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Abstract In this paper, a (3 + 1)-dimensional nonlin-
ear evolution equation is cast into Hirota bilinear form
with a dependent variable transformation. A bilinear
Bicklund transformation is then presented, which con-
sists of six bilinear equations and involves nine arbi-
trary parameters. With multiple exponential function
method and symbolic computation, nonresonant-typed
one-, two-, and three-wave solutions are obtained. Fur-
thermore, two classes of lump solutions to the dimen-
sionally reduced cases with y = x and y = z are both
derived. Finally, some figures are given to reveal the
propagation of multiple wave solutions and lump solu-
tions.
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1 Introduction

Nonlinear evolution equations (NLEEs) including soli-
ton equations play an important role in the areas of
mathematical physics [1-7]. Generally speaking, it is
very difficult to find exact solutions to NLEEs [8-24].
The transformed rational function method and multi-
ple exponential function method provide two effective
pathways to construct multiple wave solutions [13,14].
If we can get the Hirota bilinear form for a NLEE,
then we can derive the exact solutions with multi-
ple exponential function algorithm. Furthermore, the
Bicklund transformation (BT) can also be used in solu-
tion aspects [20]. Based on a known solution, we can
obtain another solution by using BT.

In this paper, we will study the following (3 + 1)-
dimensional NLEE [7,12] as

Uyt — Uxxxy — 3 (uy My)x —3uyy +3u;; =0, (1)

which was proposed firstly in Ref. [7,12], and the res-
onant behavior of multiple wave solutions has been
investigated [12]. With symbolic computation, two
classes of lump solutions have been derived to the
dimensionally reduced equations in (24 1)-dimensions
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with z = y and z = ¢, respectively, by searching
for positive quadratic function solutions to associated
bilinear equation [7]. Itis important to study other prop-
erties for Eq. (1) such as BT, nonresonant multiple wave
solutions, and lump dynamics with novel dimensional
reductions.

The structure of this paper is as follows: In Sect. 2,
we will construct a BT for Eq. (1) based on its bilinear
form, and as an application, we will derive some exact
solutions via this BT. Note that the BT consists of six
bilinear equations and involves nine arbitrary param-
eters. Nonresonant-typed multiple wave solutions will
be solved in Sect. 3 by use of multiple exponential func-
tion method. In Sect. 4, we will give two classes of lump
solutions to the dimensionally reduced equations in
(24 1)-dimensions with y = x and y = z, respectively.
Finally, Sect. 5 presents discussions and conclusions,
and we will plot some figures to describe the character-
istics of multiple wave solutions and lump solutions.

2 Bilinear BT
2.1 Construction of BT

Substitution of the dependent variable transformation
u=2(nf), with f = f(x,y,z, t)into Eq. (1) yields
the bilinear representation for Eq. (1) as

(D,Dy—Dgpy—3D§+3D§)f.f=o, )

where D; Dy, Di Dy, D)%, and DZ2 are all the bilinear
derivative operators [20] defined by

9 N/ 9 3 \”
YA A) —
WWQ@@”(§_§»<5_W)

o_2y (x,y. Do,y 1)
- - X, Y, X5y,
ar Yy 14 y,1)o y

x'=x,y'=y,t'=t
3)
To construct a bilinear BT by means of Eq. (2), we
consider
2P =22 (D,D — DD, 3D2+3D2>g g
—~2¢*(D,D, - D§Dy —3D}+3D2) f - f,
“)
inwhich g = g(x, y, z, t) is another solution to Eq. (2).

By using exchange formulas, symbolic computation
on Eq. (4) leads to

@ Springer

—2pP = -2[(D;Dy — DDy —3D? +3D?) g - g] f*
+2¢?[(D:Dy — DIDy —3D? +3D2) f - f]
[(DiDyg - g) 1 — §*(D:Dy)]
(D,%D,vg ) g) f2 - 32 (D.EDyf : f)]
(Dig-8) f* =g (Dif - f)]
(D2g-g) f*—g* (D2f - f)]
=D, (3D;Dyg- f)  fe+D:(3D3g- f)- (Dyf - g)
+ Dy (6DxDyg - f) - (Dxf -8 +Dx (12Dxg - f) - f3
+Dy(Dg- f)- fg+Dy(3D7g - f)-(Duf - 9)
+ D (—4Dyg - f)- fg— 12D (D:g- f) - fg
=D, [(3Dny + A1 Dy
+ o+ 12D, + 1208D) g - f]- fg
+ Dy [(D} + 243 — 4Dy — 4D, — 1200D:) g - f] - f3
+ D (3D} + 14Dy +2) g 1]+ (Dyf -8)
Dy [(3D} + 25Dy — k) g f]- (D f - @)
+ D [(6DxDy +601Dx) g f]-(Dif - 8)
— 12D, [(D; +AsDx +29Dy) g - f]- f3. (5)

=-2
+2]
+6]
6f

where we have introduced nine arbitrary coefficients of
A =1,2,3,4,5,6,7,8,9). To this stage, equation
decoupling of Eq. (5) gives rise to an alternative BT for
Eq. (2) as

Big- f = (3D Dy+i1Dy+rs + 12D, +1228D;)g - f =0,
Brg- f =(D¥4 13— 1Dy —4D, — 1229D,)g - f =0,
Big- f = (3D} + 1Dy +ie)g- f =0,

Byg- f = (3D} + AsDy —Ag)g - f =0,

Bsg - f =(6DyDy+6A7Dy)g- f =0,

Beg - f = (D;+AgDyx +A29Dy)g - f =0,

which consists of six bilinear equations and involves
nine arbitrary parameters.

2.2 Application of BT

We take f = 1 as a solution to Eq. (2), which corre-
sponds to the solution u = 2(In f), = 0 to Eq. (1).
Solving BT of Eq. (6), we obtain six linear partial dif-
ferential equations as

3gxxy +128x + 118y + 12488 + 228 = 0,
8rxx — 48 — Mgy — 12X0g; + 238 =0,
3gxx +As58x — Aeg =0,

8xy +278x =0,

87 + Aggx + Aog; =0,

38xx + 248y + 268 = 0.

)
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In the following, we will derive two classes of exact
solutions to Eq. (1) by solving Eq. (7) with symbolic
computation.

2.2.1 Exponential function solution to Eq. (7)

Firstly, we consider exponential function solutions to
Eq. (7) by taking g = 1 + ge? with 6 = kx + Iy +
mz — wt, where &, k, [, m, and w are all constants.

Selecting 1> = A3 = A¢ = 0, and solving Eq. (7),
we have

3k21 + 12k 4+ Ayl + 122gm = 0,
k> + 4w — Ak — 129m = 0,
3k? + Ask =0, @®
3k? + a4l =0,
kl 4+ 2k =0,
m + Agk + Aol = 0.
One choice of solutions to Eq. (8) is as follows
1203k + 12xghol — 3K°1 — 12k 3k?
)\.1 = s )"4 =
l l
As = =3k, A =-l, m=—(gk+ rol),
3A2k% — 32312 — k31 — 3k?
w= "3 2 , )
1
then,
u=2(ng),
212 25242 337 2,2
Dk ekt Hy—(hskaolz— I,
= (10)

32k2-30212—k31-3k2 ’
1+Eekx+zy—(xgk+xgz)z—%z

is a solution to Eq. (1).

2.2.2 First-order polynomial solution to Eq. (7)

Secondly, we take a first-order polynomial solution into
consideration as

g =kx+1ly+mz— wt, (11)

where ¢, k, [, m, and w are all constants.

Selecting A; = 0 (1 <i < 7) and putting Eq. (11)
into (7), we obtain the following algebraic equations

12k 4+ 12Agm = 0,
4w — 12h9m = 0, (12)
m ~+ Agk + Aol =0,

which result in 3k2 — lw — 3m? = 0.
To this stage,

u=2(Ing),
_ 2k
kx4 1ly+mz— wt

with 3k2—lw—3m? = 0,

(13)

is a solution to Eq. (1).

3 Multiple wave solutions

3.1 One-wave solution

Substituting

f= 1+869, 0 =kx +1ly+mz— wt,

with ¢, k, [, m, and w as constants into Eq. (2), we can
obtain

3m? — 3k?

w= -k (14)

which is called the dispersion relation. As a result, the
one-wave solution to Eq. (1) can be written as

28kekx+ly+mz—wt

= 1 + gekx+ly+mz—wt” (15

3.2 Two-wave solution

Substituting

f=1 —|—81691 +82€02

+ e180a12¢" T2 6 = kix 4 Ly +miz — wit,

with &1, &3, ki, l;, m;, and w; (i = 1,2) as constants
into Eq. (2), we get
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+ =t _ Lap=—, (16)

where

b1y = kil 4+ kalo — kily — k3ly — 3k3kaly — 3kik3l
+ 3k12k212 + 3k1k§11 + Lhwy + hwy —wily
— woly + 3k} + 3k3 — Gkiky — 3m}

— 3m3 4 6myma, (17)
cin = —(k1 + k)l 4+ 1) — (1 + L) (wy + wa)
+3(m1 + ma)* — 3(ky + ka)”. (18)

2 [23:1 kigie” + Di<icj<3ki + kj)eiejaije¥ 0 + (k14 k2 + k3)e1e283a123¢”" +02+93]

where

bij =kl + k31 — k) — Il — 3Kkl — 3kik1;
3Kk L+ 3kik L+ Liw; 4 Ljwj — wilj — wjl;
+ 3k7 + 3k — 6kik; — 3m} — 3m? + 6mim;,

cij=—ki + k) U +1) — G+ 1) w +w))
+30m; +mj)* =3k +kj)*.

Finally, the three-wave solution to Eq. (1) is

u =

3 . v
L2 eief + 30 s eigjaije’ 0 + eresezarnzel 021

) (22)

As aresult, the two-wave solution to Eq. (1) can be
written as

2 [kie1e” + kaeae®™ + aip (ki + k)1 2e"1702]
1+ 8166' + 82692 + a128182€9'+62

’

19)

where w; and a1 are determined by Eq. (16).

3.3 Three-wave solution

Following the derivation of one- and two-wave solu-
tions, we assume

f=1+ £1e91 + 82692 + 83693 + 8182(112891+02

+ 8183a13691+93

+ e263a23¢”T0 4 g18983a123"1 T, (20)
where 0; = kix + L;y + mjz — w;it, (i = 1,2,3),

a3 = anpaizazs, and €1, &2, €3, ki, lij, m;, w; are con-
stants. With symbolic computation, we get

3m? — 3k? bi;
w =—k) + ———L g =L,
ll' Cij

@ Springer

where €1, €2, ki, [;, m; are arbitrary constants, and w;
and a;; are determined by Eq. (21).

4 Lump solutions

In this section, we will search for positive quadratic
function solutions to dimensionally reduced bilinear
Eq. (2) via taking y = x or y = z, correspondingly
to construct lump solutions to dimensionally reduced
forms of Eq. (1). We begin with the assumption

f=g+h*+ao, (23)
and

g =aix +axz + azt + aa,
h = asx + agz + a7t + ag,

where a; (1 <i < 9)are all real parameters to be deter-
mined. To construct the lump solutions, we note that the
conditions guaranteeing the well definedness of f, pos-
itiveness of f and localization of u in all directions in
the space need to be satisfied.

4.1 Lump solutions to reduction with y = x

With y = x, the dimensionally reduced form of the
bilinear Eq. (2) turns out to be
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(D,DX—D§—3D§+3D§)f.f=0, (24)
that is,

(fxtf - ftfx) - (fxxxxf - 4fxxxfx + 3fx2x)
=3 (fuf = 1) 43 (fuf = £2) =0, @23)

which is transformed into
Uy — Uxxxx — Olyxliyy —3Uyy +3uz; =0. (26)

through the link between f and u:

fX(xa Z, t)

—f(x, . 27)

“ = 2[1n fx, 2, t)]x =2

Submitting Eq. (23) into (25), we obtain the follow-
ing set of constraining equations for the parameters:

{al =da, az=da,

; 3a; (a% — a% + a% + aé) — 6asasag
3 == 2 2 b
aiy +a;s

as = a4, as=as, de¢ = de,

. 3as (af + a% + ag — aé) — 6ajazag
7 = 2 2 b
aiy +a;s

(af +a?)’

ag =ag, a9 = ———>——1, (28)
(ara6 — azas)? }

which needs to satisfy |ag| > |as| and ajag—azas # 0.
The positive quadratic function solution to Eq. (25) is

2
3ay (a% — a% + ag + aé) — barasag
4+ ay

f=lax+az+
1112+a§

2

3as a? +a? +a? — a2 — bajarag

+ | asx +asz + (1 2 25 26) t+ag
ay +as

(af +a3)’

(a1as — azas)?

(29)

which, in turn, generates a class of lump solutions to
dimensionally reduced Eq. (2) through the transforma-
tionu =2 (In f), as

40— 4(aig + ash)

) 30
7 (30)

where the function f is defined by Eq. (29), and the
functions g and / are given as follows:

g =aix +axz
N 3a; (a% — a% + as2 + aé) — 6a2a5a6t
a% —l—ag

aq,

h =asx + asz
3as (a% + a% + ag — aé) — 6a1a2a6t
o 2 2
aj +a5

+ ag.

4.2 Lump solutions to reduction with y = z

With y = z, the dimensionally reduced form of the
bilinear Eq. (2) turns out to be

(D,DZ — D3D. —3D§+3D§)f-f=0, 31)
that is,

(ftzf - ftfz) - (fxxxzf - fxxxfz
_3fxxzfx + 3fxxfxz)

=3(fuf = £2)+3(faf = £2)=0. 32
which is transformed into

Uz — Uxxxz — 3 (Uxuz)y —3uxy +3u;; =0, (33)
through the link of Eq. (27) between f and u.

Substituting f = g% + h* + ag into Eq. (32), we
obtain the following set of constraining equations for
the parameters:

{al =ay, az=az,

3ay (a% - a% - ag - ag) + 6ajasag
3= 22 ’
ay +ag

as = a4, as=as, de = de,

—3ag (alz + a% — ag + ag) + 6ajazas
= a%—i—aé P B
(a% + a%) (a% + a%) (arap + asage) }

(a1a6 — aras)?

(34)

ag = —

@ Springer



2238

L.-N. Gao et al.

g
=———<—>

gl
mm

i |
i

i

i
o

-5 -5

Fig. 1 a Characteristics of the one-wave solution via Eq. (15)
withe=1,k=1,l=1,m=0,w=—4andy=2z=0;b
characteristics of the two-wave solution via Eq. (19) withe; = 1,
e =1Lk =1Lk =21 =301=3m =2, m =0,
wy =2, wy=—12,andy=2z=0

which needs to satisfy ajag — aras # 0 and ajay +
asae < 0. The positive quadratic function solution to
Eq. (32) is

2

3ay (a%—a% — ag - ag) + 6ajasag
t+ag

f=|ax+axz+ 3 3
ay +ag

2
—3a6(a%+a% - ag + aé) + 6ayaszas )
t+ag

+ | asx+agz+ 3 3
ay +ag

(a% + a(%) (alz + a%) (ayay + asag)

(a1a6 — aras)?

(35)

which, in turn, generates a class of lump solutions to
dimensionally reduced Eq. (2) through the transforma-
tionu =2 (In f)y as

LI — 4(a1g + ash)

) 36
7 (36)

@ Springer

Fig. 2 a Characteristics of lump solution u® via Eq. (30) with
ay=1,ap =2,a4 =0,a5 =3,a6 =4,a3 = 0,andt =0; b
characteristics of lump solution #™ via Eq. (36) with a; = 1,
ar=2,a4=0,a5 = —3,a6 =4,a3 =0,and t =0

where the function f is defined by Eq. (35), and the
functions g and & are shown as follows:

g=aix +axz

3ay (al2 — a% — ag — ag) + 6aasag
2, .2 t =+ as,
a; +a6
h = asx + aez
—3ag (a? + a? — a% + a?) + 6a1azas
+ ( 1 2 5 6) t + as.

2 2
a; —|—a6

5 Discussions and conclusion

High-dimensional problems in soliton theory attract
much more attention in recent research. For example,
by using multiple exp-function method and symbolic
computation, one-wave, two-wave, and three-wave
solutions have been presented to (3 + 1)-dimensional
generalized KP and BKP equations [4,13,14]. Res-
onant behavior of multiple wave solutions and lump
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-10 -5 0 5 10

Fig. 3 a Contour of lump solution «®; b contour of lump solu-
tion u M

dynamics has been studied for a (3 + 1)-dimensional
NLEE [7,19].

In this paper, we have firstly transformed the (3+1)-
dimensional nonlinear partial differential equation, that
is, Eq. (1) into Hirota bilinear form by a dependent
transformation. Then, a bilinear BT has been con-
structed [see Eq. (6)], which consists of six bilinear
equations and includes nine arbitrary parameters. As
an application, we have derived two classes of exact
solutions [see Egs. (10) and (13)] to Eq. (1) by using
this BT. Moreover, with multiple exp-function method
and symbolic computation, nonresonant-typed multi-
ple wave solutions have been given to Eq. (1) includ-
ing one-wave, two-wave, and three-wave solutions [see
Egs. (15), (19), and (22)]. Characteristics of the one-
wave and two-wave solutions are shown in Fig. 1.

Finally, two classes of lump solutions have been
investigated to the dimensionally reduced forms of
Eq. (1) with y = x and y = z, respectively, i.e.,
Egs. (26) and (33). We found no lump solution in the
form of f = g2+ h?+ ag to reduced Eq. (1) via taking
y = t. To reveal the lump dynamics, 3-dimensional

-6} x=-2
- ex=-3
_8 i

Fig. 4 a Plot of x curves of lump solution u® with x = —1,
x = —2,and x = —3; b plot of z curves of lump solution ™
withz =0,z =—1,andz = -2

plots, density plots and 2-dimensional curves with par-
ticular choices of the involved parameters in the poten-
tial function u are given in Figs. 2, 3, and 4, respectively.
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