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By introducing two specific matrix spectral problems associated with sl(2,R) and
so(3,R) matrix Lie algebras, we generate two integrable Hamiltonian hierarchies
with three potentials. The computation and analysis on their Hamiltonian struc-
tures by means of the trace identity show that the resulting hierarchies are Liouville
integrable, namely, that each hierarchy consists of commuting Hamiltonian soliton
equations. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4983750]

I. INTRODUCTION

The Korteweg-de Vries hierarchy,1 the Ablowitz-Kaup-Newell-Segur hierarchy,2 the Kaup-
Newell hierarchy,3 the Dirac hierarchy,4 and the Wadati-Konno-Ichikawa hierarchy5 are particular
examples of soliton hierarchies which are generated from matrix spectral problems (or Lax pairs)
based on specified matrix loop algebras. The analysis by means of the trace identity,6,7 or in general
the variational identity,8,9 shows that those soliton hierarchies possess Hamiltonian or bi-Hamiltonian
structures, and they are Liouville integrable.10–12

We would like to present in this paper two new integrable hierarchies which possess Hamiltonian
structures and commutative conserved densities under the Poisson brackets associated with the cor-
responding Hamiltonian operator. There are many different approaches or theories which deal with
relationships between Lie algebras and integrable equations.2,10,12–15 Once a matrix spectral problem
from a specified matrix loop algebra is properly selected as a starting point, the zero curvature for-
mulation will be our fundamental tool.6,7 Without using a recursion operator, the commutativity of
symmetries and conservation laws and the functional independence of conserved functionals—-thus
in turn the Liouville integrability— can also be guaranteed by a Virasoro algebraic structure behind
zero curvature representations16–19 and the differential recursive structure of the resulting hierarchy,20

respectively. Moreover, there exist Lie algebraic structures of zero curvature equations generating
time-dependent symmetry algebras.21

We shall first of all give a brief review of the procedure for constructing soliton hierarchies
through zero curvature equations.6,7 To start with, we take a matrix loop algebra g̃, associated with a
matrix Lie algebra g, that is often semisimple, with the commutator given by

[A, B]=AB − BA, ∀A, B ∈ g, (1)

and consider, based on g̃, a spatial matrix spectral problem

φx =Uφ, U =U(u, λ) ∈ g̃, (2)

a)Author to whom correspondence should be addressed: xianggu@mail.usf.edu.
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where U stands for the column vector whose components are potential functions depending on x and
t, and λ is the spectral parameter. We target at searching for a solution in the shape of

W =W (u, λ)=
∑
i≥0

W0,iλ
−i, W0,i ∈ g, i ≥ 0 (3)

to the stationary zero curvature equation

Wx = [U, W ]. (4)

This solution W will exhibit its significance when we furnish Hamiltonian structures through the
trace identity. Next, we try to formulate the temporal matrix spectral problems

φtm =V [m]φ=V [m](u, λ)φ, m ≥ 0 (5)

by employing the Lax matrices

V [m] =V [m](u, λ)= (λmW )+ + 4m ∈ g̃, m ≥ 0, (6)

where (λmW )+ stands for the polynomial part of λmW in λ, and 4m denotes the modification term to
be amended to the Lax matrices whenever necessary so that the sum of (λmW )+ and 4m would ensure
that the compatibility conditions of (2) and (5), i.e., the zero curvature equations

Utm − V [m]
x + [U, V [m]]= 0, m ≥ 0 (7)

will engender a hierarchy of soliton equations

utm =Km(u), m ≥ 0. (8)

Such a soliton hierarchy generally possesses Hamiltonian structures

utm =Km(u)= J
δHm

δu
, m ≥ 0, (9)

where J is a Hamiltonian operator, and the Hamiltonian functionals Hm’s can often be computed
through the trace identity6,7 when the associated matrix Lie algebras are semisimple

δ

δu

∫
tr
(
W
∂U
∂λ

)
dx = λ−γ

∂

∂λ
λ
γtr

(
W
∂U
∂u

)
, γ =−

λ

2
d
dλ

ln|tr(W2)| (10)

or through the variational identity8,9 when the associated matrix Lie algebras are non-semisimple

δ

δu

∫
〈
∂U
∂λ

, W 〉 dx = λ−γ
∂

∂λ
λ
γ 〈

∂U
∂u

, W 〉 , γ =−
λ

2
d
dλ

ln| 〈W , W 〉|. (11)

Here, 〈., .〉 stands for the non-degenerate, ad-invariant, and symmetric bilinear form on the underlying
matrix loop algebra g̃. The Hamiltonian structures of the entire hierarchy are well furnished once J
and {Hm}

∞
m=0 are determined. Usually, the recursion structure exhibited during such a computation

will result in Liouville integrability or sometimes together with bi-Hamiltonian structures.
The real special linear Lie algebra sl(2,R) and the real special orthogonal Lie algebra so(3,R)

are the only two 3-dimensional real Lie algebras whose derived Lie algebras are exactly themselves
and therefore are 3-dimensional, too. Especially in recent years, constructions of soliton hierarchies
based on so(3,R), which forms a distinct basis and hence gives us a different starting point for the
exploration of soliton hierarchies, were frequently reported.22–26 This Lie algebra can be realized
simply by 3 × 3 skew-symmetric matrices and thus it has the basis

e1 =



0 0 −1
0 0 0
1 0 0


, e2 =



0 0 0
0 0 −1
0 1 0


, e3 =



0 −1 0
1 0 0
0 0 0


(12)

with cyclic commutators

[e1, e2]= e3, [e2, e3]= e1, [e3, e1]= e2. (13)

Moreover, sl(2,R) has the basis

e1 =

[
1 0
0 −1

]
, e2 =

[
0 1
0 0

]
, e3 =

[
0 0
1 0

]
, (14)
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and the corresponding commutators read

[e1, e2]= 2e2, [e1, e3]=−2e3, [e2, e3]= e1. (15)

sl(2,R) has already been used in constructing soliton hierarchies from spectral problems for many
years.1–6

Throughout this paper, we will be applying the following matrix loop algebras:

s̃l(2,R)=



∑
i≥0

Miλ
n−i |Mi ∈ sl(2,R), i ≥ 0, n ∈Z




(16)

and

s̃o(3,R)=



∑
i≥0

Miλ
n−i |Mi ∈ so(3,R), i ≥ 0, n ∈Z




, (17)

i.e., the spaces of all Laurent series in λ with a finite regular part and coefficients in sl(2,R) and
so(3,R), respectively. In particular, these matrix loop algebras include such linear combinations in
the shape of

d1λ
ke1 + d2λ

me2 + d3λ
ne3, (18)

where k, m, and n ∈Z and d1, d2, and d3 ∈R are all constants, e1, e2, and e3 are given by either (12)
or (14).

This article will be organized as follows: in Sec. II, starting from s̃l(2,R), inspired by the Dirac
hierarchy, we shall introduce a new spectral problem and compute the corresponding soliton hierarchy
through the zero curvature formulation; then in Sec. III, computations are carried out for a similar
spectral problem, in which the loop algebra is replaced by s̃o(3,R). In both sections, the analysis of
Hamiltonian structures will be performed by using the trace identity to show that the resulting soliton
hierarchies, which provide examples of soliton hierarchies associated with the loop algebras s̃l(2,R)
and s̃o(3,R), are Liouville integrable. (The particular conceptual details of Liouville integrability we
use will be given, as we feel being more proper, in Sec. II B where it is the very topic.) The paper
ends with a couple of concluding remarks in Sec. IV.

II. A NEW SOLITON HIERARCHY ASSOCIATED WITH sl(2,R)

A. Spectral problem and the associated soliton equations

We first introduce a matrix spectral problem associated with the special linear Lie algebra sl(2,R).
Namely, we define in this section a new 2 × 2 matrix spectral problem

φx =Uφ=U(u, λ)φ, with u= [p, q, r]T and φ= [φ1, φ2]T , (19)

where the spectral matrix U ∈ s̃l(2,R) takes the form

U =U(u, λ)= pe1 + (λ + q)e2 + (λ + r)e3 =

[
p λ + q

λ + r −p

]
(20)

with the basis e1, e2, and e3 given by (14). This spectral matrix is similar in mathematical form to the
spectral matrix

U =U(u, λ)= pe1 + (λ + q)e2 + (−λ + q)e3 =

[
p λ + q

−λ + q −p

]
(21)

of the Dirac hierarchy,4 for which there has been a generalization associated with so(3,R) recently.24

However, there are two fundamental differences between (20) and (21): First, in (20), we have identical
signs in front of the spectral parameter λ, whereas in (21), the corresponding signs are distinct. Second,
(20) possesses three dependent variables p, q, and r, whereas (21) has only p and q.

According to the procedure given in Sec. I, we need to solve the stationary zero curvature
equation

Wx = [U, W ], W ∈ s̃l(2,R). (22)
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We suppose that W takes the form

W = ae1 + (b + c)e2 + (b − c)e3 =

[
a b + c

b − c −a

]
, (23)

so the stationary zero curvature Eq. (22) gives




ax =−2λc + (q − r)b − (q + r)c,

bx =−(q − r)a + 2pc,

cx =−2aλ + 2pb − a(q + r).

(24)

Next letting a, b, and c take the form of Laurent expansions

a=
∑
i≥0

aiλ
−i, b=

∑
i≥0

biλ
−i, c=

∑
i≥0

ciλ
−i (25)

and applying the initial values
a0 = c0 = 0, b0 = 1, (26)

we thus obtain, by making balances of coefficients of all powers of λ in (24),




ai+1 =−
1
2

ci,x + pbi −
1
2

(q + r)ai,

ci+1 =−
1
2

ai,x +
1
2

(q − r)bi −
1
2

(q + r)ci,

bi+1,x =−(q − r)ai+1 + 2pci+1,

i ≥ 0. (27)

It must be emphasized that while running the above recursive computation, we apply the following
condition:

ai |u=0 = bi |u=0 = ci |u=0 = 0, i ≥ 1 (28)

so that the entire sequence {ai, bi, ci |i ≥ 1} can be determined uniquely. Upon following (27)
recursively, the first three sets of {ai, bi, ci |i ≥ 1} can be worked out as follows:

a1 = p, b1 = 0, c1 =
1
2

(q − r),

a2 =
1
4

(rx − qx) −
1
2

p(q + r), b2 =
1
8

(q − r)2 −
1
2

p2, c2 =−
1
2

px −
1
4

(q2 − r2),

a3 =
1
4

pxx +
1
8

p(3q2 + 2qr + 3r2) −
1
2

p3 +
3
8

(qqx − rrx) −
1
8

(qrx − rqx),

b3 =
1
2

p2(q + r) +
1
4

p(qx − rx) −
1
4

px(q − r) −
1
8

(q + r)(q − r)2,

c3 =
1
8

(qxx − rxx) +
1
4

p(qx + rx) +
1
2

px(q + r) −
1
4

p2(q − r)

+
1

16
(q − r)(3q2 + 2qr + 3r2).

We see the localness of the first three sets of {ai, bi, ci |i ≥ 1} above since they are all differential
functions. Indeed, the functions ai, bi, and ci (i ≥ 1) are all local, and this reality can be justified by
means of mathematical induction as follows. First, by following (22), and noting that both U and W
belong to s̃l(2,R), we have

d
dx

tr(W2)= 2tr(WWx)= 2tr(W [U, W ])≡ 0.

This means tr(W2) is a constant. Observing that tr(W2)= 2(a2 + b2 − c2), and recalling (26), we have

a2 + b2 − c2 ≡ a2 + b2 − c2 |u=0 = 1. (29)

Then we replace a, b, c by their Laurent expansions and once again apply the initial values (26) by
equating the coefficients of λ−i in (29) to 0, we get

bi =−
1
2

∑
m+n=i,m,n≥1

(aman + bmbn − cmcn), i ≥ 1. (30)
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By keeping (30) in mind and considering the first two recursion relations in (27), it follows immedi-
ately via a straightforward application of mathematical induction that for all i ≥ 1, ai, bi, and ci are
differential polynomials in u, that is, they are all local. The mathematical inductions conclude also
that for every i ≥ 2, the differential orders of ai, bi, and ci are i � 1, i � 2, and i � 1, respectively.
With the recursively obtained sequence of {ai, bi, ci |i ≥ 1} in mind, we can compute

(λmW )+,x − [U, (λmW )+]

=−2cm+1e1 − 2am+1e2 + 2am+1e3

=

[
−2cm+1 −2am+1

2am+1 2cm+1

]
, m ≥ 0, (31)

where (λmW )+ denotes the polynomial part of λmW in λ. This expression does not match the shape
of Utm = ptm e1 + qtm e2 + rtm e3, so the modification terms for the Lax operators must be introduced to
compensate the imbalance. By observing that

[U, e2]= 2pe2 − (λ + r)e1, [U, e3]=−2pe3 + (λ + q)e1,

we take a sequence of Lax operators with modification terms

V [m] = (λmW )+ + 4m, with 4m = βbm+1e2 + βbm+1e3, m ≥ 0,

where β is an arbitrarily given constant. Then we achieve

V [m]
x − [U, V [m]]

=



−2cm+1 − β(q − r)bm+1 −2am+1 + βbm+1,x − 2βpbm+1

2am+1 + βbm+1,x + 2βpbm+1 2cm+1 + β(q − r)bm+1


,

and further, the corresponding zero curvature equations

Utm − V [m]
x + [U, V [m]]= 0, m ≥ 0

engender a hierarchy of soliton equations

utm =



p
q
r

 tm

=Km =



−2cm+1 − β(q − r)bm+1

−2am+1 + βbm+1,x − 2βpbm+1

2am+1 + βbm+1,x + 2βpbm+1



, m ≥ 0. (32)

Since the functions ai, bi, and ci (i ≥ 1) are all local, the localness of this entire hierarchy of soliton
equations follows immediately. Due to the lengthy forms of the soliton equations of the hierarchy
(32), we only present below explicitly the first two soliton equations

ut1 =



p
q
r

 t1

=K1 =



K1,1

K1,2

K1,3


,

where

K1,1 = px +
1
2

(q2 − r2) −
1
8
β(q − r)3 +

1
2
β(q − r)p2,

K1,2 =
1
2

(qx − rx) + p(q + r) +
1
4
β(q − r)(qx − rx) − βppx −

1
4
βp(q − r)2 + βp3,

K1,3 =−
1
2

(qx − rx) − p(q + r) +
1
4
β(q − r)(qx − rx) − βppx +

1
4
βp(q − r)2 − βp3,

and

ut2 =



p
q
r

 t2

=K2 =



K2,1

K2,2

K2,3


,
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where

K2,1 =−
1
4

(qxx − rxx) −
1
2

p(qx + rx) − px(q + r) +
1
2

p2(q − r)

−
1
8

(q − r)(3q2 + 2qr + 3r2) −
1
2
βp2(q2 − r2) −

1
4
βp(q − r)(qx − rx)

+
1
4
βpx(q − r)2 +

1
8
β(q + r)(q − r)3,

K2,2 =−
1
2

pxx −
1
4

p(3q2 + 2qr + 3r2) + p3 −
3
4

(qqx − rrx) +
1
4

(qrx − rqx)

− βp3(q + r) −
1
2
βp2(qx − rx) +

1
2
βppx(q − r) +

1
4
βp(q + r)(q − r)2

+
1
2
β(qx + rx)p2 + (q + r)βppx +

1
4
βp(qxx − rxx) −

1
4
βpxx(q − r)

−
1
8
β(q − r)(3qqx − qrx + qxr − 3rrx),

K2,3 =
1
2

pxx +
1
4

p(3q2 + 2qr + 3r2) − p3 +
3
4

(qqx − rrx) −
1
4

(qrx − rqx)

+ βp3(q + r) +
1
2
βp2(qx − rx) −

1
2
βppx(q − r) −

1
4
βp(q + r)(q − r)2

+
1
2
β(qx + rx)p2 + (q + r)βppx +

1
4
βp(qxx − rxx) −

1
4
βpxx(q − r)

−
1
8
β(q − r)(3qqx − qrx + qxr − 3rrx).

B. Hamiltonian structures and Liouville integrability

A hierarchy of soliton equations very often possesses the Hamiltonian structures

utm =Km(u)= J
δHm

δu
, m ≥ 0, (33)

where the Hamiltonian functionals Hm’s can, in principle, be computed by means of the trace identity
(10) or more generally the variational identity (11).

In what follows, we shall use the trace identity to generate Hamiltonian structures for the soliton
hierarchy (32) due to the semisimplicity of the Lie algebra sl(2,R). First of all, it can be directly
computed that

∂U
∂λ
=

[
0 1
1 0

]
,

∂U
∂p
=

[
1 0
0 −1

]
,

∂U
∂q
=

[
0 1
0 0

]
,

∂U
∂r
=

[
0 0
1 0

]
,

and

tr
(
W
∂U
∂λ

)
= 2b, tr

(
W
∂U
∂p

)
= 2a,

tr
(
W
∂U
∂q

)
= b − c, tr

(
W
∂U
∂r

)
= b + c.

By the trace identity, these indeed lead to

δ

δu

∫
2bdx = λ−γ

∂

∂λ
λ
γ



2a
b − c
b + c


.

Making balances of coefficients of all powers of λ, we obtain

δ

δu

∫
2bm+1dx = (γ − m)



2am

bm − cm

bm + cm


, m ≥ 0,
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where γ, being a constant, can be addressed by computing a particular case, for instance, m = 1, and
this gives γ = 0, thereby the above variational identity becomes

δ

δu

∫ (
−

2bm+1

m

)
dx =



2am

bm − cm

bm + cm


, m ≥ 1.

It follows immediately that the Hamiltonian functionals could be taken as

Hm =

∫ (
−

2bm+1

m

)
dx, m ≥ 1. (34)

Considering (33) and in particular that bm+1,x = �(q � r)am+1 + 2pcm+1, we obtain

Km = J



2am+1

bm+1 − cm+1

bm+1 + cm+1


=



−2cm+1 − β(q − r)bm+1

−2am+1 + βbm+1,x − 2βpbm+1

2am+1 + βbm+1,x + 2βpbm+1



, (35)

where

J =



0 1 −
1
2
β(q − r) −1 −

1
2
β(q − r)

−1 +
1
2
β(q − r) β∂ −2βp + β∂

1 +
1
2
β(q − r) 2βp + β∂ β∂



. (36)

A straightforward computation shows that the Poisson bracket of J satisfies the skew-symmetric
condition as well as the Jacobi identity, and hence J is a Hamiltonian operator. Finally, the Hamiltonian
structures of the soliton hierarchy (32) are characterized by

utm =Km = J
δHm+1

δu
, m ≥ 0 (37)

with the Hamiltonian functionals Hm’s and the Hamiltonian operator J being given by (34) and (36),
respectively.

In order to elucidate the Liouville integrability of the new hierarchy, it might be here the
right place to recall a couple of related definitions which were stated by taking advantage of the
characteristics of the associated Hamiltonian vector fields, especially when they are all local.20

Let x = (x1, . . . , xp) be the p-tuple vector of independent spatial variables and u= (u1, . . . , uq)
T

be the q-tuple vector of dependent variables. Let J∞ be the associated infinite jet space, whose
coordinates (xi, uα, uαI ) (see Definition II.1 below) represent the union of independent variables, the
dependent variables, and the derivatives of the dependent variables possibly up to an order of infinity.
Consider a Hamiltonian system of evolution equations

ut = J
δH
δu

, with u= u(x, t), (38)

where J = J(x, u) is the Hamiltonian operator and δ
δu stands for the variational derivative with

respect to u. A conserved functional of a Hamiltonian system (38) is a functional H= ∫ Hdx which
yields a conservation law of (38), in the shape of DtH + DivX = 0, where Div stands for the spatial
divergence.

Definition II.1 (Ref. 20). The one-form of a given differential function F is defined to be

dF :=
p∑

k=1

∂F

∂xk
dxk +

∂F
∂t

dt +
q∑
α=1

∑
#I≥0

∂F
∂uαI

duαI , (39)

where uαI = uα if #I = 0, and if #I =m ≥ 1, then uαI =
∂muα

∂xi1 ...∂xim
for I = (i1, . . . , im), 1 ≤ il ≤ p, and

1 ≤ l ≤m.
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Definition II.2 (Ref. 20). Let K be a set of integers and r ∈N. A set of r-tuples of differential
functions

{Fk = (F1
k , . . . , Fr

k )
T
|k ∈K }

is said to be independent if all the r-tuples of one-forms

{dFk = (dF1
k , . . . , dFr

k )
T
|k ∈K },

are linearly independent at all points in J∞. A set of conserved functionals {Hk |k ∈K } of a Hamiltonian
system (38) is said to be independent if all characteristics {J δHk

δu |k ∈K } of the associated Hamiltonian
vector fields are independent.

Definition II.3 (Ref. 20). A Hamiltonian system (38) is said to be Liouville integrable provided
there exists a sequence of conserved functionals {Hm}

∞
m=0 that are in involution under the action of

Poisson bracket associated with the Hamiltonian operator J,

{Hm,Hn}J =

∫ (
δHm

δu

)T

J
δHn

δu
= 0, m, n ≥ 0, (40)

for which the characteristics of the associated Hamiltonian vector fields

Km := J
δHm

δu
, m ≥ 0 (41)

are independent.

According to Definition II.3, we need to show two properties to justify the Liouville integrability
of a soliton hierarchy: the commutativity of the infinitely many conserved functionals and the func-
tional independence of the characteristics of these conserved functionals. For our soliton hierarchy
(32), the commutativity of conserved functionals is guaranteed by their zero curvature representations
that form a commuting Virasoro algebra (see more details in related literatures16–19). Note that all
these resulting Hamiltonian functionals correspond to common conservation laws for every soliton
equation in the soliton hierarchy (32). All being local (which is rather favorable), these conservation
laws can also be conveniently computed by computer algebra codes27 or via some Riccati equations
related to the underlying matrix spectral problem.14,28,29

Considering also the Hamiltonian structures given by (37) and the distinct differential orders
of the sequence {ai, bi, ci |i ≥ 1}, the functional independence of the corresponding characteristics is
just a consequence of the differential recursion structure of the hierarchy. (Since obviously, a set of
r-tuple of differential functions is independent, if all its members have pairwise distinct differential
orders.) To conclude, the soliton hierarchy (32) is Liouville integrable by Definition II.3. To be
more precise, every member in the soliton hierarchy (32) has infinitely many independent conserved
functionals being commutative in the sense of (40) and infinitely many generalized symmetries being
commutative in the following sense:

[Km, Kn] :=K ′m(u)[Kn] − K ′n(u)[Km]= J
δ{Hm,Hn}J

δu
= 0, m, n ≥ 0, (42)

where K ′ stands for the Gateaux derivative of K.

III. THE so(3,R)-COUNTERPART OF THE sl(2,R) SOLITON HIERARCHY

A. Spectral problem and the associated soliton equations

Now we continue to present a so(3,R)-counterpart of the spectral problem in Sec. II. Likewise,
we shall start from a matrix spectral problem

φx =Uφ=U(u, λ)φ, with u= [p, q, r]T and φ= [φ1, φ2, φ3]T , (43)
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(note that the wave function φ has accordingly three components) where the spectral matrix U
∈ s̃o(3,R) takes the same form

U =U(u, λ)= pe1 + (λ + q)e2 + (λ + r)e3 =



0 −λ − r −p
λ + r 0 −λ − q

p λ + q 0


, (44)

but it differs from that in (20) since the basis above is given by (12) instead. This spectral matrix has
also three dependent variables.

Like what we did in Sec. II, we need to solve the stationary zero curvature equation

Wx = [U, W ], W ∈ s̃o(3,R). (45)

Likewise upon assuming W to possess the form

W = ae1 + (b + c)e2 + (b − c)e3 =



0 −b + c −a
b − c 0 −b − c

a b + c 0


, (46)

the stationary zero curvature equation gives




ax = (q − r)b − (q + r + 2λ)c,

bx = pc −
1
2

(q − r)a,

cx =−pb +
1
2

(q + r + 2λ)a.

(47)

Next by letting a, b, and c take the form of Laurent expansions

a=
∑
i≥0

aiλ
−i, b=

∑
i≥0

biλ
−i, c=

∑
i≥0

ciλ
−i (48)

and admitting the initial values
a0 = c0 = 0, b0 = 1, (49)

we thus obtain, by making balances of coefficients of all powers of λ,




ai+1 = ci,x + pbi −
1
2

(q + r)ai,

ci+1 =−
1
2

ai,x +
1
2

(q − r)bi −
1
2

(q + r)ci,

bi+1,x =−
1
2

(q − r)ai+1 + pci+1,

i ≥ 0. (50)

While running the above recursive computation, we again apply the condition

ai |u=0 = bi |u=0 = ci |u=0 = 0, i ≥ 1 (51)

so that the entire sequence {ai, bi, ci |i ≥ 1} is determined in a unique way. Upon following (50)
recursively, the first three sets of {ai, bi, ci |i ≥ 1} can be worked out as follows:

a1 = p, b1 = 0, c1 =
1
2

(q − r),

a2 =
1
2

(qx − rx) −
1
2

p(q + r), b2 =−
1
8

(q − r)2 −
1
4

p2, c2 =−
1
2

px −
1
4

(q2 − r2),

a3 =−
1
2

pxx +
1
8

p(q2 + 6qr + r2) −
1
4

p3 −
3
4

(qqx − rrx) +
1
4

(qrx − rqx),

b3 =
1
4

p2(q + r) +
1
4

px(q − r) −
1
4

p(qx − rx) +
1
8

(q + r)(q − r)2,

c3 =−
1
4

(qxx − rxx) +
1
4

p(qx + rx) +
1
2

px(q + r) −
1
8

p2(q − r)

+
1

16
(q − r)(q2 + 6qr + r2).
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Again by following the same mathematical induction recipe as that presented in Sec. II, it can
be manifested that the sequence {ai, bi, ci |i ≥ 1} is local as well, and the differential orders of ai, bi,
and ci are i � 1, i � 2, and i � 1, respectively (for every i ≥ 2).

With the recursively obtained sequence of {ai, bi, ci |i ≥ 1} in mind, we can compute

(λmW )+,x − [U, (λmW )+]

=−2cm+1e1 + am+1e2 − am+1e3

=



0 am+1 2cm+1

−am+1 0 −am+1

−2cm+1 am+1 0



, m ≥ 0, (52)

where (λmW )+ denotes the polynomial part of λmW in λ. This does not match the shape of Utm
= ptm e1 + qtm e2 + rtm e3, and likewise, the modification terms for the Lax operators must be introduced.
Again by observing that

[U, e2]= pe3 − (λ + r)e1, [U, e3]=−pe2 + (λ + q)e1,

we take a sequence of Lax operators with modification terms

V [m] = (λmW )+ + 4m, with 4m = βbm+1e2 + βbm+1e3, m ≥ 0,

where β is an arbitrarily given constant. Then we achieve

V [m]
x − [U, V [m]]=



0 −Z3 −Z1

Z3 0 −Z2

Z1 Z2 0


,

where

Z1 =−2cm+1 − β(q − r)bm+1,

Z2 = am+1 + βbm+1,x + βpbm+1,

Z3 =−am+1 + βbm+1,x − βpbm+1,

and further, the corresponding zero curvature equations

Utm − V [m]
x + [U, V [m]]= 0, m ≥ 0

engender a hierarchy of soliton equations

utm =



p

q

r

 tm

=Km =



−2cm+1 − β(q − r)bm+1

am+1 + βbm+1,x + βpbm+1

−am+1 + βbm+1,x − βpbm+1



, m ≥ 0. (53)

Since the functions ai, bi, and ci (i ≥ 1) are all local, the localness of this entire hierarchy of soliton
equations follows as an immediate consequence. Again we present here explicitly the first two soliton
equations of this hierarchy

ut1 =



p
q
r

 t1

=K1 =



K1,1

K1,2

K1,3


,

where
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K1,1 = px +
1
2

(q2 − r2) +
1
8
β(q − r)3 +

1
4
β(q − r)p2,

K1,2 =
1
2

(qx − rx) −
1
2

p(q + r) −
1
4
β(q − r)(qx − rx) −

1
2
βppx

−
1
8
βp(q − r)2 −

1
4
βp3,

K1,3 =−
1
2

(qx − rx) +
1
2

p(q + r) −
1
4
β(q − r)(qx − rx) −

1
2
βppx

+
1
8
βp(q − r)2 +

1
4
βp3,

and

ut2 =



p
q
r

 t2

=K2 =



K2,1

K2,2

K2,3


,

where

K2,1 =
1
2

(qxx − rxx) −
1
2

p(qx + rx) − px(q + r) +
1
4

p2(q − r)

−
1
8

(q − r)(q2 + 6qr + r2) −
1
4
βp2(q2 − r2) +

1
4
βp(q − r)(qx − rx)

−
1
4
βpx(q − r)2 −

1
8
β(q − r)3(q + r),

K2,2 =−
1
2

pxx +
1
8

p(q2 + 6qr + r2) −
1
4

p3 −
3
4

(qqx − rrx) +
1
4

(qrx − rqx)

+
1
4
βp3(q + r) +

1
4
βppx(q − r) −

1
4
βp2(qx − rx) +

1
8
βp(q + r)(q − r)2

+
1
4
β(qx + rx)p2 +

1
2
βppx(q + r) −

1
4
βp(qxx − rxx) +

1
4
βpxx(q − r)

+
1
8
β(q − r)(3qqx − qrx + qxr − 3rrx),

K2,3 =
1
2

pxx −
1
8

p(q2 + 6qr + r2) +
1
4

p3 +
3
4

(qqx − rrx) −
1
4

(qrx − rqx)

−
1
4
βp3(q + r) −

1
4
βppx(q − r) +

1
4
βp2(qx − rx) −

1
8
βp(q + r)(q − r)2

+
1
4
β(qx + rx)p2 +

1
2
βppx(q + r) −

1
4
βp(qxx − rxx) +

1
4
βpxx(q − r)

+
1
8
β(q − r)(3qqx − qrx + qxr − 3rrx).

B. Hamiltonian structures and Liouville integrability

In this subsection, we shall again use the trace identity to present Hamiltonian structures for the
soliton hierarchy (53). First of all, it can be directly computed that

∂U
∂λ
=



0 −1 0
1 0 −1
0 1 0


,

∂U
∂p
=



0 0 −1
0 0 0
1 0 0


,

∂U
∂q
=



0 0 0
0 0 −1
0 1 0


,

∂U
∂r
=



0 −1 0
1 0 0
0 0 0


,
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and

tr
(
W
∂U
∂λ

)
=−4b, tr

(
W
∂U
∂p

)
=−2a,

tr
(
W
∂U
∂q

)
=−2(b + c), tr

(
W
∂U
∂r

)
=−2(b − c).

By the trace identity, these will give

δ

δu

∫
2b dx = λ−γ

∂

∂λ
λ
γ



a
b + c
b − c


.

Making balances of coefficients of all powers of λ, we obtain

δ

δu

∫
2bm+1dx = (γ − m)



am

bm + cm

bm − cm


, m ≥ 0,

where γ, like in Sec. II B, can be addressed by computing a particular case, for instance, m = 1, and
this gives γ = 0, thereby the above variational identity becomes

δ

δu

∫ (
−

2bm+1

m

)
dx =



am

bm + cm

bm − cm


, m ≥ 1.

It comes out immediately that the Hamiltonian functionals could be taken as

Hm =

∫
−

2bm+1

m
dx, m ≥ 1. (54)

To present the Hamiltonian structures for (53), we use bm+1,x =−
q−r

2 am+1 + pcm+1 to obtain

Km = J



am+1

bm+1 + cm+1

bm+1 − cm+1



=



−2cm+1 + β(r − q)bm+1

am+1 + βbm+1,x + βpbm+1

−am+1 + βbm+1,x − βpbm+1



, (55)

where the operator

J =



0 −1 +
1
2
β(r − q) 1 +

1
2
β(r − q)

1 −
1
2
β(r − q) β∂ βp + β∂

−1 −
1
2
β(r − q) −βp + β∂ β∂



(56)

is also Hamiltonian since it satisfies the skew-symmetric condition and the Jacobi identity. Finally,
the Hamiltonian structures of the soliton hierarchy (53) are characterized by

utm =Km = J
δHm+1

δu
, m ≥ 0 (57)

with the Hamiltonian functionals Hm’s and the Hamiltonian operator J being given by (54) and (56),
respectively. By following the spirits of the arguments presented at the end of Sec. II B, we can also
conclude that the soliton hierarchy (53) is Liouville integrable, and the Hamiltonian functionals given
by (54) correspond to infinitely many independent common conservation laws.

IV. CONCLUSIONS

In this paper, we studied two matrix spectral problems based on the matrix loop algebras s̃l(2,R)
and s̃o(3,R) and generated two integrable soliton hierarchies. By furnishing their Hamiltonian struc-
tures with trace identity, all the recursively created members in the soliton hierarchies have been
proved to be Hamiltonian and Liouville integrable.
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The systems presented here constitute two new soliton hierarchies with three dependent variables.
We expect more concrete examples of such soliton hierarchies with three dependent variables as
well as with even four or five can be discovered, this certainly require deeper understandings and
more intelligent applications of such mathematical tools as trace identities, variational identities, and
computer algebras.

Many other higher-order matrix spectral problems were also reported to engender soliton hier-
archies.30–35 At the very end, one thing we would like to stress is that the introduction of integrable
couplings associated with enlarged matrix loop algebras36–39 can potentially be used to enrich specific
examples of such soliton hierarchies.
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