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Abstract In this paper, the multivariate trilinear oper-
ators in the (3 + 1)-dimensional space are applied
to a (3 + 1)-dimensional GBK equation. The result-
ing trilinear form is used to study its wave dynam-
ics. Particularly, we generate a type of new interac-
tion solutions between breather lump-type solitons and
other multi-kink solitons, thereby formulating a kind
of breather lump—kink solitons. By setting time con-
stants, we change the coordinates of kink solitons to
make them collide with the breather lump-type soli-
ton, during which breather lump-type soliton is swal-
lowed eventually by those kink solitons. The evolu-
tion behaviours of the breather lump—kink solitons are
depicted by plotting 3-D and density graphs from the
perspective of wave characteristics.

Keywords Trilinear form - (3 + 1)-dimensional GBK
equation - Lump-type solution - Breather lump-kink
soliton

1 Introduction

A new direct method for constructing multi-soliton
solutions to integrable nonlinear evolution equations
is introduced by Hirota in 1971, namely the Hirota
bilinear method [1]. The idea is to make a transfor-
mation into new variables, so that in these new vari-
ables multi-soliton solutions appear in a particularly
simple form. Researchers usually use the Hirota bilin-
ear method to solve nonlinear PDEs and obtain their
lump solutions [2—13], multi-soliton solutions [14—
17], multi-lump solutions [18-20], interaction solu-
tions [7,8,11,21-24] and others [25-33]. For example,
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the following (2+ 1)-dimensional Boiti—-Leon—-Manna—
Pempinelli (BLMP) equation

Uy + Uxxxy — 3Mxxuy - Suxuxy =0, (D

under the transformation u = 2(In f),, turns into the
Hirota bilinear form

(DiDy +D,D3) f - f =0, )

where Dy, Dy and D, are Hirota’s bilinear operators,
and some lump solutions, soliton solutions and interac-
tion solutions are generated, with the aid of the Hirota
bilinear method [17].

Up to now, there are few studies on using trilinear
forms to solve nonlinear PDEs. The nonlinear terms in
trilinear equations have great influence on computation.
Hence, it brings us a new research topic—the trilinear
method for constructing analytic solutions to nonlin-
ear PDEs. Recently, we find that some new analytic
solutions of nonlinear PDEs can be obtained through
trilinear differential equations. Some interesting exam-
ples and general properties of trilinear equations have
been studied in [34].

In this work, we would like to construct lump-type
solutions and breather lump—kink interaction solutions
for a (3 + 1)-dimensional nonlinear equation, by utiliz-
ing the trilinear method. The rest of the paper is orga-
nized as follows. In Sect. 2, we present a trilinear equa-
tion and construct its lump-type solutions. In Sect. 3, we
compute breather lump—kink soliton solutions. Finally,
we give some discussions and concluding remarks in
Sect. 4.

2 Trilinear form and lump-type solution

In this section, we present a trilinear form and its corre-
sponding (3 + 1)-dimensional nonlinear equation, with
the aid of trilinear differential operators. And then, we

get a set of lump-type solutions for the resulting (34 1)-
dimensional nonlinear equation.

2.1 Trilinear form

Consider the trilinear operators in (3 + 1)-dimensional
space defined by the following rule [34]

K L M N
(Dp-m DL DY . Dm) Fogoh

K
= ((xpl Oy -I-Otp/] Oy +O{p/]/8x//)
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L
~ (a pady oy By + a},,,)
M
. (o{maz +oap 0 + O‘pg’az”)
N
. (ama, + otpé/‘f)t/ + a,,gat”)

xflx,y, 208 (&', ¥, 2. 1')
h (x”, y”7 7", [”) |x:x’:x”,y:y’:y”,z:z’:z”,t:t’:t”s

3)

where p; = (pi, pj. pj) (1 <i <4),K,L, M and N
are arbitrary nonnegative integers. And the powers of
al' (s > 1) are signs, defined by:

s=2k(k eN) i+, — +,—, -,

s=1id. 4.4+,
s=3:i4, -+ o,

s=54+. -t -t
s=T:i4+. -+ -+ -+ -+ - —

for m = 0,1,2,..., and then, by setting p; =
(pi, i, p]') = (1,2, 3), we have

Dif-g-h= figh— fgch — fghx,
DIf-g-h= fugh=—2fgh—2fgh
+f8xxh +2fgxhx + fghxx,
DDy f-g-h= fxygh — fegyh — feghy — fygxh
+fgxyh + fgxhy - fyghx
+f8yhx + fghyy, “)

and others. Let f = g = h, we also get the following
cases:

D2f - f-f=3fuf?—2f>F,
DiDyf - ff=3fcf>=2ffyf.
DIDyf - - f = foyS? = 2fonfyf — 6 fery i f
—6fex xSy — 6fuy fi
+ 18 fuy fux fo
DIf - f f = forex 2 = 8fexx fo f — 12 fux fi
+18 fi” f. )

where f = f(x, v, z, t) is an unknown function. Con-
sider a P-polynomial in (3 + 1)-dimensional reads [35]

P(x,y.z.0) =8x* +yxXy + ax’z 4 xt + yt — zz,
(6)
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and the corresponding trilinear equation is
(31)? +yD3D, +aD3D, + D, D,
+DyD; = D) f - [+ f =0, )

namely,

8 (fexax f2 = 8 fexa fo f — 12fex i
F18f ) + ¥ (feoxy f2 = 2fexx fy f = 6.fany [ f
— 6 fxx fe fy = 6 fey o + 18 fex iy ) + & (Frxxz f?
=2 ferc fof —6fazfef — O fex fofe
—6frefx? + 18 fex fro f) + 3 fu fP
=2 fif 3 ufP = 2ffif =3ffPH2£2f =0,
(8)

under the transformation u = 2(In f),, Eq. (8) is
mapped into a (3 + 1)-dimensional form

Suyxxx + O8uxltyy + VUxxxy T CUyxxxz
+3V(quxy + uxxuy) + 3o (uxttx; + Uxxltz)
Fuxr + Uy — Uz = 0, 9

and the corresponding generalized form of Eq. (9) is

SUyxyx + Axliyy + VUxyxy
+Quxxxz + p(Uxliyy + Uxxlty)
+ Buxtiy; + txxttz) + Mty
+ oty — N3z = 0. (10)

By settingo = = n3 =0, A = 65, © = 3y and
n1 = 1 in Eq. (10), one can be written as

8 (Uxxxx + OUylxy)
+V(uxxxy + 3”x”xy + 3uxxuy) +uy =0, (1)

which is the (2 + 1)-dimensional Bogoyavlensky—
Konopelchenko equation [36]. Thus, Eq. (10) is an
extension of Eq. (11), namely, a (3 4+ 1)-dimensional
generalized Bogoyavlensky—Konopelchenko (GBK)
equation, which can describe interaction of Riemann
wave along with three space directions in nonlinear
media.

2.2 Lump-type solution
By taking the parameters 6 = y =« =11 = 2 =

n3 =1, A =6, u =B =3, Eq. (10) has the following
form:

Uxxxx + OUxliyy + Uxxxy T Uxxxz
+3(uxuxy + uxxuy) + 3(uxlix;
Fxlz) + tyy + Uy —Uz; =0, (12)

whose corresponding trilinear equation is
(D;t + DD, + DD,
+DyD, + DyD, — Df) f-f-f=o0, (13)
ie.

fxxxxf2 - 8fxxxfxf - lzfxxfxz + 18fxx2f
+ fxxxyf2 - zfxxxfyf - 6fxxyfxf
—6 e fify = 6fey fi* + 18 e fiy [ + fevvef?
- zfxxxfzf - 6fxxzfxf - 6fxxfxfz
—6fxefi® 18 fux frof +3fuaf? =2fc fif
F3fuf? =2 fif =3 fef? H 212 F = 0.(14)
Take the function f in Eq. (14) as the following form
[2-13]
f=a’+0"+g.
§i =aix +biy+cz+dit+hi,i=12, 15)
where go > 0, and a;, b;, ¢i, d;, hi(i = 1,2) are real
constants to be calculated. Substituting (15) into trilin-
ear Eq. (14), we reach a set of algebraic equations, and
then, we can derive a;, b;, ¢;, d;, h;(i = 1, 2) with the
aid of Maple. This way, we can obtain the following
solutions of coefficients:
ai =ai(i =1,2),by =dy — ay,
cl = _dlv di = dl(l = 17 2)7
by =dy —ay,co = —dy, hi = hi(i = 1,2), go = go,
(16)
and under the transformation u = 2(In f),, we can get
the following lump-type solutions to Eq. (12):

Y- (a1t +az§2)’ (17
S
and

f=(ax+d —a)y—diz+dt +h1)2
+ (a2x + (dr — a2)y — daz + dat + h2)* + go,
(18)

where the functions ¢ and ¢, are given as follows:

Gi=aix+ (i —a))y —diz+dit + hy,
L = axx + (do — a2)y — doz + dot + hy. (19)

@ Springer
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Fig.1 3-Dplots (top) and density plots (bottom) of # viaEq. (17)
at three coordinates: a the x_y_u-coordinate by z = —x, t = 0;
b the x_t_u-coordinate by z = —x,y = 0; and ¢ the r_y_u-

By setting go > 0, the solution f is positive, and
u is localized in all directions in the space. Thus, the
lump-type solution u — 0 at any given time ¢, if the
corresponding sum of squares ¢ 4 ¢ — oo. Fig-
ure 1 shows the 3-D and density plots of u, by choosing
appropriate values of these parameters in Eq. (17).

3 Breather lump—kink solitons

In this section, we first propose a type of new interac-
tion solutions in terms of a new combination of cosine
function, hyperbolic cosine function and exponential
functions, namely, breather lump-kink soliton. Then,
we will investigate the interaction between the breather
lump-type soliton and multi-kink solitons for Eq. (12),
by taking the function f in Eq. (14) in the following
form
N
f = kicos(¢1) + kycosh(za) + Y kje® + g, (20)
j=3

where ¢; = ajx +b;jy+ciz+dit+hi(i =1,2...N),
and k;(i =1,2,...N), N > 3 are real constants.

@ Springer

coordinate by z = y,x = 0; witha; = —=2,dy = 2,h; =
0,a0 =2,dy =2,h, =0,g0 =1

Procedure 3.1 (Acquisition of interaction solutions)
Substituting Eq. (20) into Eq. (14), we reach the coef-
ficients of different polynomials and set the coeffi-
cients of these terms to zero, and we get a set of
algebraic equations in the parameters. And then, we
can derive a;, bj, ¢j,d;j, hj(i = 1,2...N) and k;(i =
1,2,...N). Finally, substituting the identified val-
ues of a;, bl‘, Ci, dl', hi(i = 1, 2.. N) and ki(i =
1,2, ... N) into Eq. (20), and through the transforma-
tion u = 2(In f),, we finally obtain abundant interac-
tion solutions of Eq. (12).

3.1 Breather lump-type soliton and a kink soliton

To search for interaction solutions between the breather
lump-type soliton and a kink soliton of Eq. (12), we
suppose N = 3 and Eq. (20) has the following form

f = ki cos(¢1) + ka cosh(¢a) + k3e® + go, 1)

where & = ajx+bjy+ciz+dit+h;(i =1,2,3)and
go > 0. Here a;, b;, ci,di,hi(i = 1,2,3) and k; (i =
1, 2, 3) are real constants to be calculated. According
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h3 =0

hs =10

Fig. 2 The 3-D evolution plots of u via Eq. (23) at h3 = —30, h3 = —20, h3 = —10, h3 =0, h3 = 10 and h3 = 20

to Procedure 3.1, we can obtain the following solutions
of coefficients:

ai=a;i(i=1,2,3), by =d| —a, cg =—d,

by=dy —ay, ¢ =—dp, b3 =d3 — a3,

c3=—d3, di=di(i=1,2,3), h =h;(i =1,2,3),

80 =go, ki =ki(i =1,2,3), (22)

and under the transformation # = 2(In f),, we can get
the following breather lump—kink soliton to Eq. (12):

_ 2(kyay sin(&1) — koaa sinh(&) — kzaze®?)
= 7 i
(23)

and

f =kicos(aix + (dy — ay)y —diz +dit + hy)

+ ko cosh(axx + (dr — a2)y — doz + dot + h3)
+kSe(a3X+(d3—as)y—d3z+d3t+h3) + g0, (24)

where the functions ¢;, {>and ¢3 are given as follows:

G =a1x +(dy —a))y —diz +dit + hy,
{2 = axx + (dy — aa)y — daz + dat + ha,
3 = a3x + (d3 — a3)y — dzz + dzt + hs. 25)

Figures 2 and 3 show 3-D and corresponding density
evolution behaviours of u, by setting t = 0, z = —ux,
ar =04,di =04, h =0,a0 = —04,d, = 0.2,
hy =0,a3 = -2,ds=1,g0 =land k; = 1(i =
1, 2, 3); and picking different values for 23 from —30 to
20, where we change the coordinate of the kink soliton
to make it collide with the breather lump-type soliton.
We can see the mutual reaction of breather lump-type
wave and kink solitary wave.

The breather lump-type soliton and a kink soli-
ton begin appearing at 13 = —30. The kink soliton
begins colliding with the breather lump-type soliton at
h3 = —20. Finally, the breather lump-type soliton is
swallowed by the kink soliton at 43 = 20 in Figs. 2 and
3.

@ Springer
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hs =10

Fig. 3 The density evolution plots of u via Eq. (23) at hi3 = —30, h3 = =20, h3 = —10, h3 =0, h3 = 10 and h3 = 20

3.2 Breather lump-type soliton and two kink solitons

By choosing N = 4, Eq. (20) has the following form
4

f = kicos(¢1) + kacosh(2) + > kje" + go, (26)
j=3

where §; = ajx + bjy +ciz+dit +hi(i =1,2...4)
and go > 0. Here, a;, b;, ¢;,di, hi(i = 1,2...4) and
ki(i = 1,2...4) are real constants to be calculated.
According to Procedure 3.1, we can obtain the follow-
ing solutions of coefficients:

a=a;i(i=1,2...4), by =d| —ay, c; = —dj,

di =di, by = —4a® — az, ¢ = 4ar’,

dy = —4ay®, by =ds — a3, ¢z = —ds,

dy=ds, hy =hii=1,2...4),

by = by, c4 =c4, dy =da,

g0 =2g0, ki=ki(i=1,2...4), 27)

@ Springer

and under the transformation u = 2(In f),, we can get
the following breather lump—kink soliton to Eq. (12):

__ 2(kiay sin(&1) — kaap sinh(£2) — kzaze®s — kyasett)
7 .
(28)

and
f =kicos(aix + (dy —ar)y —diz +dit + hy)

+ k> cosh (azx - (4a23 + az) y
+4ay’z — 4ar’t + hz)

+ k3e(a3x+(a'3—a3)y—d3z+d3t+h3)

+k4e(a4x+b4y+C4Z+d4t+h4) + g0, (29)
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hs = 20, hy = 10

hy =40, hy =20

Fig. 4 3-D evolution plots of u via Eq. (28) at h3 = —60, hy = —30, h3 = —40, hy = —20, h3 = =20, hy = —10, h3 =0, hy =0,

h3 =20, h4 =10 and h3z = 40, hy =20

where the functions ¢;(i = 1,2...4) are given as fol-
lows:

O =a1x +(dy —a))y —diz+dit + hy,
O =axx — (46123 + az) y +4ar’z — 4ay’t + hy,

{3 = azx + (dz — a3)y — d3z + dst + hs,
L4 = aax + bay + caz + dat + hy. (30)

Figures 4 and 5 show 3-D and corresponding density
evolution behaviours of u, by setting t = 0, z = —x,
ap =02,d, =0.6,h =0,a; = —-0.2, hp, =0,
a3 = —2,d3 = 1,a4 = =2, b4 = 0.6, c4 = —0.8,
dy=1,go=1landk;(i =1,2...4) = 1 and picking
different values for h3 from —60 to 40; and A4 from
—30 to 20, where we change the coordinates of the two
kink solitons to make them collide with the breather
lump-type soliton.

We can see that the breather lump-type soliton is
surrounded by two kink solitons at 3 = —60, hy =
—30 in Figs. 4 and 5. Then, the breather lump-type

soliton is swallowed eventually by the kink solitons
when h3 = 40, hy = 20.

3.3 Breather lump-type soliton and three kink solitons

By choosing N = 5, Eq. (20) has the following form

5
f = kicos(g1) + kacosh(¢z) + > kjeti + go. (31)
j=3
where ¢ = ajx +bjy +ciz+dit +hi(i =1,2...5)
and go > 0. Here, a;, bj, ci,di, hij(i = 1,2...5) and
ki(i = 1,2...5) are real constants to be calculated.
According to Procedure 3.1, we can obtain the follow-
ing solutions of coefficients:

ai=ai(i=1,2...5), by =di —ay, ¢y =—d,
dl =d17 b2:—46123_a2, C2=4a23’
dy = —4ar®, by =d3 — a3, 3 = —d3, d3 = ds,

@ Springer
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-20 -10

hs = 20, hy = 10

10 3 =3l -20 -10 0 10

x

hy = 40, hy = 20

Fig.5 Density evolution plots of u via Eq. (28) at h3 = —60, hy = —30,h3 = —40, hy = —20,h3 = =20, hy = —10,h3 =0, hqy =0,

h3 =20, hy = 10 and h3z = 40, hy =20

hi =hi(i=1,2...5), by = by,
€4 =c4, dy =ds, bs =ds —as, cs = —ds,
ds =ds, go=g0, ki =ki(i =1,2...5), (32)

and under the transformation u = 2(In f),, we can get
the following breather lump—kink soliton to Eq. (12):

_ 2(kyay sin(¢1) + kyay sinh(¢) — kzaze®? — kqage’ — ksase®s)
= 7 R

(33)
and
f =kicos(aix + (dy — ay)y —diz +dit + hy)
+ ko cosh (agx — (4a23 + a2) y
+4ay’z — 4ar’t + hz)
+ k3e(113X+(d3—a3)y—d3Z+d3t+h3)

+ k4e(a4x+b4y+c4z+d4z+h4)

1 kselasyH(ds—as)y—dsz+dst+hs) 4 o0 (34)

@ Springer

where the functions ¢; (i = 1,2...5) are given as fol-
lows:

Gi=aix +(dr —a))y —diz+dit + hy,

f = ayx — (4a23 + az) y +4ar’z — da’t + ho,

{3 =aszx + (d3 —az)y —dzz + d3t + h3,

L4 = asx + bay + caz + dat + hy,

{5 = asx + (ds —as)y — dsz + dst + hs. (35)

Figures 6 and 7 show 3-D and corresponding density
evolution behaviours of u, by setting r = 0, z = —x,
ap =02,dy =04, h; =0,a; = —0.2, hp, =0,
a3 = —2,d3 = 1,a4 = —2, by = 0.6, c4 = —0.8,
dy = 1l,a5 = 04,ds = —04, hs = —10, g0 = 1
and k; (i = 1,2...5) = 1 and picking different values
for i3 from —60 to 40; and 4 from —30 to 20, where
we change the coordinates of the two kink solitons to
make them collide with the breather lump-type soliton,
and the third one does not move.
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hs = 20, hg = 10

hy = 40, hy = 20

Fig. 6 3-D evolution plots of u via Eq. (33) at h3 = —60, hy = —30, h3 = —40, hy = —20, h3 = —20, hs = —10, h3 = 0, hy = 0,

h3 =20, hy =10 and h3 = 40, hy = 20

The breather lump-type soliton is surrounded by
three kink solitons at 73 = —60, hy = —30 in Figs. 6
and 7. Finally, the breather lump-type soliton com-
pletely decays and is swallowed by the kink solitons
when h3 = 40, hy = 20.

3.4 Breather lump-type soliton and four kink solitons

By choosing N = 6, Eq. (20) has the following form
6
J = kicos(¢1) + ka cosh({n) + Z kjeti + go. (36)
j=3
where ¢ = aix +bjy +ciz+dit +hi(i =1,2...6)
and go > 0. Here a;, bj, ¢i,d;i, hi(i = 1,2...6) and

_ 2(kyay sin(¢y) + koap sinh(&) + kzase®s — kyaze® — ksase’ — keage®®)

ki(i = 1,2...6) are real constants to be calculated.
According to Procedure 3.1, we can obtain the follow-
ing solutions of coefficients:

a; =a;(i =1,2,4,5,6), by =d| —ay,
ci =—di, di =di, by = —4ay’> — as,
= 4a23, dr) = —4(123, az = —as,
by =as —ds, c3=ds, d3z = —ds,
hi=hi(i=1,2...6), by = b,
c4 =c4, dy =ds, bs =ds —as, cs = —ds,
ds =ds, bg =ds — as, c6 = —ds, de =ds, go = 8o,
ki =kii =1,2...6), (37)

and under the transformation u = 2(In f),, we can get
the following breather lump—kink soliton to Eq. (12):

f

, (38)

@ Springer
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-20 -10

hs = 20, hy = 10

10

hs = 40, hy = 20

Fig.7 Density evolution plots of u viaEq. (33) at h3 = —60, hy = —30,h3 = —40, hy = —20,h3 = =20, hy = —10,h3 =0, hy =0,

h3 =20, hy = 10 and h3z = 40, hy =20

and
f =kicos(aix + (dy — ay)y —diz +dit + hy)
+ ko cosh (azx — (4(123 + az) y

+4ay’z — 4ar’t + hz)

+ k3e(—a5x+(a5—d5)y+d52—d5t+h3)

+ k4e(a4x+b4y+c4z+d4t+h4)

+ kse(a5x+(d5—a5)y—d5z+d5t+h5)’
+k6e(asx+(d6—as)y—dﬁz+det+h6) + g0, (39)

where the functions ¢; (i = 1,2...6) are given as fol-
lows:

¢ =aix +(dy —ay))y —diz+dit + hy,
L = axx — <4a23 + az) y+ 4a23z — 4a23t + hy,
3 = —asx + (as — ds)y + dsz — dst + h3,

@ Springer

L4 = aax + bay + caz + dat + hy,
{s = asx + (ds — as)y — dsz + dst + hs,
{6 = agx + (dg — ag)y — dez + det + he. (40)

Figures 8 and 9 show 3-D and corresponding density
evolution behaviours of u, by setting t = 0, z = —ux,
a) = 0.2, d1 = 0.4, /’ll = 0, ay = —0.2, h2 = 0,
a4 = —2, b4 = 0.6, Cq4 = —0.8, d4 = 1, h4 = —20,
as = —1,ds =04, hs = —10,a6 = —0.4, dg = 0.8,
he = =20, g0 = l and k;( = 1,2...6) = 1; and
picking different values for 43 from —30 to 20, where
we change the coordinate of one kink soliton to make it
collides with the breather lump-type soliton, and three
others do not move.

We can see that the breather lump-type soliton is
swallowed by the kink solitons when /23 = 20, in Figs. 8
and 9.
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hy =0

h3 =10

hs =20

Fig. 8 3-D evolution plots of u via Eq. (38) at h3 = — 30, h3 = — 20, h3 = — 10, h3 = 0, h3 = 10 and h3 = 20

Thus, we find that the breather lump-kink soli-
tons are completely non-elastic, u(x, y, z, t) is mixed
solitary waves of cosine function, hyperbolic cosine
function and exponential functions, and the breather
lump-type soliton begins decaying as the kink solitons
approach it. This interaction phenomena is similar to
the fusion and fission for soliton solutions.

4 Summary and discussions

In this study, we obtained a trilinear form for a (3 + 1)-
dimensional GBK equation, based on the multivariate
trilinear operators in (3 + 1) dimensions. Then, we
successfully constructed a group of lump-type solu-
tions and four types of breather lump—kink solitons, by
utilizing the resulting trilinear form. Abundant inter-
action phenomena of the breather lump-kink solitons
were depicted by plotting evolution graphs from the
perspective of dynamics. It is expected that those new

interesting solutions would be helpful in better under-
standing the (3 4 1)-dimensional GBK equation.

We presented 3-D and density graphs at three coor-
dinates of the lump-type soliton in Fig. 1. The 3-D
and density evolution behaviours of the breather lump—
kink solitons were depicted in Figs. 2, 3, 4, 5, 6, 7, 8
and 9. We changed the coordinates of the kink soli-
tons to make them collided with the breather lump-
type soliton. We saw that finally, the breather lump-
type soliton was swallowed by those kink solitons. It
should be particularly interesting to note that, by taking
pi = (pi» p}, p{) = (1,2,2), the trilinear operators
Dg Dyf-f-fand ngf - f - f can take the following
forms:

D)::Dyf . f . f = 3fxxxyf2 - 2fxxxfyf - 6fxxyfxf
—6fex frfy = 6fuy [ + 18 fey fux £,
Dif : f : f = 3fxxxxf2 - Sfxxxfxf
_lzfxxfx2 + 18fxx2fs (41)

@ Springer



L. Gai et al.

0
x

hs =0

Fig. 9 Density evolution plots of u via Eq. (38) at h3 = —30, hs = =20, h3 = —10, h3 = 0, h3 = 10 and h3 = 20

and thus, we can obtain another type of nonlinear equa-
tions from Eq. (13), for which the lump-type solutions
and breather lump—kink solitons can be similarly gen-
erated.
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