7 — 15a3) 21

It means, all the Vi + a3V3 + ... + agVs are equivalent V; + Vo + Vs.

Case4:a; =1

Select a representative element V = V,. Substituting y; = 0,7, =1,7; = 0,3 <i< 8 and a, =1 into Eq. (18), we obtain the
solution

2
€ — 2, €3 — 2((13 - 0110!4)7 €4 > Ay, €6 — *2(0110!4 *(16)7 €7 > —Z07,

3 (22)
€3 = —2a1a7 + a7 — g

It means, all the a1 V7 + V5 + a3Vs + ... + agVg are equivalent V»g.
Similarly, we can find the value of ¢s for other members of optimal system.
In summary, one-dimensional optimal system of sub-algebras for the governing equation is obtained as follows

(i) n =Wv, (i) X = Vo,
(lll) X3 = Vi + V4, (lv) Xy — Vy+ Vs,
) Xs = V3+ Vs, (vi) Yo = Vs + Vs,
(Vii X7 = V3 + V4 + V5 + V7 + Vg, (thl) Xg — V3 + V4 + V5 + VG + V7 + Vg, (23)
(ix) Yo = Vi+Vs, €9) Yo = V2t Vs,
()Cl) X = Vz + V5 + V77 (Xll) X = V] + Vz + V5,
1

(xiit)  yi3 = Va+ Va4 Vs + Vs
4. Group-invariant solutions

In this section, we will construct various symmetry reductions and the corresponding group-invariant solutions of the (3+1)-
dimensional gKP equation (1) using the above optimal system. Similarity variables and similarity solutions associated with any vector
field V.= &0y + 10y + w0, +70; + ¢ 0, in (23) can be accomplished by its Lagrange’s system

dx _dy_dz_dt_ du

(24)

s onoy T ¢

4.1. Symmetry reduction with y; = V3
The Eq. (24) becomes
dx dy dz dt du
e =—=—=— 2

5 5 t 0 0 (25)

Eq. (25) gives the following similarity solution
2 2
u(x,y,z,t) =U0(X,Y,7)  with X:x—4—t, y:y—4—t, and 7 =1t. (26)

Substituting the similarity solution u from (26) into (1), we obtain a new reduction equation with the independent variables X, V), and
T as follows

Uy + Uy + 2T(U,VT +Uy7r +3UxUxy +3U0yUxy + U,\fxxy) =0. 27)

Again, utilizing the Lie symmetry method on Eq. (27), then we get the desired infinitesimals
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f{y :ﬂé\f’+u3ﬁ+a4, éy:%y"’ab

3
gr=aT, ny=—3U+ = (X+Y)+g(T),
' 30 6VT '
where a;’s (1 < i< 4) are arbitrary constants and g(7') is an arbitrary function of 7. The Lagrange’s equation for (28) is
dx 4y dT dU
LX+asvVT +a; $Y+a aT “FU+HF X+ ) +8(T)

which gives the similarity form

F(R,S) er}(al(Xer) +6(L12 +a4) — 303\/?)
T VT aTt) T

U(xX,»,7)=

with R = % and S = % Using (30) and (27), we get the following reduced equation
T3

T3
6F ks + Frs(18Fg — 25 — 2R) + Frg(18Fs — 2R) — 2SFss — Fr — Fs = 0.

On simplifying (31), we assume that
F(R,S) =H(w), where w=aR+aS,

where a; and a, are arbitrary constants. Substituting (32) into (31), we obtain

603 azH +H (36a aH" — (o +a2)) —2(a; +ap)wH" = 0.

On solving (33), we have

W2 (al + (12)
24a3a,

2a;  whay + )

H(w) =B, + and H(w) = ﬂ2+f+ nda,

where f; and f, are arbitrary constants. Using back substitution, thus group-invariant solutions are

2
u(ey,z,0) =2+ ll/g(zt)dt+ 2 (“1<x+y 2)*6(az+a4)73a3\f>

£ af) £ aVi
a +a 7 2 :
+]722{ 2<al (y ) +3az) +o|a <X*Z*) — 6as\/t +3a4)} )
24a1a]a2t1 4t 4t

b 1 /g(t) a3 z
Y, 2,t) == === dt - = 6( )—3
u(x,y,z,1) i +u1t% 3 +af\ﬁ alx+y % +6(ay +aq) — 3as\/'t
+Ma a 75 +3a | +a xfzf — 6az\/t + 3a :
24a1afa2t% 2\ dr|y py 2 1 PP 3 4
2(11611

|
T

2 2 :
z z
a (al (x — 5) — 6az\/t + 3a4> + o (a, (y — E) + 3a2)

4.2. Symmetry reduction with y, = V;

-, reduces Eq. (24), then we get the desired PDE

3Uxxxy + 9UypUxy + 9UxUry — X(Uxy + Uxy) — Y(Uyy + Ury)
722(U;\22 + Uyz) - 3UZZ - ZUX - 2Uy = 0

through group-invariant form

M with X=2, y=2, and 2=
I

T
I8

u(x,y,z,1) =

:‘nq| I

B

Employing Lie symmetry method on (37), then we obtain the infinitesimal generators £y, ¢y, £z and #y as follows:

(28)

(29)

(30)

(31)

(32)

(33)

(34

(35)

(36)

37)

(38)
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G =3E 4@, &=2a), &=aZ, ad

4
o :%(Z?—()Hy)zuzxy) +(19—2((X+)7)—§ZZ> +a3Z + ay.

where g;’s (1 <i < 4) are arbitrary constants.

4.2.1. For a; =0in (39).
The associated characteristic equation is
dX _dy dZ dU

o (z;_ (X+y)2* +2xy> + a2 +ay

)

%‘Zz 20y aZ

the similarity form is

U(X, ), 2) = F(R,S) +ﬁ (24XY —42*(3X +2Y)+32%) + ! (a32+a410g(2))

withR=X — and S = 2. Substituting (41) into (37), we get

3Fans + 3S(1 —48)Fss + (2~ 185+ 9Fe)Fs + (9Fx — R)Fis + 3ﬂ o0,
For which the new infinitesimals &, &, and 7y are given by

tr=b1, &=0, np :bTR'H?z
For simplification (43), the characteristic equation is
dR _dS  dF

by 0 _MTR-i-bz’

which yields
F(R,S)=H(w)+—+—, with w=S.

Substituting F(R, S) from (45) into (42), we obtain a second order ODE as follows:

w(4w — 1)H" (W) + (6w — 1)H (w) — — = 0.

Solving (46), we have

H(w) = f, — 2p;tanh™" (m) +2“—;] (1og(1 - \/1——7476) +1og(1 + m))

where f; and f, are constants of integration.
Hence, thus group-invariant solution is

Aty
us (x,y,1) 7a3z+ - | log |1 — ,/1—— +log|l+4/1 7 10g£z
at 2alt§ am Ia
2 2
AN/b 1 z 21y 4ty
+(x 6t> (b1,%+181<x 6:) 182 ( 2 )) 2167 ( z2>
+l, (/;4 — 2f tanh ™! <,/1 - 4@))
f z

4.3. Symmetry reduction with y; = V3+ V4

x5 reduces Eq. (24), then we obtain

Uxxxy +3UxUry + 3UyUxy + Uxr + Uyr — Uyy =0,
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39

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)
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through group-invariant form

u(x,y,z,t) =U(X,Y,T) with similarity variables X =x, Y=y—z, 7 =1

The solution of (49) is

—4 3 T
U(X,Y,7T)=c +2C2tanh(04+czx+(;3y+u>7
e +c

where c;, c2,c3 and ¢4 are constants of integration.
The group-invariant (exact-analytic) solution is

c3(es — 4c;)t)

u(x,y,z,1) = ¢ + 2cytanh (04 +ox+aly—z)+
Cy + C3

On solving (49), we assume that

U(X, Y, T)=H(w), where w=aX+bY+cT,

Chinese Journal of Physics 69 (2021) 1-23

(50)

(51)

(52)

(53)

where a,b and c are arbitrary constants, to obtain new solutions of (1). Then, substituting (53) into (49), we get a reduced ODE as

follows:
a@bHY (W) + (c(a+b) — B*)H"(w) + 6a*bH (w)H" (w) = 0.

The primitives of the above equation are

(b* — ac — bc)

(6* — ac — bc)
6ab "

H(w) = s + 62

w,

2a
and H(w) = f tot

where f5 and f¢ are constants of integration. Hence, we obtain exact closed-form solutions

(b* — ac — be)

6a2b (ax+b(yfz)+0t)$

u(x7yszvt) :ﬂi +

2a N (6* —ac — be)
(ax+b(y — z) + ct) 6a2b

ulx,y,2,1) = P + (ax +b(y —2) + c1).

4.4. Symmetry reduction with y, = V4+ Vs

x4 reduces Eq. (24), then we get the desired PDE
Uxxxy +3UxUry +3UpUxy — Uxz —Uyz —Uzz =0,
through the similarity form
u(x,y,z,t) = U(X,Y, Z) with similarity variables X =x, Y=y, Z=z-1.

The general solution of (58) is

U(X, Y, Z) = ¢, + 2¢ tanh (c4 + Xey + Zes + W)
1 C3

where c;, c2,c3 and ¢4 are constants of integration. Therefore, one obtains

Q@+M§.

u(x,y,z,1) :cz+2c1tanh(c4+c1x+cg(z—t)+ 3
4ci —c;

Furthermore, we assume that

UX, Y, 2)=H(w), where w=aX+pY+7yZ,

where a, f and y are arbitrary constants. Substituting (62) into (58), we get a reduced ODE:

& pHY +60*pHH" —y(a+p+7)H" =0,

which produces the following solutions

10

(54

(55)

(56)

(57)

(58)

(59

(60)

(61)

(62)

(63)
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(a+p+7)

) = p, + LD, R ithd Al

and H(w)=p;+ m + 6a’j w,

where f; is a constant. Hence, group-invariant solutions are

yl@+p+y)

6 (ax+py+r(z—1)),

u(x7y7Z,t) :ﬂ7 +

2a Jratpty)
ax+ py+y(z—1)) 6023

u(x,y,z,t):/i7+( ((IX+/fy+y(z—t)).

4.5. Symmetry reduction with y5 = V3 + Vs
X5 reduces Eq. (24), then we obtain a reduced PDE
Ux'xxy + 3U,\gU(yy + 3UyUXX — U/yy — Uyy — UZZ = O,
through group-invariant form
u(x,y,z,t) = U(X,Y, Z) with similarity variables X =x, Y=y—1t, Z=z

The general solution of (67) is

1
UX,V,2)=c, + 201tanh(c4 +L’1X+C3Z+5 (4c? —c; £4/16¢§ — 8¢t + 2 — 4c§)y),

where ¢, ¢z, c3 and c4 are arbitrary constants. Thus, the resulting solution of the gKP (1) is given by

1
u(x,y,z,t) = ¢z + 2ctanh (c4 textezts <4c? —cp £4/16¢§ — 8¢t + ¢ — 4c§) (y— t)>

Furthermore, let

UWX,Y,2)=H(w), where w=aX+bY+cZ,

where a,b and c are arbitrary constants.
Substituting (71) into (67), we obtain a reduced ODE:

a’bHY — (b(a+b) +c* — 6a’bH )H" = 0.
Its primitives are

ab + b* + ¢ 2a  ab+b*+c?

H(w) = H = L M
(W) =ps + 6a2b w, and (w) ﬁx+w+ 6a2b W,

where fg is a constant. Consequently, the group-invariant solutions are

(ab +b* + *)(ax + b(y — 1) + cz)

u(x7yszvt) :ﬂS +

6a*b ’
( 0 =p +(ab+b2+cz)(ax+b(y7t)+cz) 2a
ulx,y,z,1) = pPs 6a2b ax+b(y — 1) +cz’

4.6. Subalgebra ys = Vs + Vg

X6 reduces Eq. (24), then we obtain a reduced PDE
Uyxxy +3UxUxy +3UyUxy — Uzz = 0.

through group-invariant form
M(X7y7Z,[) = U(nyyz) + /f}(t)dt with X =X, Yy =y, Z =7

Thus, the solution of (76) is
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(64)

(65)

(66)

(67)

(68)

(69

(70)

(71)

(72)

(73)

74)

(75)

(76)

77)
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U(X, Y, Z) = ¢ + 2cytanh <C2X+ y+c3Z+c4>. (78)

4, 3
where ¢, ¢2, c3, and c4 be the arbitrary constants. Thus, the general solution of gKP Eq. (1) as
3y :
u(x,y,z,1) = ¢ + 2cytanh | cx +@+ czte )+ | f(0)dr. (79)
2
Furthermore, let
UX, Y, 2) = H(w), where w =aX + b)Y +cZ. (80)

where a, b, and c are arbitrary constant for finding the new solution of Eq. (1). Then, substituting Eq. (80) in Eq. (76), we get reduced
ordinary differential equation as

@’bHY + H" (6a’bH —*) =0 (81)

we obtain
Aw Aw 2a o
H(W):/}9+@ and H(w) =y + o W (82)

where f, is an arbitrary constant. Thus, group-invariant solutions are

x+b +

u(x,y,2,1) = By + Sartbytes) yLZ /ﬁ (83
2a c*(ax + by +cz

at) = o+ e OIS [ a (34

Again, to find few more solution of generalized KP equation, we utilize the Lie group transformation method to obtain infinitesimal
generators of Eq. (76) which provides

1

% 13(201*03)/'\’4-015, &y=adta, éz=aZ+a,

(85)

Ny (a3 —2a))U+ a6 Z + ay.

Lo.llr—

where c;-s7 1 <i< 7 are arbitrary constants.
Thus, associated Lagrange’s system is

X dy dz dU

= = = 86
120 —a3)X +as aY+a aZ+a (a3 —2a)U+aZ+a; (86)

4.6.1. For a; # 0 and all others constant are zero.
In this case, the characteristic Eq. (86) become

dX _dY dZ _ dU
WX 0 @wZ U

(87)

The similarity form solution of (87) is

F(R,S) . X
U2, 2)==55 with R=—5 S=). (88)

Putting value of U in (76), we obtain

4 10
Frrs + 3FrFrs + 3FsFrg — 2RFg — §R2FRR - ?F 0. (89)

Again apply the Lie similarity method on (1+1) nonlinear PDEs, we get

b b
G=-3R &=bSth, np=7F (90)

Hence, using Eq. (90), we obtain associated characteristic equation

12
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dR ds dF

TER biS+h BF e
By solving Eq. (91), we obtain a similarity form

F(R,S) = v/biS + byH(w), with w=R/b/S + by. (92)
Thus, we get desired ODEs as

H(9b,H" —10) + 3(6b,H* + by (WH™ +4H®)) + 6wH (biH" — 1)) — 4w*H" =0 (93)
By solving Eq. (93), we get the solution

W2

Hw) = %ﬂ et (94)
where f;, is an arbitrary constant. Consequently, exact analytic solution is

u(x,y,z,t) = ﬂxﬁ + 3x—:2 <y+1;—?) + /f3(t) dr. (95)
4.6.2. For az = 2aj.

In this case, the characteristic Eq. (86) become

%:2411;\)1@:012(1-2&-(12:%;[—{—07 (96)
The similarity form solution of (96) is

U(X, Y, 2) = F(R,S) +Z¢?z n ;1% (arar — aras)log(a) 2 +ay). 97

with similarity variables R = X' — Flog(a1 Z +az) and § = % Putting the value of U in (76), we obtain a new nonlinear partial
1 2

differential equation as

2
Frurs + 3FeFrs + 3FsFrg — 2,8 Fs — 2“—5FRR — 2asSFgs — 3a,SF, — %SFR
ay

(98)
1
+7 (Llltl7 - aza(,) = O
a
Again apply Lie similarity method on nonlinear (1+1) PDE equation
Se=b1, &=0, np=by. 99
Hence, using Eq. (99), we have
drR dS dF
—=—=— 1
by 0 b (100)
which yields
F(R,S) :H(W)Jri—zR7 where w=S. (101)
1
we obtain reduced ODE as
2a;w*H" + 3a wH,+a5—b27L(aa —aag) =0 (102)
1 1 2171 2(11 147 206) — Y.
By solving Eq. (102), we get general solution
How) =~ 220 L (ap b by)log(w) (103)
w) =0 % 242, ajaiby — axagby — a1asby )log(w).

where c; and c; are arbitrary constants. Thus, group-invariant solution is

13
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(a1z + az) 1 2a1y + ay
,2,0) =ep— 202 by + by — azby))log [ =24
ubnyz) =62 =20 e = Sy, (@adsby + an(ash: —arby)log| £ T

23

a, a b af

4.7. Symmetry reduction with y, = V3 + V44 Vs+ V74 Vg
- reduces Eq. (24), then we obtain a reduced PDE
Uxxxy +3UxUxy + 3UpUxx — Uxy — Uxz — Uyz — Uyy — Uzz =0,
through similarity form

u(x,y,z,t) =U(X, P, Z) + /(zfz(t) +£5(2)) dt

withX=x, Y=y—tand Z =z—t.
Thus, the solution of (105)

U(X‘y,z) =0

b 1
1202+ —(ayx — aslog(aiz + a2)) + = (a1a7 — azag)log(arz + az) + /f}(t) dr.

+201tanh(04 +C1X+C3Z+% (40‘? —c—c =t \/( —4c + e +6‘3)2 —4(c§ +Clc3))),
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(104)

(105)

(106)

(107)

where ¢, c2, c3 and c4 are arbitrary constants. Hence, we obtain the resulting solution of the gKP (1):

u(x,y,z,t) = 2citanh(cy + ¢ x + ¢3(z — 1)

+yT_t (40? - —c \/( —4c + ¢ +c3)2 —4(c3 + c163) )) +c +/(zf2(t) +£(1)) dt.

Furthermore, let
UX, Y, 2) = H(w), where the wave transformation w = aX + Y +yZ,

where a, f and y are arbitrary constants.
Substituting (109) in (105), then we obtain an ODE as follows:

@pHY — H'(— 60°pH +y(a+p)+pla+p)+7°) = 0.

Its primitives are
w
H(w) = py, +m(aﬁ+ay+ﬂ2 +py+77),

20 w
d Hw) = =z 5 2
an (w) ﬁn+w+6a2ﬂ(aﬁ+ay+/ +p/r+77),

where f;, is an arbitrary constant.
Using back substitution,thus group-invariant solutions are

ax+py—1) +yiz—1)
6a2p
2a
ax+py—1t)+riz—1)

jax+ By =1 +yiz—1
’ 60’

u(x,y,z,t) = Py +

u(nynt) =Py + + [ + 50 a

(aB+ay + B+ Br +77).

Again, utilizing group-theoretic method to obtain infinitesimal generators of (105)
G=F@+2D)+a, H=aVia, E-aZta,
. :%(X—y—w) +asZ + ag,
where a;’s, (1 <i< 6) are arbitrary constants.

14
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Subsequently, associated Lagrange’s system as follows

dX dy dz dU

“T'(X+Z)+a4:a1)’+a3:a]Z—}—azi%'(X—Y—3U)+a52+a64

4.7.1. For ay # 0 and all others constant are zero.
Using Eq. (115), then we obtain

Frrrs + 3FrFgs + 3FsFpp — Frs — Fss = 0.

through
U(X,Y,2) =F(R,S), with R=2X, S=.

Further, we can get the desired infinitesimals of (116) as

b b
Ge=3R+by  &=bS+b, =5 (QR=3F)+by,

where b;’s (1 <i < 4) are arbitrary constants. Then, the associated characteristic equation reads

dR  dS dF
BR+b; biS+by B(2R-3F)+b,

9

which produces

F(R,S) = ﬂ—l—lw(i)lS-Q—bz)% _;,_M’ where w :% (R—l—%).
(b:S+ by 3 by (biS + bo)* by

Thus, one obtains the reduced ODE as follows:
3wHY + 12H® + H" (byw? +9H + 18wH') + 6bywH + 18(H )* + 4b,H = 0.
The primitive of (121) is

b
H(w) = —glwz.

Thus, group-invariant solution is
3b;\°
bl <x + 7)
1 1 3bs b,
X3, 28) =—(3by—2b) 45 (x+2) -
ulny 1) =g (3bs = 2bs) 3( ) 9(b1(y — 1) + b2)

+ [ +£(0)) dr.

4.7.2. For asz # 0 and all others constant are zero.
Using Eq. (115), then we obtain

Fgs + Fgs =0,

through
U(X,),Z)=F(R,S), with R=X, and S = Z.

General solution of (124) is

F(R7 S) = g(R - S) + h(R)7
where g and h are arbitrary functions. Thus, group-invariant solution is

u(x,y,z,t) = glx+r—z) +h(x) + /(Zfz(t) +£5(1)) dr.

4.8. Symmetry reduction with yg = Vs + V4+ Vs + Ve + V7 + Vg

X reduces Eq. (24), then we obtain a reduced PDE

15
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(115)

(116)

117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
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Uxxxy +3UxUxy +3UyUxy —2Uxy — Uxz — Uyz — Uxx — Uyy — Uzz = 0.

through group-invariant form
ey z) = UV 2) + c+a) [ fl0a

with similarity variables ¥ =x—t, Y=y —tand £ =z—t.
Furthermore, let

UX, Y, 2)=H(w), where w=aX+pY+7yZ,

Chinese Journal of Physics 69 (2021) 1-23

(128)

(129)

(130)

where a, f and y are arbitrary constants, to obtain new solutions of (1). Then, substituting (130) into (128), we get a reduced ODE:

@pHY + 60’ pH H' — (y(a+p+7)+ (a+ )’ H" = 0.

The primitives are

Hw) =P+ Biaw,

HO =P+ s (ratpn) + @+ p)),
2
and HO =Pt e (rlat pen) (@t p)),

where f3;, and f3;5 are arbitrary constants. Hence, group-invariant solutions are
u(x,3,2,8) = Pro + fis(ax—1) + py—1) +r(z— 1)) + (2 + @) /fz(t) dt,

alx =) +py—1) +rz—1)
6a°p

u(x,y,z,1) =P+ (rla+p+7)+ (a+8)°)

+(z+ao) [ (1) d1,
ax—n+py—1+r(z—1)
60’ p

. 2a
lax— )+ By —1) +r(z—1)

(rla+p+y)+(a+p)’)

u(x7y7z7t) :ﬂ12+

+(z+ap) / A1) d.

Utilizing the group-theoretic method, we get the desired infinitesimals of (128)

a
§X:§(X+Z)+a4, Gy=aY+ay, Ez=aZ+ta,
nU:%(X+y7U)+a5Z+a67

where a;’s, (1 <i< 6) are arbitrary constants. Thus, we have

ax _dy  dZz dU
CXT2) ta aY+tas aZta T(X+YV-U)+asZtag

4.8.1. For az # 0 and all others constant are zero.
Using Eq. (137), then we obtain

Frrrs + 3FrFgs + 3FsFrr — Frr — 2Fgs — Fss = 0.

through
U(X,Y,2)=F(R,S), with R=X S=).

Further, we can get the desired infinitesimals of (138) as

b b
Ge=gRtb &=bStb  np=g(QR=3F)+ by,

where b;’s (1 < i< 4) are arbitrary constants. Then, the associated characteristic equation reads
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dR  dS dF
BR+bs biS+by (4R 4S—3F) + by

which produces

H 1 \
_Hw) 1 (s+2w(bls+bz)5) +
(S + by 3

3b, —4b; — b, (Rby + 3b3)
——————=  where w=—"—""=

F(R,S) = , .
by by (byS + by)*

Thus, one obtains the reduced ODE as follows:
3wH® + 12H® + 6wH (b, +3H") + b H(4b, +9H") + w*H" + 18(H )* = 0.
The primitive of (143) is

b,
—W2 .

H(w):—9

Thus, group-invariant solution is

b(x t+—3b3
1 1 2 3bs "\ T,
,21) =— by —4bs —by) +=(y—1) += 2 "1/
u(,y,2,0) =g (3ba — by —by) +3 (v )+3((x +b1) Sy —1) 1 by)

+(z+ao) [f(2)dt
4.8.2. For a3 # 0 and all others constant are zero.
Using Eq. (137), then we obtain

Fre + Fgs + Fss =0,

through similarity form

U(X,Y,Z)=F(R,S), with R=2X, and S=Z.

Furthermore, let

F(R,S) =H(w), where w = aR + fS,

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

Table 3
Some more group-invariant solutions.
Symmetry reduction Group-invariant solutions
Yo =V1 +Vs B e 2 & (es-a3) e o
u(x,y,t) 7ﬁ16+x+z+2€7575+%—2 te 732 ,
Y10 = V2 + Vs x(x+2y) 22(2x+y) 5z ba(2x(2 4 3t) — 2%) 1 < 2b1y )
u(x,y,t) = - + + — —=tanh™
(0 = 6a+30 321302 1221 307 5 T\~ 5 @)
Ve Ve v ) . 2by (2 +30)3 2) (2+3t)3
Y =Ve +Vs + V5 x(x+2y) 2*(2x+Yy) 5z ba(2x(2 + 3t) -z 22 / fa(t)
u(x,y,z,t) = — + + + dt
(6.7:%,1) 6(2+3t) 3(2+30% 12(2+30)°

L 2b1 (24 3t)3 (2+303 (2+ 3t)3
t—7 (/720 - ﬁtanh (Cl))

1 V3
(2+31)3
(2(z+2t) — 2t(3x + t+ 4) — 4(x + 1)) (662 + (8 — 6y — 62) — 4y + 32> — 82+ 4) (y+t—z+2)(z—2(t+1))2
u(x,y,t) = 3 - 2
12(3t+2) 6(2 + 3t)
Y12 =V1i +Va +Vs L (3(2t+2) — 2u(e+ 3x+4) — A+ 1))2 L ba(a2e+7) - 20+ 3x+4) — d(x+ 1))?
24(3t + 2)° 5
. 2B+ 2)3
1 2 —2(t+1
t— (ﬂzz - %13Hh71(§2)) + 4(28(3:12)2)
(2+303
uey.5.0) = p+ PV OLIC0 (o 4y 2 4y )4 [l e

=V3 +Vqg +Vs + ax + —t)+y(z 2a
A u(x.y,%,0) :ﬂ24+%<aﬁ+ay+ﬂ2 A RO s e
u(x,y,z,t) = 2citanh( c4 + c1x+ c3(z — t) +}%(4cf —c —c3 £ \/(—4C% +c +C3)2 —4(c% +cic3) ))cz
+ [fs(0dt
Where §; = - w and §, =, /1 — w and f;, (16 < i < 24) are arbitrary constants.
3z 3(z—2(t+1))
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where a and f are arbitrary constant. Substituting (148) into (146), we get a reduce ODE

(@®+ap+p)H =0, (149)
which gives

H(w) = pi, +wps (150)

where f;, and f;5 are arbitrary constants. Thus, the corresponding resulting solution is

W63, 2,1) = Prg + Prs (@(x— 1) + Ble — 1)) + (e + o) / f(0)d. (151)

In the same manner, we can obtain some more group-invariant solutions corresponding to another members of optimal system (2.3),
which are provided in Table 3.

5. Analysis and discussions

The geometrical representation of the resulting group-solutions of the (3+1)-dimensional gKP equation is described graphically in
this section. The physical phenomena of those obtained exact closed-form solutions can be seen more clearly through graphical
evaluation. The obtained solutions of the gKP equation include W-shaped solitons, elastic multi-solitons, doubly solitons, kink waves,
lump-type solitons, stationary waves, and annihilation of different dynamical structures. Those solutions contain several sets of
arbitrary constants and functions, which exhibit diverse dynamical structures of multiple solitons through their numerical simulation.
The dynamical structures determined by the Figs. 1-9, in 3D-plots are made by Mathematica. A summary of the profiles of the solutions
follows.

Fig. 1 : The W-shaped soliton reveals from t = 0.30 to t = 1.50 for solution (36). The dynamical structure shows the annihilation of
the soliton profile with different values of t. Initially, we have observed W-shaped solitons at t = 1, which is changed into a parabolic
wave profile later on, and as time reaches over 500, the soliton drops its nonlinearity and results into a stationary profile. The values of
arbitrary constants and function were chosen as a; = 3,a2 =23,a; =7,a, =16,a3 =3.1,a4 = 1,bp =1.2,b; = 0.02,5, =321,y =

2
277.10, and g(t) = ﬁ(mi“"’)), respectively.

sec(t2-+bot+by

Fig. 2 : Annihilation of a multi-soliton has been observed for Eq. (57) as time increases. The multisoliton form is transformed into a
stable wave profile after t = 263. For the most beneficial representation of the graph, we pick the arbitrary choice of constants a = 3,b
=2,c=1,p¢ =10 and z = 3. During the wave propagation, we observe that the amplitude, the velocity, and the shape of the soliton
remains invariant.

Fig. 3 : Annihilation of a kink wave profile into a stationary wave profile for Eq. (61) is noticed in this figure via different 3D plots.
For the best dynamical behavior, we specify arbitrary constants as ¢c; = 3,c3 = 0.222,¢c3 = 0.70,¢c4 = 0.05, and z = 3.

Fig. 4 : In this figure, the elastic behavior of a multi-soliton profile is observed from Eq. (66) by using a suitable selection of arbitrary
constants @ = 3, = 4,y = 0.07,#, = 10, and z = 1. The multi-soliton wave profile is transformed into a single soliton wave profile at t
= 960 which converts into a stationary wave profile after t = 1160. It is mentioned that the solitons do not transform their sizes and
shapes when they are associated with each other and reveal a completely elastic nature.

Fig. 5 : The multi-soliton wave solutions are exhibited graphically for Eq. (75) by suitable parametric valuesa=13,b=4,c =1, 4
=10, and z = 11. Annihilation of multi-soliton wave profiles is observed by different 3D plots with the variation of time. As time
moves across t = 77, a dispersion impact dominates over nonlinearity and results in a straight strip.

Fig. 6 : The dynamical behavior of the solution (84) reflects the different lump-type solitons by adopting the adequate choice of

150000

(a) t =1.30 (b) t=3 (c) t =877
Fig. 1. 3D-shapes of annihilation of a W-shaped soliton solution profile for (36) with a3 = 3,a2 = 23,a; =7,a2 = 16,a3 = 3.1,a4 = 1,bp = 1.2,
2
by = 0.02,8, = 321,y = 277.10 and g(1) = — 2t

~ sec(B+bot+b1)"
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(a) t=10 (b) t =157 (c) t =263

Fig. 2. 3D-shapes of annihilation of a single-soliton solution profile for (57) witha=3,b=2,c=1,ps =10 and z = 3.

0

z

(a) t=0.1 (b) t=118 (c) t=125

Fig. 3. 3D-shapes of annihilation of a kink-wave profile for (61) with ¢; = 3,¢c; = 0.222,¢3 = 0.70,c4 = 0.5 and z = 3.

0
x

(a) t =02 (b) t = 960 (c) t = 1160

Fig. 4. 3D-shapes of annihilation of multi-soliton profiles for (66) with a =3, =2,y =0.07,5;, =10 and z = 1.

arbitrary function f5(t) = % and constants a = 11,b = 3,¢ = 0.11,4, = 10,t =13,

Fig. 7 : The dynamical behavior of the solution (113) reflects the interaction between a lump type soliton and a parabolic wave
profile by adopting the adequate choice of arbitrary function f,(t) = f3(t) = t and constants « = 7, = 3.32,y = 3.3,4;; =10,z =
0.019. These solitons arrive at a balance between dispersion and nonlinearity.

Fig. 8 : In this figure, the physical behavior of the solution is shown in Eq. (127) for functions f(t) = t, f3(t) = aot, h(x) = sin(x),
and g = tan(x + t — z) and constants ap = 10. The annihilation in the solution wave profile is recorded with time, which results give a
stationary profile.

Fig. 9 : The solution given by Eq. (123) represents multi-soliton profiles. The annihilation of a multi-soliton for u is confirmed with
different values of t. At t = 0.01, a doubly soliton profile appears, and after t = 2, it is converted into a multi-soliton wave profile,
which becomes a stationary profile at t = 69 with the function f»(t) = t and the constants ag = 10, by = 77,by = 6,b3 = 3,bs = 11,2 =
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Fig. 5. 3D-shapes of annihilation of an elastic multi-soliton solution for (75) with a =13,b=4,c=1,63 =10, and z = 11.
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//ﬂoﬁ‘// 3 1000 x
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Fig. 6. 3D-shapes of different lump-type soliton solutions for (84) with a = 11,b = 3,c = 0.11, 5y = 10,t = 13, and f3(t) = %

2"

(a) y =0.013 (b) y = 3.50 (c) y =12.40

Fig. 7. 3D-shapes of interaction between parabolic wave and lump-type soliton solution for (113) and treating arbitrary constants « =7, = 3.32,y
=3.3,61; = 10,2 =0.019 and f2(t) =t, f3(t) =t.

(a)t=1 (b) t=21 () t=11

Fig. 8. 3D-shapes of annihilation of a multi-solitons solution for (127) with ap = 1 as functions f; (t) = t, h(x) = sin(x), and g(x + t — 2) = tan(x +
t— 2).

12 for numerical simulation.
6. Conclusion

In summary, we studied and discussed group invariance properties of the (3+1)-dimensional generalized Kadomtsev-Petviashvili
(gKP) equation using a group-theoretic method and attained various Lie symmetry reductions. The infinitesimal generators, Lie
symmetries, an optimal system of one-dimensional subalgebras, and similarity solutions were presented. The gKP equation was
transformed into a number of interesting nonlinear ordinary differential equations and group-invariant solutions were obtained, which
involve many arbitrary constants and functions. Also, the dynamical characteristics of the gKP equation were examined through group-
invariant solutions, and consequently, different dynamical wave structures of multi-solitons, W-shaped solitons, doubly solitons, kink-
type solitons, lump-type solitons and annihilation of multi-solitons were demonstrated via the produced solutions in the analysis and
discussions section that makes this current study more trustworthy. Furthermore, the obtained results are entirely new and different
compared to the works [29,30].
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o [
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(a) t = 0.01 b)t=2 (c) t =69

Fig. 9. 3D-shapes of annihilation of a doubly soliton solution for (123) with by = 77,by = 6,b3 = 3,b4 = 11,2 =12, and f1(t) = t.

The study also shows that the Lie symmetry method is highly powerful, beneficial and effective, and we can definitely implement on
other nonlinear evolution equations appearing in physical and engineering sciences. On the other hand, lump solutions exist with
higher-order dispersion relations [32] and even for linear wave equations [33]. Such solutions involve many arbitrary constants [34],
and therefore, it should be interesting to see how lump solutions could be transformed within the Lie symmetry formulation and
explore new characteristics that lump solutions possess.
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