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Abstract In this paper, “new” interaction solutions
between a lump solution and other multi-soliton (kinky
or stripe) solutions are studied through developing a
“new” direct method based on the Hirota bilinear form
for the (2 + 1)-dimensional BLMP equation and the
(2 + 1)-dimensional Ito equation. Interaction solutions
degenerate into lump (or kinky/stripe) solutions while
the involved exponential function (or quadratic func-
tion) disappears. The interaction phenomena in the pre-
sented solutions show that a lump can be drowned
or swallowed by other multi-solitary waves (kinky or
stripe waves), and such interactions are very rare non-
elastic collisions. What is more, we find that the posi-
tions of the interaction between a lump and three or
four kinky waves are different while we choose differ-
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ent parameters, and the collisions may be at the bottom,
middle, top or other positions. The dynamic character-
istics of the constructed interaction solutions are illus-
trated by sequences of interesting figures plotted with
the help of Maple.
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Interaction solution - The (2 + 1)-dimensional BLMP
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1 Introduction

In soliton theory, lump solutions of the nonlinear par-
tial differential equations have attracted more and more
attention, which are a kind of rational function solu-
tions localized in all directions of the space. Lump
solutions have been widely studied since they were
first discovered [1] because of their physical signifi-
cance [2,3]. There are so many approaches to inves-
tigating lump solutions, such as the inverse scatter-
ing transformation [4], the Hirota bilinear method [5],
and Darboux transformation method [6]. Recently, Ma
gave a symbolic computation method to obtain lump
solutions for a class of nonlinear equations based on
the Harota bilinear form [7]. This approach is sim-
pler and more effective compared with other methods.
Lump solutions can be expressed by rational quadratic
functions, and other elementary functions have been
applied to the construction of other type exact solu-
tions (e.g., traveling wave solutions, solitary solutions
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and periodic solutions) to some nonlinear partial dif-
ferential equations [8—10]. In particular, many studies
show that many exact solutions can be presented by
exponential functions. Later, by the generalization of
Ma’s method by combining with exponential functions,
interaction solutions between lump solutions and other
soliton solutions have been found for many nonlinear
soliton equations, for instance, (2 + 1)-dimensional Ito
equation [11], (2+1)-dimensional BLMP equation and
(3+ 1)-dimensional nonlinear evolution equation [12],
Sawada—Kotera equation [13], Jimbo—Miwa equation
[14], reduced generalized (3 + 1)-dimensional shallow
water wave equation [15], (2 4+ 1)-dimensional third-
order evolution equation [16], dimensionally reduced
generalized KP equation [17] and so on. The interac-
tion between lumps and other solitons has become a
hotspot of soliton research.

It is known that lump solutions of some integrable
nonlinear equations restore their shapes, amplitudes,
velocities after the collisions with other solitons, which
means the interaction can be considered completely
elastic [18-20]. However, for some equations, the inter-
actions prove to be completely inelastic under some
constraint conditions [11,21,22]. In fact, similar phe-
nomena have been observed in many fields of non-
linear science, such as the laser and optical physics
[23], plasma physics [24], nuclear physics [25], hydro-
dynamics [26], gas dynamics [27], passive random
walker dynamics and electromagnetics [28,29]. There-
fore, it is very important to discuss non-elastic interac-
tions among the solitary waves in certain integrable
or non-integrable systems under strong physical back-
grounds. Furthermore, such studies may provide a the-
oretical tool for understanding and supporting the rel-
evant dynamical behaviors.

Based on the Hirota bilinear form, by combining the
rational quadratic functions with one or two exponen-
tial functions, interaction solutions between lump solu-
tions and one or two other soliton solutions have been
found for many nonlinear soliton equations and the rich
dynamical features have been analyzed in detail [11-
17]. What will happen if the interaction solutions con-
sist of the rational quadratic functions and more expo-
nential functions? These problems are worth studying.
In this paper, we will study the “new” interaction phe-
nomena between a lump and other three even four other
solitons.

We have studied interaction phenomena between a
lump and two kinky solitons of the (24 1)-dimensional
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BLMP equation in [12] and lump solutions and inter-
action solutions between a lump and one stripe soli-
ton of the (2 + 1)-dimensional Ito equation in [11],
respectively. In addition, lump solutions and interac-
tion solutions between a lump and one kinky soliton of
the (2+ 1)-dimensional BLMP equation [30] and inter-
actions between a lump and two stripe solitons of the
(24 1)-dimensional Ito equation [31] have been inves-
tigated by other authors. Based these research work, in
the paper, we will do further research on “new” inter-
action phenomena between a lump and three even four
other solitons of the (2 + 1)-dimensional BLMP equa-
tion and the (2 4 1)-dimensional Ito equation, respec-
tively.

The rest of the paper is organized as follows. In
Sect. 2, the basic steps of a new direct method are
given. In Sects. 3 and 4, new interaction solutions of the
(2 4+ 1)-dimensional BLMP equation and the (2 + 1)-
dimensional Ito equation are studied, respectively. In
Sect. 5, a few conclusions are given.

2 A new direct method to study interactions
between a lump and other multi-solitons

To study new interaction phenomena between a lump
and other multiple solitons, we develop a new direct
method by combining the rational quadratic functions
with multiple exponential functions based on the Hirota
bilinear form. We consider a general form of a (2 4 1)-
dimensional nonlinear partial differential equation

F(uv Up, Uy, uyvuxm“yy’n-):Oa (1)

where u = u(x, y, t), and F is a polynomial about u
and its derivatives.

The fundamental steps of the direct method can be
expressed as follows.

Step 1 We take a transformation as

u="T(f), )

where f = f(x,y,t) is a new unknown function.
Then, Eq. (1) can be transformed into a Hirota bilinear
form

G(Dl‘vavDy;.faf)zoﬂ (3)
where the D-operators are Hirota’s bilinear operators
[32].

Step 2 To study interactions of Eq. (1), we assume

that the equation has an interaction solution in the fol-
lowing form
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n

f=g+hn+> ciexpl) +ar, )
i=1

with

g =ax +axy + ast,

h = asx + asy + ast,

li =mix + piy + qit,

where a;j, (1 < j < 7) and ¢;,m;, pi,q;i, (i =
1,2, ..., n) are real parameters to be determined later.
Substituting Eq. (4) into Eq. (3), collecting the coeffi-
cients of different polynomials of x, y, ¢, exp(k), (k is
the polynomials consisting of /;,i = 1,2, ..., n), and
then equating the coefficients of these terms to zero, we
finally get a set of algebraic equations in the parame-
ters.

Step 3 Solving the set of algebraic equations defined
by step 2 with the help of Maple, we can find the
relations among a;, (1 < j < 7) and ¢;, m;, p;, q;,
(i =1,2,...,n). Substituting the identified values of
aj,(1 < j <7 andc;,m;, pi,qi, @i =1,2,...,n)
into Egs. (4) and (2), we obtain an abundance of exact
interaction solutions between a lump and other solitons
of Eq. (1).

3 Interaction solutions to the (2 4+ 1)-dimensional
BLMP equation

The (2 4 1)-dimensional Boiti-Leon—Manna—Pempi-
nelli (BLMP) equation

Uyr + Uxxxy — Suxxtty — uyuyy =0 (®))

was systematically studied by Gilson [33], where u =
u(x,y,t), and the subscripts denote partial deriva-
tives. Much research work has been done in Eq. (5).
By using the modified Clarkson—Kruskal (CK) direct
method, a Backlund transformation of Eq. (5) was con-
structed and some new solutions were gained [34]. New
periodic-wave solutions of other (2 + 1)- and (3 + 1)-
dimensional BLMP equations were investigated [35].
Recently, the lump solution and the interaction process
between a lump and one kinky soliton have been studied
in [30] (see Fig. 1a, b). Later, the interaction phenom-
ena between a lump and two kinky solitons have been
investigated [12] (see Fig. 1c¢).

In the following two subsections, we will discuss
the interaction phenomena between a lump and three
as well as four kinky solitons for Eq. (5) by the above
direct method in Sect. 2.

By the dependent variable transformation

u=—2(In f)s, (©)

where f = f(x, y, t) is an unknown real function, we
obtain the Hirota bilinear form of Eq. (5)

(DiDy+ DyD) f - f =0, (7
that is
(ftyf - ftfy) + (fxxxyf - 3fxxyfx

+3fxyfxx - fyfxxx) =0. (®)

3.1 Interaction solutions between a lump and three
kinky solitons

To seek interaction solutions between a lump and three
kinky solitons of Eq. (5), we suppose n = 3 in Eq. (4)
and f is expressed by the following form
3
f=g +hn+ Zci exp(l;) + a7, 9)
i=1
with
g =aix +ayy + ast,
h = asx + asy + aet,
li =mix + piy+qit,

where a;, (j = 1,2,...,7) and ¢;,m;, pi, q;, (i =
1, 2, 3) are real constants to be determined later. Sub-
stituting Eq. (9) into Eq. (8), collecting all the coeffi-
cients of x, y, ¢, exp(l1 + o), exp(l; + [3), exp(l» +
l3),exp(l;), i = 1,2,3), and then equating coef-
ficients of these terms to zero, we get a set of
algebraic equations in a;,(j = 1,2,...,7) and
ci,mi, pi,qi, @ = 1,2,3). Solving the algebraic
equations, we can obtain the following relations among
these parameters.

Case 1

aj=0(j=23.46), aj=a; (j =157,
pi=0, g =—m?,

mi = mj,
c=c, (i=1,2,3) (10)
Case 2
ai =—%, a3 =0, ag =0,

a
aj=aj (j=2,4,57),

pi =0, g =-m],
¢ =c¢, (=123 (11
where a> # 0.

m; = m;,
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(b)

Fig.1 Lump solution and interaction solution of (2 4 1)-dimensional BLMP equation. a Lump solution; b interaction solution between
a lump and one kinky soliton; ¢ interaction solution between a lump and two kinky solitons

Substituting Eqgs. (10) and (11) into Eq. (9), we can
get a class of solutions to the bilinear Eq. (7). Then,
through the transformation (6), we obtain the exact
interaction solutions of Eq. (5)

2fx
f

2 <2a1g + 2a4h + 21'3:1 m;c; exp(l,-))

u=-2(nf), = -

Figures 2 and 3 illustrate the different interaction
phenomena between a lump and three kinky waves
when selecting different parameters.

It is seen that there is an interaction between a
lump and three kinky waves at the bottom when a; =
20,a5 = 20,a7 = 1,m = —4,my = —6,m3 =
—3,c1 = ¢ = ¢3 = 1 in Fig. 2. The lump keeps the
original position not moving. As time goes by, firstly,
there is an interaction between a lump and one kinky
wave; then, one kinky wave gradually splits into two,
and then into three waves so that there are collisions
between a lump and two or three kinky waves; finally,
the three waves slowly fuse to two, and then to one
wave, but the lump is gradually swallowed by the kinky

= - > 5 3 . (12)

g>+h*+ 3 ciexp(li) +a
Thus, the resulting solutions are as follows:

2 (Zafx +¥0 Cimie_mi(ml‘z’_x))
Uy = — ,

a%x2 + agyz + a7+ Z?:l cie—mi(ml-zt—x)
(13) waves.
2 (203 (a3 + a2) x + a3 T comze 71—

Uy = —

(a3 +a2) (@3> +ajx?) +arad + a3 Ty cpe ™

(14)

The properties of the lump and the kinky waves which
have the interaction process depend on the ratio-
nal quadratic function and exponential function of u,
respectively. Clearly, the forms of u1 and u; are similar.
Next, we will mainly discuss the dynamic behaviors of
uj.

From Egs. (10) and (13), we find that the part of
rational quadratic function of u; is irrelevant to ¢ for
asz = ae = 0, which keeps the original lump not mov-
ing. Well, itis m; # 0, (i = 1,2, 3) that contribute to
the collision and n; = np, = n3 = 0 make the kinky
waves walk along the X axis.

@ Springer

There is a collision between a lump and three kinky
waves at the middle when a; = 20,a5 = 20,a7 =
1,m1 = —2,m2 = —4,m3 = 1,C1 =) =3 = 1in
Fig. 3. The lump keeps the original position not mov-
ing but experiences from the state of being swallowed
by one side of the kinky waves, and begins to separate
slowly from this side of the kinky waves as the kinky
waves walk along the X axis. After reaching the max-
imum separation, the lump is gradually swallowed by
the other side of the kinky waves. During the process,
the amplitude of the lump gradually increases from the
zero start, reaches its maximum, and then gradually
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Fig. 2 Plots of interaction solution u; via Eq. (13) between a lump and three kinky solitons with parameters a; = 20, as = 20, a7 =
ILm=—4,my=—-6,m3=-3,ci=cc=c3=1lat=-5bt=-2,ct=-1,dr=-028,er=0andfr=0.5

decreases to zero as time goes by. Additionally, there
are interactions among the three kinky waves. one kinky
wave gradually splits into two and then into three kinky
waves; later, the three kinky waves slowly fuse to two,
and then to one kinky wave.

Remark 1 In this subsection, we see that the obtained
exact solutions of (24 1)-dimensional BLMP equation
are all mixed exponential-algebraic solitary wave solu-
tions. They present the completely non-elastic inter-
action between a lump and three kinky waves. We
find that the positions of the interaction are differ-
ent while we choose different parameters, and the
major factors are the sign and value of the parameters
m;(i = 1,2, 3). The positions of the collision between
alump and three kinky waves locate at the bottom when
my = —4,my = —6, m3 = —3 (see Fig. 2) and at
the middle when m; = —2, mr, = —4,m3 = 1 (see
Fig. 3). Besides these positions, there may be interac-
tion at other positions if we change the sign and value
of the parameters m; (i = 1, 2, 3).

3.2 Interaction solutions between a lump and four
kinky solitons

Similarly, to seek interaction solutions between a lump
and four kinky solitons of Eq. (5), we assume n = 4 in
Eq. (4) and f is expressed in the form

4

f=g"+n+) ciexpli) +ar. (15)
i=1

with

g =ax +a2y +a3t7

h = asx + asy + aet,

li =mijx + piy + qit,

where a;, (j = 1,2,...,7) and ¢;,m;, pi, q;i, (i =

1,2, 3, 4) are real parameters. By a similar computing

process as the above subsection, we can get the relations

among these parameters.

Case 1

aj=0(=23,4,6), aj=a; (j=1,517),
pi=0, g =-m}, mi=m ci=c;, (i=12734)

(16)
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Fig. 3 Plots of interaction solution ;| via Eq. (13) between a lump and three kinky solitons with parameters a; = 20, a5 = 20, a7 =
Il,m=-2m=—4my=1,ci=cr=c3=1.ar=-45btr=-20,ct =-5,dr=—-15,et =0andfr=1.2

Case 2
_ aaas
ppﬂkZ:—@,m:mhq=q,G=Lli®
where a> # 0.

Substituting Egs. (16) and (17) into Eq. (15), we get
a set of solutions to the bilinear Eq. (7). Then, through
the transformation (6), we obtain the exact interaction

solutions for Eq. (5)
2 (2a1g + 2a4h + Z?:l m;c; eXp(li))

gr+h?+ Z?ZI ciexp(l;) + a7
The resulting solutions for case 1 and case 2 are as
follows, respectively,

ay = ,a3=0, a6=0, aj =a; (j =2,4,5,7), (17

(18)

u=—

a4 Es im0

4 —mij(m?t—x)’
ajx? +azy? +ag + 3y cieT MY

upG = —

2 <2a‘% (a% + a%) x4+ a% Z?=1 C,'mie_mi(m,'z’_x))

Figures 4 and 5 display the different interaction
between a lump and four kinky waves while choosing
different parameters for Eq. (20).

From Fig. 4, we see that the interaction process is
similar to the process between a lump and three kinky
waves in Fig. 3 in Sect. 3.1 except different positions
of collision. The lump is also gradually drowned or
swallowed by the kinky waves as time goes by, and
during the process there also are collisions among the
four kinky waves.

In Fig. 5, there is an interaction between a lump
and the four kinky waves at the top and the dynamical
process is contrary to that in Fig. 2. As time goes by,

19)

(20)

Uy = —

c(m2t—x)
(a3 +a3) (a3y? + afx?) +a7a3 + a3 S cie™ ™0
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-40

Fig. 4 Plots of interaction solution u; via Eq. (20) between a ¢ =c3=c4=1at=-01,br=-005ctr=0,d
lump and four kinky solitons with parameters a = 1,a4 = t=0.085ert=04,ft=0.6,gr=15andhr =5
S5,a5 =5, a7 =1, m = -2, my =4,m3 =6,mgy =8,¢c1 =

Fig. 5 Plots of interaction solution u; via Eq. (20) between a c=c3=cs=1.at=-04,br=0,¢ctr=0.15,dr =0.22,
lump and four kinky solitons with parameters a = 1,a4 = er=04,fr=069,gr=12andhzr =2
l,as = l,a7 = 1,my =3,my =4, m3 =5,my = 6,c] =
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firstly, there is one kinky wave; then, a lump gradually
appears so that there are collisions at the top between a
lump and one kinky wave; next, one kinky wave gradu-
ally splits into two, and then into three even four kinky
waves so that there are collisions between a lump and
two or three even four kinky waves; finally, the four
kinky waves slowly fuse to three, to two, and then to
one kinky wave, but during the process the lump is not
swallowed by the kinky waves, and it is always at the
top.

Remark 2 In this subsection, the obtained interac-
tion solutions of (2 + 1)-dimensional BLMP equation
present the completely non-elastic interaction between
a lump and four kinky waves. We see that the positions
of the interaction are different while we choose differ-
ent parameters, and the major factors are the sign and
value of the parameters m; (i = 1,2, 3, 4). The posi-
tions of the collision between a lump and four kinky
waves locate at the middle when m; = —2,mp; =
4,m3 = 6,mqg = 8 (see Fig. 4) and at the top when
my =3,my =4,m3 =5,mq = 6(seeFig. 5). Besides
these positions, the interaction may be also at other
positions if we change the sign and value of the param-
etersm;(i =1,2,3,4).

4 Interaction solutions to the (2 + 1)-dimensional
Ito equation

The (2 + 1)-dimensional Ito equation is written as

X

U + txxxr +3Quytty +uttyy) + 3ty / updx’

—0o0

+auy + Buy, =0, (21)

which was established by Ito [36], where u =
u(x,y, ), and B are arbitrary constants. And Eq. (21)
is reduced to (1 + 1)-dimensional Ito equation when
a=0,=0.

In recent years, there are many studies concerning
the (2 4+ 1)-dimensional Ito equation. In 2008, Wazwaz
investigated its periodic solutions and soliton solutions
by the tanh-coth method and the Hirota bilinear method
[37]. Recently, Lump solutions and interaction solu-
tions between a lump and one stripe soliton have been
studied for Ito equation in [11] (see Fig. 6a, b). Later
interaction phenomena between a lump and two line
solitons have been found [31](see Fig. 6¢).
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Next, we will study the interaction solutions between
a lump and three as well as four stripe solitons for
Eqg. (21) by the direct method in Sect. 2.

By the dependent variable transformation

u=2(In f)x, (22)

where f = f(x, y, t) is an unknown real function, we
get the Hirota bilinear form of Eq. (21)

DD, + D3 +aDy + BD1f - f =0, (23)
that is
(fuf = O+ Fexxe £+ 3 fxe fex

_3fxxtfx _fxxxft) . (24)

+alfiyf = fify) +B(fixf = fifx) =0

4.1 Interaction solutions between a lump and three
stripe solitons

To study interaction process between a lump and three
stripe solitons of Eq. (21), we suppose n = 3 in Eq. (4)
and f is written as

3

f=g+hn+> ciexplli) +ar, (25)
i=1

with

g =a1x +axy + ast,

h = asx + asy + aet,

li =mix + p;iy + qit,

where a;, (j = 1,2,...,7) and ¢;,m;, pi, qi, (i =
1,2, 3) are real constants to be determined later. We
can obtain the exact interaction solutions between a
lump and three stripe solitons of Eq. (21) by the similar
approach as Sect. 3.1.

Case 1
a = — al,Ba, a3 =0, a4 =0, ag = —aas, aj =aj,
. 2
pi= "D G =0, mp =my, ¢ =i, (26)
(=157 1i=12.3)
where o # 0.
Case 2
_ aa(eas+Bas) _ (aPasas+pal+al)
a=Ta o E oy
aeg — —oas — paq4, a; = aj,
o h S (27)
mi (m;+p)
pi=———p— qi =0, mi=m;, ¢ =c,

(j=3.,4,5,7,i=1,2,3)

where aaz # 0.
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(a) (b)

9

Fig. 6 Lump solution and interaction solution of (2 + 1)-dimensional Ito equation. a Lump solution; b interaction solution between a
lump and one stripe soliton; ¢ interaction solution between a lump and two stripe solitons

Substituting Egs. (26) and (27) into Eq. (25), we get
a set of solutions to the bilinear Eq. (23). Then, through
the transformation (22), we obtain the exact interaction
solutions for Eq. (21).

As for case 1, we get

U = 2f1xx _2<flx>
S S

2
a
fi= (alx - %y) + (asy — aast)?

m; (m%+B)

3
1
tar+ Y et w Y,

i=1

m; (m%+B)

3
Bai xR
fix = 2a (alx =y ) Y micie T,

i=1

2 : 2 m-x—imi(mizﬂj)
frex =247 + ) micie™ a7, (28)

i=1
As for case 2, we obtain
2f2xx - 2(f2x>
P 2
<a4(aa5 + Bas)
fr=(BEBTE,

as
2
(aBasas + a3} + a3)
- 3y t+ast
aaz

+ (agx + asy
+ (—aas — Bay)t)? + a7

+ Zc it

i=1

uy =

mj (m +8)

f2x=2

as(aas + Pay) (04(aas + ﬂa4)x
a3

as
2.2 2
afagas + B a; +a
_ (eBasas + p2a3 3>y+a3t)
oas

+2a4 (asx + asy + (—aas — Baa)r)

mi (m2+p)

3
POV it 1
+ Y miciem T w Y,
i=1

as(eas + fas) \*

)
3

+2a7 + Z micie™i* T

i=1

f2xx = 2(

m; (m?+p)

. (29)

Clearly, Egs. (28) and (29) have a similar struc-
ture. Next, we will mainly discuss the properties of
Eq. (28). As seen from (28) and (26), we know that
the part of exponential function of u; is irrelevant to
t for gg = 0, i = 1,2,3). To gain the collision
phenomena, aas # 0 is essential. Based on this, the
asymptotic behavior of u#| can be obtained, the solu-
tion u; — 0 as || — oo. The asymptotic behavior
shows that the lump is finally drowned or swallowed
up by the stripe solitons along with the change of time.
According to the expression of u#1, we know it is a
mixed exponential-algebraic solitary wave solution. It
presents a completely non-elastic interaction between
a lump and three stripe solitons.

Figure 7 illustrates the typical phenomena in the
interaction between a lump and three stripe via Eq. (28)
with the parameters a=18=—-1l,ay = l,a5 =
2,a7 =1, m1—2, my =1,m3 = ;,cl—l ) =
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(b)

Fig. 7 Plots of interaction solution u#; via Eq. (28) between
a lump and three stripe solitons with parameters « = 1,8 =
—l,ai=1l,as=2,a7 =1, m = %,mz =1,m3= —%,C] =
1, c3 = 1. As time goes by, firstly, there is an interac-
tion among three stripe solitons; then, a lump appears
and there is a collision between the lump and three
stripe solitons; finally, the lump is gradually swallowed
up by the stripe solitons after reaching the maximum
amplitude of interaction until the lump completely dis-
appears and there is an interaction among three stripe
solitons left in the end. “Figure 9 in Appendix” is the
corresponding density plots.

4.2 Interaction solutions between a lump and four
stripe solitons

Similarly, to discuss interaction solutions between a
lump and four stripe solitons of Eq. (21), we assume
n = 41in Eq. (4) and

4
f=g"+n+) ciexpli) +ar, (30)

i=1
with
g =aix +ayy + ast,

h = asx + asy + aet,
li =mix + p;jy +qit,

@ Springer

l,eo=1,c3=1.ar=-1000,bt =—-10,ct =0,dt =15,
et =30,fr=50,g¢t=70and h ¢ = 1000

where aj, (j = 1,2,...,7) and ¢;, m;, pi, qi, (i =
1,2, 3,4) are real parameters. We get the exact inter-
action solutions between a lump and four stripe solitons
of Eq. (21) by the similar process as Sect. 3.2.

Case 1

ay= — %7 613:0, ag =O7 de = —Qas, aj=dj,
2
pi = —w, g =0, mi=mj, ¢i =c¢;, D
(] = 1,5,7, i= 172a374)
where o # 0.
Case 2
+ 2 2+ 2

ap = a4(0tt12;-ﬂa4), a = _W’
ae = —aas — Pas, aj =aj,

mi (m?+p) G2)
pi = _T’ Qi =O’ mi =mi7 ci =Ci,

(j=34571i=1234

where aaz # 0.
As for case 1, we have

uy = 2fl)cx _2<&)2
: h fn)’

Bai 2 2
ajx — Ty + (asy — aast)

Si

ml-(ml-2+,‘3)

a
’

4
+a7 + Z cie"t T
i=1
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(a) (b)
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Fig. 8 Plots of interaction solution u, via Eq. (34) between

a lump and four stripe solitons with parameters « = 2,8 =
s.a3=las=1las=1lar=1,m =% m=-% ms=

a
Six = 2a (alx - b)’)
o
4

o
m;x— 1
+ Y micie™ CHERG

i=1

B P Ot v
fiex =247 + Y micie™ a7V, (33)
i=1

As for case 2, we have

2
uy = oL 2(@) ,
12 f2

= <a4(0tas + ,3614)x

as

B (aBagas + ﬂzaf + a%)
oas Y

+ ast

+(asx + asy + (—aas — Pay)t)* + a7
m; (m2+p)

4
FY e t
i=1

as(aas + Pay) <a4(0ms + ﬂa4)x
as

f2x =2
as

Lmsy=3,c1=1lca=1c=1lc =1lar=-300b
t=—10,c¢t=0,dt =5,er =15fr=25,gt =35and h

t =300

_ (@Pasas + p*a +a3)
aaz Y

+2a4 (a4x + asy + (—aas — Bag)r)

+ ast

m,-(m[?+ﬁ)y

4
+ E micie™t T T e Y,
i=1

2 4
+ A
oy = 2<M) L2+ Y mleiex
3 .
i=1
2
m;(ms +
_mimi+ ) 34)

o

Equations (33) and (34) have similar forms. Figure 8
illustrates the interaction phenomena between a lump
and four stripe solitons via Eq. (34) with the parame-
terse = 2,8 = %,ag =l,as = l,a5 = 1l,a7 =
1,m = %,mz = —%,m3 =1,my = %,01 =1,c =
1, c3 = 1. “Figure 10 in Appendix” is the correspond-
ing density plots. It presents a completely non-elastic
collision between a lump soliton and four stripe soli-
tons. The interaction process is similar to the process
between a lump and three stripe waves in Sect. 4.1, the
lump is gradually drowned by the four stripe waves as
time goes by.
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5 Conclusions

In this paper, through developing a “new” direct method
based on the Hirota bilinear form, we studied the “new”
interaction phenomena between a lump and three or
four kinky solitons of the (2 + 1)-dimensional BLMP
equation, as well as we investigated the “new” inter-
action phenomena between a lump and three or four
stripe solitons of the (2 4 1)-dimensional Ito equa-
tion. We found that the interaction solutions reduce
to the lump (or kinky/stripe) solutions while the part
of exponential function (or the quadratic function) dis-
appears. The new interaction phenomena of the two
considered equations showed that the lump can be
drowned or swallowed by the kinky or stripe solitons,
and the involved interactions are the non-elastic col-
lisions. What is more, we found that the positions of
the interaction between a lump and three or four kinky
waves are different while we choose different param-
eters, and the major factors are the sign and value of
the parameters m; (i = 1, 2, 3, 4). The collisions may
be at the bottom, middle, top or other positions. The
dynamical behaviors are richer and more interesting,

(a)
\Y‘ |
B -40 -20 0 20 40 60 -
X

(e)

(b)

and the results might be helpful in understanding the
propagation processes for nonlinear waves in fluid
mechanics. The collisions among lumps and more soli-
tary waves even period waves for the nonlinear evolu-
tion equations will be further investigated in future.
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Appendix

See Figs. 9 and 10.

(© (d)

Fig. 9 The corresponding density plots of Fig. 7.a+t = —1000,bt = —10,ct =0,dr = 15,et = 30,fr = 50,g¢r = 70 and h

t = 1000
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(a) (b) (d)

(h)
z%l

Fig. 10 The corresponding density plots of Fig. 8. ar = =300, bt = —10,ct =0,dt =5,et = 15,ft =25,gr =35and h
t =300
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