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Abstract
The transformation of water waves in shallow regions is a complex phenomenon. As waves 
reach the beach, they undergo many processes, including shoaling, refraction, diffraction, 
and breaking. The importance of precisely forecasting wave patterns in shallow water areas 
is underscored by their influence on sediment transport, circulation, and other nearshore 
processes. This work looks at the one-dimensional modified spectral Korteweg–de Vries 
(mSKdV) equation as a mathematical framework to improve the comprehension of nonlin-
ear wave transformation in shallow water. The research provides insights into the influence 
of changing bathymetry and nonlinearity on wave evolution along the beach. The unified 
method and the 

(

G
′

G
,
1

G

)

 method are two effective techniques that are utilized in order to 
derive soliton solutions for this equation. A bifurcation analysis is conducted to ascertain 
the phase portrait of this equation. Beyond the direct observations, a linear stability analy-
sis was also performed. This crucial step further confirms and quantifies how the stability 
of our solutions changes across various bathymetries. This analysis provides a rigorous 
mathematical framework, reflecting the solutions’ resilience and behavior under different 
underwater topographies. A synthesis of three-dimensional plots, modified two-dimen-
sional plots concerning the time variable t, and density plots is employed to illustrate the 
precise solutions obtained. These diagrams illustrate the transition from the shallow water 
zone to the shoreline. Various soliton phenomena have been observed, including periodic 
solitons, bright and dark solitons, periodic breathers, quasi-breathers, breathers, and kinks. 
This discovery significantly advances the development of soliton solutions for the mSKdV 
equation. It also offers significant insights on the spectrum wave height and setup that 
unfold in coastal engineering, especially in regions with shallow seas.
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1  Introduction

Essential tools for precisely simulating a wide spectrum of complicated and real-world 
events across scientific and technical fields are nonlinear partial differential equations 
(PDEs). Offering deeper and more realistic insights into these fields, nonlinear PDEs skill-
fully reflect the underlying complexity of systems including turbulent fluid flows, chaotic 
atmospheric behavior, nonlinear optical waves, and biological pattern development unlike 
their linear counterparts [1–9]. Crucially in fields including plasma physics, shallow water 
dynamics, fiber optics, and nonlinear acoustics, these equations are fundamental in ana-
lyzing nonlinear behaviors including shock waves, soliton interactions, breather dynam-
ics, modulation instability, and phase bifurcations [1, 2, 4–6, 8, 11]. Studies on extended 
Korteweg–de Vries and coupled Whitham–broer–Kaup-type equations have shown, for 
example, diverse wave structures comprising multi-soliton complexes, chaotic waveforms, 
and stochastic responses [5–7, 14]. Under external influences, nonlinear PDEs assist to 
clarify events including phase transitions, instability mechanisms, and pattern development 
in materials science and wave mechanics [10, 12, 13]. These difficulties also encourage 
the growth of sophisticated analytical techniques including fractional calculus, bifurcation 
theory, and symbolic computation as well as computational methods, so increasing our 
capacity to forecast, control, and maximize nonlinear behavior in useful contexts includ-
ing structural analysis, advanced optics, and climate modeling [10–15]. As such, nonlinear 
PDEs remain a fundamental element of contemporary mathematical physics, bridging the 
distance between theoretical discoveries and engineering application.

Among different fields the coastal engineering is a critical field that focuses on design-
ing coastal structures and mitigating threats to coastal regions. One key area of study in this 
field is the behavior of shallow water waves, as these areas are highly dynamic due to fac-
tors like bottom slope and wave-breaking phenomena. In shallow water, waves break and 
entrain air bubbles and sediment into the water column, leading to complex interactions 
that reduce wave height and set-up over time until the waves eventually dissipate [16–23]. 
To accurately measure and predict the behavior of shallow water waves, it is essential to 
study equations that characterize their dynamics, such as the mSKdV equation. This equa-
tion is particularly effective in describing soliton dynamics, which play a significant role in 
shallow water environments. Understanding these dynamics provides valuable insights for 
designing resilient coastal infrastructure and managing coastal processes effectively. Also, 
the mSKdV equation is an important equation in the analysis of wave propagation in shal-
low water, particularly when examining the behavior of nonlinear waves. By assuming one-
dimensional wave propagation and slowly varying water depth, the Boussinesq equations 
can be reduced to this spectral form. In a normalized setting, the mSKdV equation can be 
expressed using representative quantities. The mSKdV equation captures the dynamics of 
wave evolution, focusing on the balance between nonlinear effects and wave dispersion. It 
is typically formulated as follows [24]:

where h is the water depth, � is the wave amplitude, � = k0h0 ; k0 incident wave number, 
h0 incident water depth, hx is the beach slope and, � represents the water surface displace-
ment. The second, third, fourth, and fifth terms of Eq. (1) correspond to linear advec-
tion, shoaling effects, nonlinear modulation, and dispersive modulation, respectively. The 
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depth-dependent coefficients collectively represent the impact of varying bathymetry on 
wave speed, amplitude, waveform, and stability. The equation is particularly effective for 
modeling the transformation of nonlinear waves, including tsunamis and internal waves, 
as they propagate across uneven seabeds. Also, the mSKdV equation is crucial in shallow 
water dynamics because it effectively describes the behavior of long, nonlinear, and disper-
sive waves. Its significance lies in its ability to account for nonlinear phenomena such as 
wave steepening and the development of solitary waves (solitons), as well as the effects of 
dispersion, where waves of different wavelengths propagate at distinct speeds. This makes 
the equation vital for applications in fields like coastal engineering, tsunami forecasting, 
and environmental wave analysis. Solutions to the mSKdV equation are typically obtained 
using techniques such as Fourier transforms, which convert the equation into an ordinary 
differential equation in the spectral domain, followed by an inverse transform to interpret 
the results in the physical domain. While numerical methods can be employed to address 
more complex scenarios and [25] derived a variable-coefficient Korteweg–de Vries (KdV) 
equation using the reductive perturbation method to model weakly nonlinear wave propa-
gation over slowly varying water depth, and numerically investigated the influence of bot-
tom topography on wave amplitude and width. However, to date, no analytical techniques 
have been successfully applied to obtain exact solutions for this class of equations.

That is why to determine its exact solution, this study reviewed various analytical meth-
ods, including the generalized 

(

G�∕G
)

 technique [26], the exp {−�(�)} method [27], the 
tanh–function method [28], multiple exp-function method [29], the tanh–coth method 
[30], the modified simple equation technique [31], the Sardar subequation method [32], 
the modified expansion function method [33], the extended Jacobi elliptic function method 
[34], the functional variable method [35], the improved Sardar subequation method [36], 
the generalized Kudryshov method [37], the G�

G�+G+A
 method [38], Hirota bilinear approach 

[39] and many others.
Among various techniques, the 

(

G′

G
,
1

G

)

 method uses two variables and provides a com-
prehensive framework for examining different transformations and solution strategies. This 
adaptability allows it to incorporate trigonometric, hyperbolic, and rational solutions, mak-
ing it a powerful tool for effectively solving nonlinear equations and achieving meaningful 
outcomes. Furthermore, the 

(

G′

G
,
1

G

)

 expansion method stands out as a significant analyti-
cal technique for addressing nonlinear PDEs. By revealing soliton solutions and other 
behaviors, these methods offer valuable insights into wave interactions and stability, 
thereby establishing a foundation for further research across various scientific and engi-
neering fields [40–43]. On the other hand, the unified method is an analytical approach that 
enables the identification of exact solutions for nonlinear PDEs by combining multiple 
mathematical strategies within a single framework. Its importance stems from its versatil-
ity and efficiency, allowing it to be applied to a wide range of nonlinear equations without 
the need to create new methods for each specific case. This approach not only speeds up 
the solution process but also deepens the understanding of nonlinear dynamics and their 
connection to physical phenomena [44, 45]. A brief overview along with the advantages 
and drawbacks of these methods is provided in Table 1.

After reviewing various methods and recognizing the significance of Eq. (1), this study 
aims to derive exact solutions for the given nonlinear equation using the aforementioned 
techniques. The manuscript is structured as follows:

	 (i)	 Section 2 offers a brief overview of the methodologies employed in this study.
	 (ii)	 Section 3 describes the application of these methodologies in deriving the solutions.
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	 (iii)	 Section 4 performs a bifurcation analysis.
	 (iv)	 Section 5 presents dynamic representations, highlighting various soliton solutions 

through 3D, 2D, and density plots, along with in-depth discussions.
   (v)	    Section 6 concludes the study with overall insights.
	 (vi)	 Finally, the bibliography of references is provided.

2 � Methodology’s

2.1 � The 
(

�
′

�
,
1

�

)

 ‑ Expansion Method

This section explores the 
(

G′

G
,
1

G

)

 - expansion method, this method converts nonlinear 
PDEs into ordinary differential equations (ODEs) by introducing a transformation variable, 
as outlined in Eq. (3). By substituting the transformation variable into the original nonlin-
ear PDE, the complexity of the problem is significantly reduced. This transformation lever-
ages the inherent symmetries and properties of the PDE to facilitate its conversion into an 
ODE. The linear ODE obtained through this method is more tractable and allows for a 
more straightforward analysis and solution. Through the process of rationalizing the ana-
lytical procedure, this approach simplifies the problem and produces a linear ODE (see Eq. 
(5)) [46, 47]. The general form of a nonlinear PDE can be expressed as follows:

where J is a polynomial.
Considering a transformation variable,� which converts Eq. (3) into the ODE form, as 

follows:

Subsequently, Eq. (1) switched to the subsequent polynomial ( L is the new form of the 
previous polynomial):

The liner ODE described by this methodology can be expressed as follows:

subject to:

subsequent in:

Varying on ℘ , this technique supplies the subsequent cases of solutions:

(2)J
(

�, �x, �xx, �xxx, �t, �tt, �ttt ……… .
)

= 0

(3)�(x, t) = V(�), � = (x +�t)

(4)L
(

V ,V �,V ��,V ���,……… ,……… .
)

= 0.

(5)G��(�) +℘G(�) = �

(6)
R1(�) =

G�(�)

G(�)

R2(�) =
1

G(�)

}

,

(7)
R

�
1
= −R2

1
+ �R2 −℘

R
�
2
= −R1 ×R2

}
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Case I.  When ℘ > 0:

which produces:

where

Case II. When ℘ < 0:

subsequent in:

where

Case III. When ℘ = 0:

 which yields:

The method provides the following general solutions:

where cj , and dj (j=1, 2, 3,…, p) are the unknown coefficients, assuring that c2
p
+ d2

p
≠ 0 , 

and p represents the balance number.

2.1.1 � Method’s Workflow

To derive the exact solution of Eq. (1), we start by applying the homogeneous balance 
method to the transformed equation (such as Eq. (4)) to find the balance number. This bal-
ance number is then incorporated into Eq. (11) along with Eqs. (6) and (7), which yield a 
polynomial of the transformed equation. By setting the coefficients of each term to zero 
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according to their respective powers in the polynomial, we generate a system of algebraic 
equations. Solving these equations provides the values of the unknown coefficients. These 
coefficients are then substituted back into Eq. (11), allowing us to obtain soliton solutions 
for Eq. (1) expressed in trigonometric functions (as shown in Eq. (8)), hyperbolic functions 
(as in Eq. (9)), and rational functions (as given by Eq. (10)).

2.2 � The Unified Method

The unified method for solving nonlinear PDEs is an all-encompassing approach that sim-
plifies complex nonlinear PDEs into more manageable forms, such as ODEs. This method 
is highly adaptable and can be used to address a wide variety of nonlinear PDEs, making it 
a valuable tool in the fields of mathematical physics and applied mathematics. The general 
solution of this method is defined as follows [48]:

subject to:

where f � = df

d�
 ; and gi , li (i=1, 2, 3,…, p) are the unknown coefficients with balance number 

p.
Depending on the values of q, Eq. (13) yields the following solution cases:

Case I: When q < 0:

Case II: When q > 0:
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Case III: When q = 0:

In all cases, � and � are real arbitrary constants, � is an arbitrary constant, and i is the 
imaginary unit.

2.2.1 � Method Workflow

A text-based representation of a flowchart for the unified method workflow for solving nonlin-
ear PDEs is presented in Flowchart 1. 

3 � Method’s Application

3.1 � Transformed to ODE

The equation is transformed into an ODE by using the transformation method outlined in Sec-
tion 2, which leads to:

The second term on the left-hand side of Eq. (23) represents shoaling according to Green’s 
law and can be expressed for linear waves as 
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and setting the arbitrary constant to zero, Eq. (23) transforms to:

Next, we applied the above-mentioned methodologies to extract the exact solution of 
this equation for uniform sloping beach.
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3.2 � The 
(

G
′

G
,
1

G

)

 ‑ Expansion Method

By applying the homogeneous balance method to Eq. (24), we derive: p = 2 , that yields 
the following general solution:

For ℘ > 0:
Using the described methodology, we identified a series of algebraic equations. Solv-

ing these equations provided the values for the unknown coefficients:
Set 1:

Inserting these values into Eq. (25), then into Eq. (3), and finally Eq. (1) produces the 
following general solution:

If � = 0, and m2 = 0 but m1 ≠ 0, Eq. (27) yields:
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√

h
�6

�2
√

ℂ1℘
2−�2

3�
√

℘

� = −
1

6

�
√

h
�5

�2℘

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

Flowchart 1   Workflow of unified 
method
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By inserting these values into Eq. (25), followed by Eq. (3), and ultimately Eq. (1), we 
obtain the following general solution:

If � = 0, and m2 = 0 but m1 ≠ 0, Eq. (31) yields:

Likewise, if � = 0, and m1 = 0 but m2 ≠ 0, Eq. (31) yields:

where

For ℘ < 0:
Similarly, in this case, the following unknown coefficients are obtained:
Set 1:

Substituting these values into Eq. (25), followed by Eq. (3), and finally into Eq. (1), results 
in the following general solution:

(31)

�(x, t) = −
4

�
√

h

�6

�2℘

9�
+

2

�
√

h

�6

�2�

3�

1

m1sin
�

�
√

℘
�

+ m2cos
�

�
√

℘
�

+ �
�

℘

−

2

�
√

h

�6

�2

3�
℘

�

m1cos
�

�
√

℘
�

− m2sin
�

�
√

℘
�

m1sin
�

�
√

℘
�

+ m2cos
�

�
√

℘
�

+ �
�

℘

�2

±

2

�
√

h

�6

�2
√

ℂ1℘
2 − �2

3�

m1cos
�

�
√

℘
�

− m2sin
�

�
√

℘
�

�

m1sin
�

�
√

℘
�

+ m2cos
�

�
√

℘
�

+ �
�

℘

�2

(32)
�(x, t) = −

4

�
√

h
�6

�2℘

9�
−

2

�
√

h
�6

�2

3�
℘

�

cot
�

�
√

℘

��2

±
2

�
√

h
�6

�2℘

3�
cot

�

�
√

℘

�

cosec
�

�
√

℘

�

(33)
�(x, t) = −

4

�
√

h
�6

�2℘

9�
−

2

�
√

h
�6

�2

3�
℘
�

tan(�
√

(℘)
�2

±
2

�
√

h
�6

�2℘

3�
tan

�

�
√

℘

�

sec
�

�
√

℘

�

� = (x +�t)

(34)

c0 = −
2

�
√

h
�6

�2℘

3�

c1 = 0

c2 = −
2

�
√

h
�6

�2

3�

d1 =
2

�
√

h
�6

�2�

3�

d2 = ±
2

�
√

h
�6

�2
√

ℂ2℘
2+�2

3�
√

−℘

� =
1

6

�
√

h
�5

�2℘

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭
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where

If both � = m2 = 0 but m1 ≠ 0, Eq. (35) gives:

where � = (x +�t).
Set 2:

By substituting these values into Eq. (25), then into Eq. (3), and finally into Eq. (1), we 
obtain the following general solution:

If both � = m2 = 0 but m1 ≠ 0, Eq. (38) gives:

(35)

�(x, t) = −
2

�
√

h

�6

�2℘

3�
+

2

�
√

h

�6

�2�

3�

1

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

+
2

�
√

h

�6

�2

3�
℘

�

m1cosh
�

�
√

−℘
�

+ m2sinh
�

�
√

−℘
�

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

�2

±

2

�
√

h

�6

�2
√

ℂ2℘
2 + �2

3�

m1cosh
�

�
√

−℘
�

+ m2sinh
�

�
√

−℘
�

�

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

�2

� = (x +�t)

(36)
�(x, t) = −

2

�
√

h

�6

�2℘

3�
+

2

�
√

h

�6

�2

3�
℘

�

coth

�

�
√

−℘
��2

±
2

�
√

h

�6

�2℘

3�
coth

�

�
√

−℘
�

cosech

�

�
√

−℘
�

(37)

c0 = −
4

�
√

h
�6

�2℘

9�

c1 = 0

c2 = −
2

�
√

h
�6

�2

3�

d1 =
2

�
√

h
�6

�2�

3�

d2 = ±
2

�
√

h
�6

�2
√

ℂ2℘
2+�2

3�
√

−℘

� = −
1

6

�
√

h
�5

�2℘

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(38)

�(x, t) = −
4

�
√

h

�6

�2℘

9�
+

2

�
√

h

�6

�2�

3�

1

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

+
2

�
√

h

�6

�2

3�
℘

�

m1cosh
�

�
√

−℘
�

+ m2sinh
�

�
√

−℘
�

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

�2

±

2

�
√

h

�6

�2
√

ℂ2℘
2 + �2

3�

m1cosh
�

�
√

−℘
�

+ m2sinh
�

�
√

−℘
�

�

m1sinh
�

�
√

−℘
�

+ m2cosh
�

�
√

−℘
�

+ �
�

℘

�2
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where

For ℘ = 0:
Similarly, in this case there is no feasible solution.

3.3 � The Unified Method

Similarly, since we derive: p = 2 , that yields the following general solution for this method:

Following the outlined methodology, we derived a set of algebraic equations. Solving 
these equations provided the values for the unknown coefficients as follows:

Set 1:

Inserting these values into Eq. (25), then into Eq. (3), and finally Eq. (1) produces the 
following general solution:

Case I: When q < 0:

(39)
�(x, t) = −

4

�
√

h

�6

�2℘

9�
+

2

�
√

h

�6

�2

3�
℘

�

coth

�

�
√

−℘
��2

±
2

�
√

h

�6

�2℘

3�
coth

�

�
√

−℘
�

cosech

�

�
√

−℘
�

� = (x +�t)

(40)V(�) = g0 + g1f + g2f
2 + l1f

−1 + l2f
−2

(41)

g0 = −
8

�
√

h
�6

q�2

3�

g1 = 0

g2 = −
4

�
√

h
�6

�2

3�

l1 = 0

l2 = −
4

�
√

h
�6

q2�2

3�

� =
8

3

�
√

h
�5

q�2

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(42)

�1(x, t) = −
8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

⎡

⎢

⎢

⎢

⎣

�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

�sinh
�

2
√

−q(� + �)
�

+ �

⎤

⎥

⎥

⎥

⎦

2

−
4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sinh
�

2
√

−q(� + �)
�

+ �
�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2
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Case II: When q > 0:

(43)

�2(x, t) = −
8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

⎡

⎢

⎢

⎢

⎣

−

�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

�sinh
�

2
√

−q(� + �)
�

+ �

⎤

⎥

⎥

⎥

⎦

2

−
4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sinh
�

2
√

−q(� + �)
�

+ �

−

�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(44)
�3(x, t) = −

8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

�

−2�
√

−q

� + cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
� +

√

−q

�2

−
4

�
√

h
�6

q2�2

3�

�

� + cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

−� + cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

�2

(45)
�4(x, t) = −

8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

�

2�
√

−q

� + cosh
�

2
√

−q(� + �)
�

+ sinh
�

2
√

−q(� + �)
� −

√

−q

�2

−
4

�
√

h
�6

q2�2

3�

�

� + cosh
�

2
√

−q(� + �)
�

+ sinh
�

2
√

−q(� + �)
�

� − cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

�2

(46)

�5(x, t) = −
8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

⎡

⎢

⎢

⎢

⎣

�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

�sin
�

2
√

q(� + �)
�

+ �

⎤

⎥

⎥

⎥

⎦

2

−
4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sin
�

2
√

q(� + �)
�

+ �
�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(47)

�6(x, t) = −
8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

⎡

⎢

⎢

⎢

⎣

−

�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

�sin
�

2
√

q(� + �)
�

+ �

⎤

⎥

⎥

⎥

⎦

2

−
4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sin
�

2
√

q(� + �)
�

+ �

−

�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(48)
�7(x, t) = −

8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

�

−2i�
√

q

� + cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
� + i

√

q

�2

+
4

�
√

h
�6

q2�2

3�

�

� + cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

−� + cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

�2
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Case III: When q = 0:

Set 2:

Inserting these values into Eq. (25), then into Eq. (3), and finally Eq. (1) produces the 
following general solution:

Case I: When q < 0:  

Case II: When q > 0:

(49)
�8(x, t) = −

8

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

�

2i�
√

q

� + cos
�

2
√

q(� + �)
�

+ isin
�

2
√

q(� + �)
� − i

√

q

�2

+
4

�
√

h
�6

q2�2

3�

�

� + cos
�

2
√

q(� + �)
�

+ isin
�

2
√

q(� + �)
�

� − cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

�2

(50)�9(x, t) = −
4

�
√

h
�6

�2

3�

1

(� + �)2

(51)

g0 = −
4

�
√

h
�6

q�2

3�

g1 = 0

g2 = 0

l1 = 0

l2 = −
4

�
√

h
�6

q2�2

3�

� =
2

3

�
√

h
�5

q�2

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(52)

�10(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sinh
�

2
√

−q(� + �)
�

+ �
�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(53)

�11(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sinh
�

2
√

−q(� + �)
�

+ �

−

�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(54)

�12(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

�

� + cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

−� + cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

�2

(55)

�13(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

�

� + cosh
�

2
√

−q(� + �)
�

+ sinh
�

2
√

−q(� + �)
�

� − cosh
�

2
√

−q(� + �)
�

− sinh
�

2
√

−q(� + �)
�

�2
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Case III: When q = 0:

There is no feasible solution for this case.
Set 3:

Inserting these values into Eq. (25), then into Eq. (3), and finally Eq. (1) produces the 
following general solution:

Case I: When q < 0:

(56)

�14(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sin
�

2
√

q(� + �)
�

+ �
�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(57)

�15(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

q2�2

3�

⎡

⎢

⎢

⎢

⎣

�sin
�

2
√

q(� + �)
�

+ �

−

�

q
�

�2 − �2
�

− �
√

qcos
�

2
√

q(� + �)
�

⎤

⎥

⎥

⎥

⎦

2

(58)

�16(x, t) = −
4

�
√

h
�6

q�2

3�
+

4

�
√

h
�6

q2�2

3�

�

� + cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

−� + cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

�2

(59)

�17(x, t) = −
4

�
√

h
�6

q�2

3�
+

4

�
√

h
�6

q2�2

3�

�

� + cos
�

2
√

q(� + �)
�

+ isin
�

2
√

q(� + �)
�

� − cos
�

2
√

q(� + �)
�

− isin
�

2
√

q(� + �)
�

�2

(60)

g0 = −
4

�
√

h
�6

q�2

3�

g1 = 0

g2 = −
4

�
√

h
�6

�2

3�

l1 = 0

l2 = 0

� =
2

3

�
√

h
�5

q�2

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(61)

�18(x, t) = −
4

�
√

h
�6

q�2

3�
−

4

�
√

h
�6

�2

3�

⎡

⎢

⎢

⎢

⎣

�

−q
�

�2 + �2
�

− �
√

−qcosh
�

2
√

−q(� + �)
�

�sinh
�

2
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Case II: When q > 0:

Case III: When q = 0:

Eq. (69) is exactly the same as Eq. (50).
Set 4:
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Case I: When q < 0:  

Case II: When q > 0:
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Case III: When q = 0:

This equation is exactly the same as Eq. (50).
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Fig. 1   Stability analysis of Eq. (1)
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4 � Analysis

4.1 � Wave Number Calculation

To analyze the exact solution and perform spectral analysis of ocean waves, it’s essen-
tial to calculate the wave number using the following dispersion relation [22, 49]:

where � is the angular frequency, g is the gravitational acceleration, k is the wave number, 
and h is the water depth. The angular frequency is determined by � =

2�

T
 , with T  as the 

wave period. Since this equation is transcendental, it requires numerical solutions, often 
using iterative methods like the Newton-Raphson technique, to accurately figure out k . Ini-
tial estimates can be adjusted based on deep or shallow water conditions. After calculating 
the wave number, we can effectively characterize the exact solution and related analysis.

4.2 � Stability Analysis

We conduct a thorough linear stability study of the solutions we have produced. Our 
fundamental objective is to comprehend the behavior of these solutions and their integ-
rity when faced with diverse bathymetries, including changing undersea depths and 
topographical characteristics. This investigation is essential for evaluating the depend-
ability and adaptability of our solutions in real-world scenarios when the seabed profile 
is heterogeneous. By assessing stability across these varied situations, we can ascertain 
the scope of applicability and possible constraints of our findings.

To do a linear stability analysis of the specified exact solution of �35(x, t) , Consider a 
small fluctuation ψ (x, t) in relation to the precise solution �23(x, t) , thus [1, 36, 45]:

In the Eq. (1), substitute, and make sure that only linear terms are kept in which 
yields:

Let’s assume that the perturbation has a solution in the normal mode as follows:

The result of differentiating it with regard to time and space and substituting the 
equation discussed before is as follows:
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The dispersion relation can be obtained by disregarding the values of �23,x at the level 
of tiny spatial variation which is:

Therefore the stability criterion is set as follows:
If Im(�(k)) = 0 then � oscillates, i.e. stable; Im(𝜔(k)) > 0 then � grows exponentially, 

i.e. unstable and Im(𝜔(k)) < 0 then � decays, i.e. stable, where Im(�(k)) = hx

4
√

h
. So, the sta-

bility depends on hx.
If hx > 0 (increasing depth), the solution is unstable; hx < 0 (decreasing depth), the 

solution is stable and hx = 0 (flatbed), the solution is neutrally stable (Fig. 1).
For various bottom topographies, the plot illustrates the imaginary component of the 

wave frequency (k), which is responsible for determining the stability of wave solutions 
when subjected to tiny perturbations. The fact that this is the case demonstrates that the 
variation of the water depth h(x) has a considerable impact on the stability of this particular 
solution. This scenario holds true for all the derived solutions, highlighting the profound 
impact of bottom topography on wave stability.
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(a)) AAt ddeptth 44.0 m (bb) AAt deppthh 0.770 m

(c)) AAt ddeptth 44.0 m ((d) At deeptth 00.700 mm

Fig. 2   The phase diagram of Eq. (1), where � = 0.1, � = 0.1
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4.3 � Bifurcation

This analysis aims to thoroughly examine the system by calculating the Jacobian matrix, 
determining the eigenvalues, and identifying the equilibrium points. By conducting this 
analysis, we can discern the nature of the equilibrium points, categorizing them as saddle 
points, center points, or cuspidal points. Additionally, this approach will enable us to com-
prehend the phase portrait of the equation more effectively. Suppose the planar dynamical 
system is characterized by the following equations, resulting from a Galilean transforma-
tion applied to the original ODEs [50–52]:

where V  and M stands for the state parameters, and � =
9�

4h3�2
, and � =
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h5∕2�2
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constants.
The resulting Hamiltonian function is as follows:
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(86) is the potential energy of the system, and h represents the Hamiltonian constant.
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No cuspidal points are found in this analysis based on the given system. It is observed 
that, depending on the properties of the nonlinear variables, the Hartman-Grobman the-
orem indicates that a linearised system displaying a centre may coincide with either a 
centre or a focus in the whole nonlinear system. The current analysis demonstrates that 
the phase portraits (refer to Fig. 2 (a, b, c, d)) distinctly show closed orbits surrounding 
the equilibrium point, with no evidence of spiralling behaviour. This statement verifies 
that the equilibrium acts as a centre within the nonlinear system, suggesting that the 
nonlinear terms do not contribute to damping or instability near the equilibrium point.

5 � Visual Representation of the Exact Solutions

To visualize and analyze the exact solutions, we used Mathematica, a computational 
tool well-known for its advanced mathematical computation and visualization capa-
bilities. We utilized various types of visualizations, including 3D plots, 2D plots, and 
density plots, to provide a comprehensive view of the solutions’ behaviors and char-
acteristics. For each method, we examined the solutions within the domain −20 ≤ (x, 
t) ≤ 20, and included parameter values in the figure descriptions to facilitate precise 
replication and verification.

In our 2D plots, we combined multiple graphs into a single figure by varying the 
parameter t, allowing us to compare how the solutions evolve over time. This approach 
provides insights into the temporal dynamics and stability of the solutions. By inte-
grating these visual perspectives, we offer a detailed understanding of the mSKdV 
equation’s solutions.

5.1 � Visualization Through 
(

G
′

G
,
1

G

)

 ‑ Expansion Method

Figures 3, 4 and 5.

5.2 � Visualization via Unified Method

Figures 6, 7 and 8.

5.3 � Discussion of the Figures

This section of the study provides a detailed presentation of various soliton solutions 
obtained using two different methods: the 

(

G′

G
,
1

G

)

 technique, and the unified method. 

Figures 3, 4 and 5 showcase soliton behaviors generated by the 
(

G′

G
,
1

G

)

 technique, dem-
onstrating the impact of different parameters at water depths of 4 meters and 0.7 meters.

In Fig. 3, a periodic soliton is presented, exhibiting a stable and repeating wave profile 
that can be related to the behavior of long ocean waves, such as tsunamis, as they propa-
gate and interact with the continental shelf. Figure 4 depicts a bright soliton with a distinct 
localized peak, evolving into a single soliton at a depth of 0.7 meters—an effect analo-
gous to amplitude focusing observed in coastal engineering, where wave transformation is 
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strongly influenced by bathymetric variations. Furthermore, Fig. 5 illustrates dark soliton 
structures at depths of 4 meters and 0.7 meters, reflecting features similar to internal waves 
in stratified oceans with slowly varying density profiles. These examples highlight the 
broader physical significance of soliton dynamics in geophysical and engineering contexts, 
particularly in predicting and managing wave behavior in natural and built environments. 
The soliton characteristics are mainly determined by parameters such as k , ℘ , m , and the 
incident wave parameters. The specific values of these parameters dictate the type and form 
of the solitons observed.
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(a)  3D view 

Fig. 3   Variation of the wave profile of the exact solution of Eq. (26) showing periodic solitons across dif-
ferent plots, where m1 = 1.00,m2 = 0.10, � = 3.0, � = 0.25 , ℘ = 0.5, and � = 1.5. (a) 3D view. (b) 2D view. 
(c) Density plot
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Figures  6, 7 and 8 examine soliton structures using the unified method. Figure  6 
illustrates the transition from a multi-soliton state to a breather soliton, highlighting the 
dynamic modulation of amplitude and waveform. Such behavior can be linked to the 
evolution of tsunami wave trains, where nonlinear interactions and varying bathyme-
try may cause initially separated wave packets to merge into more complex structures. 
Figure  7 presents a quasi-breather soliton, a localized solution that exhibits enhanced 
oscillatory modes due to its underlying spectral complexity. This type of behavior is 
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Fig. 4   Variation of the bright soliton of Eq. (34) throughout various scenarios, where 
m1 = 1.00,m2 = 0.10, � = 0.10, � = 0.25 , ℘ = −1.50, and � = 0.75. (a) 3D view. (b) 2D view. (c) Density 
plot
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analogous to internal wave dynamics in stratified oceans, where energy transfer among 
different modes leads to rich oscillatory patterns that play a key role in mixing pro-
cesses and energy distribution. Figure 8 depicts breather solitons, characterized by tem-
porally confined oscillations that repeat periodically. This phenomenon reflects impor-
tant processes in coastal engineering, where the periodic focusing and defocusing of 
wave energy can significantly influence nearshore wave transformation, coastal structure 
stability, and shoreline evolution. Together, these figures demonstrate how breather-type 
soliton dynamics not only enrich the mathematical theory of nonlinear wave propagation 
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Fig. 5   Variation of the dark soliton of Eq. (38) within distinct plots, where m1 = 1.00,m2 = 0.10, � = 0.01, 
� = 0.25 , ℘ = −1.50, and � = 0.75. (a) 3D view. (b) 2D view. (c) Density plot
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but also provide insights into practical geophysical and engineering problems, from tsu-
nami evolution to internal oceanic waves and coastal wave-structure interactions.

Within this framework, parameters such as k , q and the incident wave parameters 
play significant roles in shaping soliton behavior. Particularly, the parameter k, and inci-
dent wave parameters have a strong influence.

This study highlights the role of different mathematical methods and parameter vari-
ations in understanding and visualizing soliton dynamics, especially within the context 
of the mSKdV equation. By examining the interaction of these factors, the research pro-
vides valuable insights into the complex behavior of solitons under various conditions 
and mathematical frameworks.
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Fig. 6   Variations of periodic multi soliton to breather solitons across different plots, where 
= 5.10, � = 5.30, q = 1.05, � = 0.15 , � = 0.50, and � = 0.25. (a) 3D view. (b) 2D view.(c) Density plot
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6 � Conclusion

This research provides a groundbreaking analysis of wave transformations in shallow 
water areas using the one-dimensional mSKdV equation for the first time. By utilizing 
the 

(

G′

G
,
1

G

)

  method alongside the unified method, the study successfully derives soli-
tary wave solutions that illuminate the complex dynamics of waves as they approach the 
shore. The importance of predicting wave climates in these regions is underscored, par-
ticularly due to the significant effects of wave transformations on sediment transport, 
circulation, and other nearshore processes. Through bifurcation analysis, the phase por-
trait of the mSKdV equation is detailed, revealing a wide range of soliton behaviors. 
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Fig. 7   Variations of quasi-breather soliton across several plots, where = 0.50, q = −0.40, � = 0.25 , 
� = 0.25, and � = 0.50. (a) 3D view. (b) 2D view. (c) Density plot
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Also linear stability analysis clearly showed the significant influence of varying bathym-
etries on the stability of wave solutions. The imaginary component of the wave fre-
quency consistently demonstrated that water depth significantly influences solution sta-
bility across all derived cases. The findings highlighted the critical importance of 
bottom topography in the prediction and comprehension of wave behavior. The exact 
solutions are represented through 3D plots, 2D plots with temporal changes, and density 
plots, capturing the various soliton dynamics within shallow water environments. These 
include periodic solitons, bright and dark solitons, periodic breathers, breather, 
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Fig. 8   Variations of breather soliton across different plots, where = 0.50, q = 0.01, � = 0.25 , � = 0.25, and 
� = 0.50. (a) 3D view. (b) 2D view. (c) Density plot
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quasi-breathers, and single solitons, each offering unique insights into wave behavior as 
they move from deeper waters toward the shoreline. The findings of this study make a 
significant contribution to coastal engineering by deepening our understanding of 
soliton solutions for the mSKdV equation. Predicting and modeling these wave transfor-
mations are essential for developing effective coastal management strategies, particu-
larly in reducing the impacts of erosion and sediment displacement. Furthermore, the 
methodologies developed in this research provide a solid foundation for future studies 
focused on exploring nonlinear wave phenomena in various coastal contexts. Overall, 
this work not only advances theoretical understanding but also has practical implica-
tions for the sustainable management of coastal regions amid the challenges posed by 
dynamic oceanic processes.
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