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Frobenius integrable decompositions are presented for a kind of ninth-order partial differ-
ential equations of specific polynomial type. Two classes of such partial differential equa-
tions possessing Frobenius integrable decompositions are connected with two rational
Bäcklund transformations of dependent variables. The presented partial differential equa-
tions are of constant coefficients, and the corresponding Frobenius integrable ordinary dif-
ferential equations possess higher-order nonlinearity. The proposed method can be also
easily extended to the study of partial differential equations with variable coefficients.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

While exploring soliton phenomena, one found a large number of partial differential equations (PDEs) exhibiting soliton
phenomena in many science subjects such as fluid physics, solid physics, elementary particle physics, biological physics,
superconductor physics, etc. It is a quite fascinating research topic how to solve such PDEs, particularly obtain interesting
solutions including solitons, and the topic also attracts much attention of mathematicians, physicists and dynamicists.

Over the past several decades, there have been numerous efficient methods for constructing exact solutions to nonlinear
PDEs, one after the other [1–19]. Though the existing solution methods are diverse and different, appropriate reductions (e.g.,
similarity reductions, symmetry constraints, travelling wave reductions) are often employed to reduce given PDEs to simpler
PDEs (normally linear) and/or integrable ordinary differential equations (ODEs). By employing linear differential equations, a
novel kind of exact solutions – complexitons – was presented successfully, indeed [3,4,6,7].

Recently, Ma et al. [20] presented Frobenius integrable decompositions (FIDs) for two classes of nonlinear evolution equa-
tions (NEEs) with logarithmic derivative Bäcklund transformations in soliton theory. The discussed NEEs are transformed
into systems of Frobenius integrable ODEs with cubic nonlinearity. You et al. [21] obtained two classes of PDEs with variable
coefficients possessing FIDs, including the KdV and the potential KdV equation, the Boussinesq equation, and the generalized
BBM equation.

If a scalar PDE or a system of PDEs
Pðu;ut ;ux;uxt ; � � �Þ ¼ 0 ð1Þ
has solutions in the form of
u ¼ vðUÞ ¼ vðUðx; tÞÞ;
where v is a function of U, and U satisfies the following two compatible scalar ODEs or systems of ODEs
. All rights reserved.
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Ux ¼ AðUÞ; Ut ¼ BðUÞ;
with A and B being functions of U, then we say that Eq. (1) possesses a FID. FIDs generalize compatible time–space decom-
positions requiring Hamiltonian structures which aim to guarantee the Liouville integrability [22,23]. Through FIDs, a PDE
problem can be transformed into two associated ODE problems. Thus, the existence of solutions can be guaranteed easily
by the existing theories of ODEs.

In this paper, we would like to present two classes of ninth-order PDEs of specific polynomial type possessing FIDs by
introducing some general ansatzes on FIDs, motivated by the works about FIDs by Ma and You et al. Two kinds of rational
functions for Bäcklund transformations in the form of logarithmic derivatives are taken in our constructive computation
algorithm, and the associated Frobenius integrable ODEs possess higher-order nonlinearity. Our results provide supplements
to the previous ones by Ma and You et al. [20,21].
2. Specific polynomial type PDEs possessing FIDs

Let us consider a general kind of ninth-order PDEs of the following form
Rðu; ux; uxx; uxxx;uxxxx; u5x;u7x;u9x;ut ;utt ;uxxt; . . .Þ ¼ 0; ð2Þ
where R is a differential polynomial in the dependent variable u. Many interesting wave equations belong to this set of PDEs,
e.g., the KdV, potential KdV, generalized seventh-order KdV and Burgers equations, spatially periodic third-order dispersive
PDEs, and the b-equation. Based on the symmetry constraint theory [24–27], we consider the following case:
U ¼ ð/;wÞT ¼ ð/ðx; tÞ;wðx; tÞÞT ;
which satisfies two Frobenius integrable systems:
/x ¼ w; wx ¼ k/; ð3Þ

/t ¼ h1ð/;wÞ; wt ¼ h2ð/;wÞ; ð4Þ
where k is a real parameter, and h1 and h2 are undetermined polynomials in / and w. It is easy to see that (3) can be gen-
erated from the Schrödinger spectral problem with zero potential. Based on (3) and (4), we have the following mixed deriv-
atives for the considered FIDs:
/xt ¼ wt ¼ h2ð/;wÞ;

/tx ¼ h1;/wþ kh1;w/;

(

and
wxt ¼ k/t ¼ kh1ð/;wÞ;

wtx ¼ h2;/wþ kh2;w/:

(

Thus, we obtain
h2ð/;wÞ ¼ h1;/wþ kh1;w/; ð5Þ
and accordingly,
kh1ð/;wÞ ¼ h1;//w2 þ 2kh1;/w/wþ k2h1;ww/2 þ kðh1;//þ h1;wwÞ: ð6Þ
Eqs. (5) and (6) follow equivalently from the compatibility conditions /xt = /tx and wxt = wtx. Therefore, Eq. (6) is the only
condition on h1, while h2 is defined through h1 by Eq. (5).

To search for h1 which satisfies (6), we take the following ansatze:
h1 ¼
Xm1

i¼0

Xm2

j¼0

bi;j/
iwj; ð7Þ
where m1 and m2 are natural numbers, and bi, j (i = 0, . . .,m1; j = 0, . . .,m2) are arbitrary constants. In what follows, we set
m1 = m2 = 7. Substituting (7) into (6) leads to
h1 ¼ �k3b1;6/
7 � k3b0;7/

6wþ 3k2b1;6/
5w2 þ 3k2b0;7/

4w3 � 3kb1;6/
3w4 � 3kb0;7/

2w5 þ b1;6/w6 þ b0;7w
7 þ k2b1;4/

5

þ k2b0;5/
4w� 2kb1;4/

3w2 � 2kb0;5/
2w3 þ b1;4/w4 þ b0;5w

5 � kb1;2/
3 � kb0;3/

2wþ b1;2/w2 þ b0;3w
3 þ b1;0/

þ b0;1w: ð8Þ
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It is now easy to obtain that
h2 ¼ k �k3b0;7/
6 þ 6k2b1;6/

5wþ 9k2b0;7/
4w2 � 12kb1;6/

3w3 � 15kb0;7/
2w4 þ 6b1;6/w5 þ 7b0;7w

6 þ k2b0;5/
4�

�4kb1;4/
3w� 6kb0;5/

2w2 þ 4b1;4/w3 þ 5b0;5w
4 � kb0;3/

2 þ 2b1;2/wþ 3b0;3w
2 þ b0;1

�
/

þ �7k3b1;6/
6 � 6k3b0;7/

5wþ 15k2b1;6/
4w2 þ 12k2b0;7/

3w3 � 9kb1;6/
2w4 � 6kb0;7/w5 þ b1;6w

6�
þ5k2b1;4/

4 þ 4k2b0;5/
3w� 6kb1;4/

2w2 � 4kb0;5/w3 þ b1;4w
4 � 3kb1;2/

2 � 2kb0;3/wþ b1;2w
2 þ b1;0

�
w; ð9Þ
where bi,j’s are arbitrary constants. On the other hand, we consider the following specific type of the differential polynomial
R:
Rðu; ux; uxx;uxxx;uxxxx;u5x;u7x;u9x;ut ;utt ;uxxt; . . .Þ ¼ d0;0uþ d0;1ux þ d0;2uxx þ d0;3uxxx þ d0;4uxxxx þ d1;0u2 þ d1;1uux

þ d1;2uuxx þ d1;3uuxxx þ d1;4uuxxxx þ d2;0u2
x þ d2;1uxuxx

þ d2;2uxuxxx þ d2;3uxuxxxx þ d3;0u2
xx þ d3;1uxxuxxx þ d3;2uxxuxxxx

þ d4;0u2
xxx þ d4;1uxxxuxxxx þ d5;0u2

xxxx þ e0u5x þ e1u7x þ e2u9x

þ e3uu5x þ e4uu7x þ e5uu9x þ f0u2ux þ f1u2uxxx þ f2u2u5x þ f3u3
x

þ f4u3ux þ f5uuxuxx þ g0ut þ g1utt þ g2uxxt þ g3u2
xxt; ð10Þ
where dk,l’s, em’s, fn’s and gp’s are arbitrary constants. Now, a direct computation can yield the following consequence.

Theorem

(a) If we take a Bäcklund transformation
u ¼ ðln /Þx ¼
w
/
; ð11Þ
from the Frobenius integrable systems (3) and (4) to the PDE (1), then h1, h2 and R defined by (8)–(10) must be of the form
h1 ¼ �k3b1;6/
7 þ 3k2b1;6/

5w2 � 3kb1;6/
3w4 þ b1;6/w6 þ k2b1;4/

5 � 2kb1;4/
3w2 þ b1;4/w4 � kb1;2/

3 þ b1;2/w2 þ b1;0/

þ b0;1w;
h2 ¼ k 6k2b1;6/
5w� 12kb1;6/

3w3 þ 6b1;6/w5 � 4kb1;4/
3wþ 4b1;4/w3 þ 2b1;2/wþ b0;1

� �
/

þ 15k2b1;6/
4w2 � 7k3b1;6/

6 � 9kb1;6/
2w4 þ b1;6w

6 þ 5k2b1;4/
4 � 6kb1;4/

2w2 þ b1;4w
4 � 3kb1;2/

2 þ b1;2w
2 þ b1;0

� �
w;

R ¼ 224k2e4 þ 8kd2;3 � 40ke3 þ 24d0;4 � 2d2;1 � 6d1;3
� �

u3ux þ f1u2uxxx þ f2u2u5x þ f3u3
x þ d1;4uuxxxx þ d1;3uuxxx

þ 3d2;2 � 40kf2 � 60e0 þ 2d3;0 � 3f 1 � 1=2f 3 þ 12d1;4ð Þuuxuxx þ d1;2uuxx þ e3uu5x þ e4uu7x þ 630e2u2
xxxx

� 35e4uxxxuxxxx þ d2;3uxuxxxx þ d4;0u2
xxx þ d2;2uxuxxx þ d3;0u2

xx þ d2;1uxuxx

� 256k4e2 þ 64k3e1 þ 16k3f2 þ 16k2e0 þ 4k2f1 � 8k2d1;4 þ 4kb0;1g2 þ 4kd0;3 � 2kd1;2 þ b0;1g0 þ d0;1
� �

u2ux=k

þ 24k2e3 � 288k3e4 � 8k2d2;3 þ 2b2
0;1g1 þ 2kd2;1 � 16kd0;4 þ 2kd1;3 þ 2d0;2

� �
uux

þ 105e1 � 3=4d4;0 þ 5=2f 2 � 3=4b2
0;1g3

� �
uxxuxxxx þ d0;4uxxxx � 140ke4 þ 2d2;3 þ 10e3ð Þuxxuxxx þ d0;3uxxx þ d0;2uxx

þ e2u9x þ e1u7x þ e0u5x þ d0;1ux

� 4k3c2
0;1g3 þ 7936k4e2 þ 4k3d4;0 � 272k3e1 þ 16k2e0 � 2k2d2;2 þ k2f3 � 2kb0;1g2 � 2kd0;3 þ b0;1g0 þ d0;1

� �
u2

x=k

þ g0ut þ g1utt þ g2uxxt þ g3u2
xxt;
where bi,j’s, dk,l’s, e m’s, fn’s and gp’s are arbitrary constants.
(b) If we take a Bäcklund transformation
u ¼ ðln /Þxx ¼
k/2 � w2

/2 ; ð12Þ
from the Frobenius integrable systems (3) and (4) to the PDE (1), then h1, h2 and R defined by (8)–(10) must be of the form
h1 ¼�k3b1;6/
7 þ 3k2b1;6/

5w2 �3kb1;6/
3w4 þ b1;6/w6 þ k2b1;4/

5 � 2kb1;4/
3w2 þ b1;4/w4 � kb1;2/

3 þ b1;2/w2 þ b1;0/þ b0;1w;

h2 ¼�k3b1;6/
6wþ 3k2b1;6/

4w3 �3kb1;6/
2w5 þ k2b1;4/

4w� 2kb1;4/
2w3 � kb1;2/

2wþ kb0;1/þ b1;6w
7 þ b1;4w

5 þ b1;2w
3 þ b0;1w;
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þ 443520k2e2 � 352k2d4;1 � 3584k2e4 � 120ke3 þ 8kf1 � kf4 þ 2kf5 � 360e0 þ 12d1;3 þ 6d2;1 u2ux

þ 4d4;1 � 5040e2 þ 56e4ð Þu2u5x þ e4uu7x þ e3uu5x þ d1;4uuxxxx þ d1;3uuxxx þ d1;2uuxx

þ 240kd4;1 � 302400ke2 þ 1680ke4 þ 30d2;3 þ 18d3;1 � 5040e1 þ 90e3 � 3f 1 þ 1=4f 4 � 3=2f 5ð Þu3
x

þ d2;3uxuxxxx þ d2;1uxuxx þ d3;2uxxuxxxx þ d4;1uxxxuxxxx þ d3;0u2
xx þ d3;1uxxuxxx

þ 32k3d3;2 � 16k2d1;4 � 4k2d3;0 þ 6b2
0;1g1 þ 2kd1;2 þ 6d0;2

� �
u2

þ 65280k3e2 � 64k3d4;1 � 64k3e4 � 16k2d2;3 � 16k2d3;1 þ 4032k2e1 � 16k2e3 þ 240ke0 � 4kd1;3 � 4kd2;1
�

þ12b0;1g2 þ 12d0;3Þuux þ 10kd1;4 � 4k2d3;2 þ 30d0;4 � 3=2d1;2
� �

u2
x

� 5=2d1;4 þ 3=4d3;0ð Þuxuxxx þ e2u9x þ e1u7x þ e0u5x þ d0;4uxxxx þ d0;3uxxx þ d0;2uxx

� b2
0;1g3 þ 5=4d3;2

� �
u2

xxx � 4kb2
0;1g1 þ 16k2d0;4 þ 4kd0;2

� �
u

� 256k4e2 þ 64k3e1 þ 16k2e0 þ 4kb0;1g2 þ 4kd0;3 þ b0;1g0

� �
ux þ g0ut þ g1utt þ g2uxxt þ g3u2

xxt;
where bi,j’s, dk,l’s, em’s, fn’s and gp’s are arbitrary constants.
Let us here take a special reduction of (10) as follows:
Rðu; ux; uxx; uxxx;uxxxx; u5x;u7x;u9x;ut ;utt ;uxxt; . . .Þ ¼ d0;0uþ d0;1ux þ d0;2uxx þ d0;3uxxx þ d0;4uxxxx þ d1;1uux

þ d1;2uuxx þ d1;3uuxxx þ d2;0u2
x þ d2;1uxuxx þ d2;2uxuxxx

þ d2;3uxuxxxx þ d3;1uxxuxxx þ e0u5x þ e1u7x þ e2u9x þ e3uu5x

þ f0u2ux þ f1u2uxxx þ f2u2u5x þ f3u3
x þ f4u3ux þ f5uuxuxx þ g0ut

þ g1utt þ g2uxxt; ð13Þ
where dk,l’s, em’s, fn’s and gp’s are arbitrary constants. The following corollary of the previous theorem gives two classes of constant
coefficient PDEs of polynomial type possessing FIDs.
Corollary

(a) If we take a Bäcklund transformation (11) from the Frobenius integrable systems (3) and (4) to the PDE (1), then h1, h2 and
R defined by (8), (9) and (13) must be of the form
;

h1 ¼ �k3b1;6/
7 þ 3k2b1;6/

5w2 � 3kb1;6/
3w4 þ b1;6/w6 þ k2b1;4/

5 � 2kb1;4/
3w2 þ b1;4/w4 � kb1;2/

3 þ b1;2/w2 þ b1;0/

þ b0;1w;

h2 ¼ k 6k2b1;6/
5w� 12kb1;6/

3w3 þ 6b1;6/w5 � 4kb1;4/
3wþ 4b1;4/w3 þ 2b1;2/wþ b0;1

� �
/

þ �7k3b1;6/
6 þ 15k2b1;6/

4w2 � 9kb1;6/
2w4 þ b1;6w

6 þ 5k2b1;4/
4 � 6kb1;4/

2w2 þ b1;4w
4 � 3kb1;2/

2 þ b1;2w
2 þ b1;0

� �
w

R ¼ 8kd2;3 � 40ke3 þ 24d0;4 � 6d1;3 � 2d2;1ð Þu3ux þ f1u2uxxx � 42e1u2u5x þ f3u3
x

þ 336k2e1 � 2kd2;2 � 4kf1 þ kf3 � 6b0;1g2 � 6d0;3 þ 2d1;2 þ d2;0
� �

u2ux þ d1;2uuxx

þ 1680ke1 þ 3d2;2 � 60e0 � 3f 1 � 1=2f 3ð Þuuxuxx þ d1;3uuxxx þ e3uu5x þ d2;1uxuxx þ d2;2uxuxxx þ d2;3uxuxxxx þ d2;0u2
x

þ 24k2e3 � 8k2d2;3 þ 2b2
0;1g1 � 16kd0;4 þ 2kd1;3 þ 2kd2;1 þ 2d0;2

� �
uux � ð2d2;3 þ 10e3Þuxxuxxx þ d0;2uxx þ d0;3uxxx

þ d0;4uxxxx þ e0u5x þ e1u7x þ 272k3e1 þ 2k2d2;2 � 16k2e0 � k2f3 þ 2kb0;1g2 þ 2kd0;3 � kd2;0 � b0;1g0

� �
ux þ g0ut

þ g1utt þ g2uxxt;
where bi,j’s, dk,l’s, em’s, fn’s and gp’s are arbitrary constants.
(b) If we take a Bäcklund transformation (12) from the Frobenius integrable systems (3) and (4) to the PDE (1), then h1, h2 and

R defined by (8), (9) and (13) must be of the form
h1 ¼ �k3b1;6/
7 þ 3k2b1;6/

5w2 � 3kb1;6/
3w4 þ b1;6/w6 þ k2b1;4/

5 � 2kb1;4/
3w2 þ b1;4/w4 � kb1;2/

3 þ b1;2/w2 þ b1;0/

þ b0;1w;

h2 ¼ �k3b1;6/
6wþ 3k2b1;6/

4w3 � 3kb1;6/
2w5 þ k2b1;4/

4w� 2kb1;4/
2w3 � kb1;2/

2wþ kb0;1/þ b1;6w
7 þ b1;4w

5 þ b1;2w
3

þ wb1;0;
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R ¼ f4u3ux þ f1u2uxxx þ 443520k2e2 � 120ke3 þ 8kf1 � kf4 þ 2kf5 þ 12d1;3 þ 6d2;1 � 360e0
� �

u2ux þ d1;2uuxx þ d1;3uuxxx

þ e3uu5x þ d3;0uxxuxxx þ d2;1uxuxx þ 30d2;3 þ 18d3;0 � 302400ke2 � 5040e1 þ 90e3 � 3f 1 þ 1=4f 4 � 3=2f 5ð Þu3
x

þ e2u9x þ d0;3uxxx þ f5uuxuxx þ d0;4uxxxx þ e0u5x þ e1u7x þ 30d0;4 � 3=2d1;2ð Þu2
x þ 4=3k2d1;2 � 16k2d0;4

� �
u

� b2
0;1g1 þ 1=3kd1;2

� �
uxx � 64k3e1 þ 256k4e2 þ 16k2e0 þ 4kc0;1g2 þ 4kd0;3 þ b0;1g0

� �
ux þ d2;3uxuxxxx � 5040e2u2u5x

þ 65280k3e2 � 16k2d2;3 � 16k2d3;0 þ 4032k2e1 � 16k2e3 � 4kd1;3 � 4kd2;1 þ 240ke0 þ 12b0;1g2 þ 12d0;3
� �

uux

þ g0ut þ g1utt þ g2uxxt;
where bi,j’s, dk,l’s, em’s, fn’s and gp’s are arbitrary constants.
The first class of nonlinear PDEs in the corollary above includes the potential KdV equation g0ut þ d0;3uxxx þ 6d0;3u2

x ¼ 0, the Bur-
gers equation g0ut + 2d0,2uux + d0,2uxx = 0, and the b- equation
g0ut �
1
2k

uxxt � 2uux ¼
1

2k
ð�3uxuxx þ uuxxxÞ;
which can be viewed as a general case of the famous Rod equation [28]. The second class of nonlinear PDEs in the corollary above
includes the KdV equation g0ut + 12d0,3uux + d0,3uxxx = 0, the family of spatially periodic third-order dispersive PDEs
b0;1g0ut � b2
0;1g0ux þ b0;1d0;3uxxx � d0;3uxxt ¼ b0;1a ku2 þ u2

x �
1
2

uuxx

� �
x

; a ¼ const:;
and the generalized seventh-order KdV equation
g0ut þ ð2kf5 � 120ke3 þ 8kf1Þu2ux þ 30d2;3 þ 18d3;0 �
3
2

f5 þ 90e3 � 5040e1 � 3f 1

� �
u3

x þ f5uuxuxx þ f1u2uxxx

þ d3;0uxxuxxx þ d2;3uxuxxxx þ e3uu5x þ e1u7x ¼ 0;
which has two well-known special cases: the Lax seventh-order equation and the Sawada–Kotera–Ito seventh-order equation [29].

3. Conclusions

Through two rational Bäcklund transformations of dependent variables, a kind of ninth-order PDEs of specific type pos-
sessing the suggested FIDs has been obtained successfully. Two special classes of such nonlinear PDEs possessing special FIDs
have been presented under reduction. The obtained PDEs contain various significant nonlinear wave equations.

We point out that the approach adopted in Section 2 can be easily applied to nonlinear variable coefficient PDEs, which
are quite intriguing in ocean dynamics, fluid mechanics, plasma physics, etc. In fact, in the case of variable coefficients, we
just only need to take the corresponding parameters (e.g., bi,j’s, dk,l’s, em’s, fn’s and gp’s) as functions of t, and the computations
involved are completely similar.

It would also be very interesting but much more complicated if we take the Möbius transformation
u ¼ ðauþ bwÞ=ðcuþ dwÞ; ðad� bc – 0Þ;
instead of the logarithmic derivative type Bäcklund transformations (11) and (12) in the process of making our computation.
We will discuss this transformation in a future publication.
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