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Abstract By means of the Hirota bilinear method and symbolic computation, high-order lump-type solutions and a
kind of interaction solutions are presented for a (3+1)-dimensional nonlinear evolution equation. The high-order lump-
type solutions of the associated Hirota bilinear equation are presented, which is a kind of positive quartic-quadratic-
function solution. At the same time, the interaction solutions can also be obtained, which are linear combination
solutions of quartic-quadratic-functions and hyperbolic cosine functions. Physical properties and dynamical structures

of two classes of the presented solutions are demonstrated in detail by their graphs.
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1 Introduction

The investigation of rational solutions on nonlinear
evolution equations (NLEEs) has attracted much atten-
tion from mathematicians, physicists, and many scientists
in other fields. Among these rational solutions, ! lump so-
lutions and rogue wave solutions have been found in many
integrable systems.!?~7 Recently, the study of lump solu-
tions, which rationally localized in all directions in the
space, becomes a hot topic in soliton theory.[¥=22] Over
the past decades, many powerful methods have been devel-
oped to find the lump solutions of NLEES, such as the Hi-
rota bilinear method,3) the long wave limit approach, !
and the nonlinear superposition formulae.?*/ Among these
methods, the Hirota bilinear method is a direct method,
which can be used to obtain the exact solutions for NLEEs
once its corresponding bilinear form is given. By tak-
ing the function f in the bilinear equation as a positive
quadratic function, Ref. [8] obtained the lump solutions
of the KPI equation, which can be reduced to the ones in
Refs. [3,25]. Then, this method is widely used to find lump
solutions or lump-type solutions for generalized fifth-order
KdV equation, Boussinesq equation, (4+1)-dimensional
Fokas equation and so on.[''=2! References [26—44] fur-
ther extended this method to find interaction solutions for
integrable and non-integrable system.

In this paper, we focus on the following (3+1)-
dimensional NLEE

(2ut + Ugar — 2uug)y + 2(%8;1%)30 =0, (1)

where the inverse operator 9, ! is defined as (9, f)(z) =
/ foo f(2")dz" under the decaying condition at infinity and
O, = 0/0, with the condition 0,0;' = 9,9, = 1.
This equation was first introduced in Ref. [45] studied
the algebraic-geometrical solutions. Based on the con-
structed Wronskian determinant of solutions for a system
of four linear differential equations, N-soliton solution and
its Wronskian form are given in Ref. [46]. The linear
superposition principle of Eq. (1) has also discussed in
Ref. [47]. The Darboux transformation and the solutions
of multiple soliton interactions were studied in Ref. [48].
Positon, negaton, soliton and their interaction solutions,
multiple soliton solutions and multiple singular soliton so-
lutions are explicitly obtained by using the Hirota’s di-
rect method in Refs. [49-50]. Reference [7] constructed
its rouge waves and rational solutions by a simple sym-
bolic computation approach. Recently, M-lump solutions
of Eq. (1) and the interaction solutions between stripe
solitons and lumps are discussed in Ref. [19]. To the best
of our knowledge, the high-order lump-type solutions by
taking the function f in the bilinear equation as a kind of
positive quartic-quadratic-functions, and the interaction
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solutions by taking the function f as a combination of the
positive quartic-quadratic-functions and hyperbolic cosine
functions have not been studied so far. The aim of this
paper is to discuss the high-order lump-type solutions and
the interaction solutions to the (3+1)-dimensional NLEE
(1).

Through the dependent variable transformation
u==3[Inf(z,y,2,)] 2z,

Eq. (1) is transformed into the Hirota bilinear form

(DyD2 —3D,D, +2D,D,)f-f=0, (3)

where the derivatives D,D3, D,D,, and D,D; are the
bilinear operators defined by!2?!

Dyt Dyt F-G=(07,— 0y )" -+ )

X G(@Y, -, B)|ay =,y =s 5 (4)

and the corresponding bilinear form of Eq. (3) equals to

—4(fyf —4fyfe) =0. (5)

The structure of this paper is as follows. In Sec. 2,
high-order lump-type solutions are constructed by using
the Hirota bilinear method, which are obtained by tak-
ing function f in Eq. (3) as a kind of positive quartic-
quadratic-functions. In Sec. 3, a kind of interaction so-
lutions are derived by assuming function f in Eq. (3) as
a combination of positive quartic-quadratic-functions and
hyperbolic cosine functions. Finally, some conclusions will
be given in Sec. 4.

(2)

(0, —0u)" a1, ...

2 High-Order Lump-Type Solutions for

Eq. (1)

In this section, we will construct high-order lump-type
solutions of Eq. (1) by taking f in Eq. (3) as a combination
of positive quartic-quadratic-functions

f=s"+g"+h +as, (6)
with
s =a1x + agy + a3z + aqt + as,
g = asx + a7y + agz + agt + aio,
h = a1z + a2y + a13z + a1t + ass, (7)
where the real parameters a; (1 < i < 16) will be deter-
mined later. Substituting ansatz (6) with (7) into Eq. (3)

with a direct symbolic computation, it generates the fol-
lowing results

_ _ _ a11012 _ asaii1a12
ay=a4=0, a7r=-— y a8 = ————
ae a20¢
3(13@6 asai2 30,3&11
ag = ) aiz = ) aiqg =
2a2 a9 2@2
2 2
206010011 + A5071012 + A505012
a5 = ) (8)

asa?
which need to satisfy constraint conditions as follows
azag # 0, (9)

to ensure the corresponding solution f is well defined.
With the constraint conditions (9) and transformation (2),
the solution (6) can be obtained as follows

- 12(agg + ai1h)? B 6(a2 + a?;)

a16>07

f2 f ) (10)
where
f=(azy +azz +as)* + ¢*> + h* + ase
ai1a asa11a 3asa
9= agr — 11012 A3011 12z+ 3 6t+a10,
Qg ag0g 2CL2
asa 3asa
h =an1x+ a2y + 3 122—|— 273y,
as 2(12
axaa10a11 + asat a1z + asaiain
+ 5 . (11)
a20g

Case 1 By taking y = 0, the solution (10) can be reduced
to the following form

- 12(agg + ai1h)? 3 6(a2 + a?;)

: (12)
12 f
with
f=(azz+as)* +¢* + h* + a6,
3
9= agr — a3a11a12z n asaﬁt tag.
a20¢ 2&2
: 3
h= aye+ as3ai2 a3a11t
ag 2&2
azagaipair + asalias + aw%au (13)

asa?

It is easy to calculate that there are three critical points

| to solution (12), which reads

. 3&3&%15 + 2@10@20,6 + 2@11&12&5 _%

(Tuy s 20y ) = (

2aas

) )7
as

2 2 4 2 3 3 2
—3atazagt — 3azaglt — 2a10a7;a2a6 — 2100205 — 2a7;01205 — 20120110505

(Tuigs Zuy) = (

2a3as(a?; + ag)

2agas(at, + ag)

2y/3a3,a1603a¢ + 3arsa3af

a5)
I
as

2 2 4 2 3 3 2
—3aj;a3ait — 3asagt — 2a10a7a206 — 2a100205 — 207161205 — 20120110505

(Tugs Zus) = (

21/3a3,a16a3ag + 3aisaial
o 2 2 2
2agaz(ai; + ag)

2a3as(a?; + ag)

a5)
as '
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In order to show the physical properties and structures of V6

: (Tug, Zug) = (—0.3t - —,0)_ (16c)
solutions (12) more clearly, we select the parameters as 2
az = l,az = 0.2,a5 = 0,a6 = 1,a10 = 1,011 = 1,012 = It is easy to found that solution (15) has a local
5,a16 = 1, which yields minimum value wupyi, = —12 at (—0.3t,0) and a local

_24(—162249.62t+1.44t>—0.01282* + 1622 —8)
© (0.72t24-822+ 822+ 4.8t +0.006424 4 4)2

and the corresponding three critical points can be further
calculated as follows
(Tuys 20, ) = (—0.3,0),

\/5>7

(Tay, 2uy) = (—0.3t + 5,0

, (15)

(16a)

(16b)

(a) (b)

BEN 2

U —6 u —6

—10 —10

—10 —10
Jw s 0 =5 710 2 10

T

Aar 3

maximum value . = 1.5 at (—0.3¢t + (v/6/2),0) and
(—0.3t — (v/6/2),0), which can be clearly observed from
Fig. 1. Figure 2 is the corresponding density-plots in the
(z, z)-plane when t = —10, 0, 10, respectively.
Case 2 By taking z = 0, the solution (10) can be reduced
to the following form

. 12(a6g + anh)2 6(0% + a%l)

u= 72 7 , (17)

(c)

S

u —6
—10
—10
_ 0 _
5 o -5 —10 0 5 -5 —10
T z T

Fig. 1 (Color online) Evolution plots of the solution (15). (a) ¢ = —10, (b) t =0, (¢) ¢ = 10.
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Fig. 2 (Color online) Corresponding density plots for Fig. 1. (a) t = —10, (b) t =0, (c) ¢t = 10.
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JNW —20
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_ 92513
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Fig. 3 (Color online) Evolution plots of the solution (20). (a)t = —10, (b) t =0, (c) t = 10.

where
f=(azy+as)"+g°>+h>+a,

3asa
h = a1z + a2y + STy 4

g=act — — 2y +
ae

2 2
Q206010611 + 5071012 + A505012

11012 3azag

t )
2%, + aio

2(12

18
(18)
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It is easy to find that solution (17) also has three critical points

B 3(130%15 + 2a19a20a¢ + 2a11a120a5 _%)
)

2 i
2agas as

(20 v) = (
—3a%1a3a%t — 3a3a§t — 2a10a%1a2a6 — 2a10a2ag — 2a§1a12a5 — 2a12a11a5a%
2 2 2
2agaz(af; + ag)
2y/3a3,a16a2a + 3aisa3al _%)
)

2a2as(a?, + a?) T ag

(Tuigs Yur) = (

2 2 4 2 3 3 2
—3aj;aszagt — 3asagt — 2ai0a7a206 — 2a10a2a5 — 2a7,01205 — 20120110505
2a2as(a?; + a?)

(Tugs Yus) = (

2y/3a%,a16a2a + 3aisa3al a5)
- 2 2 2 T
2aZas (a3, + af) ag

(19)

By taking the corresponding parameters as as = 1,a3 = 0.2,a5 = 0,a6 = 1,a10 = 1,a11 = 1,a12 = 5,a16 = 1,
solution (17) with (18) can be reduced to the following form
384(—80y* + 225¢2 + 600zt + 40022 — 100> — 80)

- , 20
“ (16y* + 45t2 + 1202t + 8022 4 20y + 16)(180¢2 + 32022 + 80y? + 480zt + 64y* + 64) (20)

and the corresponding three critical points reads

(mu17yu1) = (_075t70)7 (213)
(Tuz Yus) = ( —0.75¢ + go) (21b)
(Tugs ) = (= 0758 - g 0), (21¢)

which point (—0.75t,0) corresponds to a local minimum value i, = —30, and points (—0.75t 4 (1/15/5), 0) correspond
to a local maximum value uy,ax = 3.75. For the corresponding 3D-plots and density-plots, see Figs. 3 and 4.
Case 3 When x = 0 and a5 = 0, one can see that g and h in Eq. (11) satisfy ¢ = —(a11/a¢)h, which means expression
(6) can be rewritten as f = s* + (1 + a?)h? + a16. Unfortunately, f = s* + (1 + a?)h? + a6 will lead to solution u is
not localized in all directions in space.['3:41]

By choosing appropriate parameters with as =2, a3 =1, a5 =0, a6 =2, a10=0,a11 =1,a12 =1, a16 =1, z = 0,
one can simplify solution (10) to the following form

480(—256y* — 51237 — 3841222 — 128y — 162* + 45t — 20y — 20yz — 522 — 16)
C (256y* 4 512937 + 3849222 4+ 128yz3 + 1624 + 45¢2 + 20y2 + 20yz + 522 + 16)2

(22)

which corresponding 3D-plots and density-plots can be seen in Figs. 5 and 6.

20 20

10 10
—10

—10

—20 —20

Fig. 4 (Color online) Corresponding density plots for Fig. 3. (a) ¢t = —10, (b) t =0, (¢) t = 10.
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Fig. 5 (Color online) Evolution plots of the solution (22). (a) ¢ = —10, (b) t =0, (c) ¢ = 10.

20
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Fig. 6 (Color online) Corresponding density plots for Fig. 5. (a) t = —10, (b) t =0, (c) t = 10.

3 A Kind of Interaction Solutions for Eq. (1) | (23) with (24) into Eq. (3), we obtain
In order to find the interaction solutions to Eq. (1), 1 =ay=as=ag=ag=ay =ajy =ky =k =0,
the function f in Eq. (3) may be taken as the following

form ar = CLZZB ENUTES az—?g, ky = —%‘2—3@3) ,(25)
f=s"+g"+h"+q+a, (23) " Which need to satisfy the following constraint conditions

with asaz Z0, ai;g>0, k>0, (26)
s=ai1x + asy + asz + ast + as, to ensure the corresponding solution w is positive, analyt-

ical and localized in all directions in the (z,y, z)-plane.

= agZT + ary + agz + agt + a1, . o :
9= 06T + oty + o ’ 10 With the conditions (25) and (26), the solution of Eq. (1)

h = anz+any + a3z + a1al + a5, can be obtained as follows
q = kcosh(kiz + kay + ksz + kqt) , (24) 3kk2(s* + g2 + h?) cosh(€) + 3k2k2 @)
u=— ,
where the real parameters a; (1 <i <16) and k,k; (1 < [s* + g% + h? + k cosh(§)]?

j < 4) are all to be determined later. Substituting ansatz , with

a2a13

k1(azk? — 3a
Y+ a13z + ais, §=k1$—1(21—3)

t. 28
as 2(12 ( )

az0as
§ = a2y +azz, 9= "0r y+agz+ayw, h=
3

Case 1 Taking as = 0.5,a3 = 2,(18 = 1,(110 = 0,(113 = 1,a15 = 0,&16 = 2,k‘ = 5,k1 = 2,y = 0, solution (27) can be
reduced to the following form

B 960(16 cosh(8t + 2x)2* + 2 cosh(8t + 2x)2? + 2 cosh(8t + 2x) + 5) (29)
N (642% + 822 + 20 cosh(8t + 2z) + 8)2 '

which corresponding 3D-plots and density-plots can be seen in Figs. 7 and 8.
Case 2 By selecting the parameters as as = 1,a3 = 2,a3 = 4,a10 = 0,a13 = 2,a15 = 0,a16 = L,k =4,k =2,2 =0,
solution (27) can be rewritten as
48(cosh (2t + 2x)y* + 5cosh(2t 4 2z)y? + cosh(2t + 2x) + 4)
(y* + 5y + 4 cosh(2t + 2x) + 1)2 ’

(30)

u =
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which corresponding 3D-plots and density-plots can be seen in Figs. 9 and 10. From Figs. 7, 8, 9, and 10, it can be
clearly seen that the above two types of solutions (29) and (30) can be regarded as “soliton” solutions.

(a) (b) (c)

0 01 0
5] o] o
u—47] u =47 u—47
—67 —6 —67
_8-W _8: =
— —30%@‘1"‘1 - Mr—r—rv—v—"v—r“
32301030 10 0-10 —30 Y50 10 0-10 30 ?ioiolog,o 10 0-10 —30

Fig. 7 (Color online) Evolution plots of the solution (27). (a) t = =5, (b) t =0, (c) t = 5.

30

20

b

v"3 10 0-10 —30 04, 10 0-10 =30 —10 10 0—10 —30
x v z Y x

30

20

~10 [l \\ ~10

—20 —20

—-30 ‘ —30
—-20-10 0 10 20 30 —20—-10 0 10 20 30 —-20-10 0 10 20 30

x xT x

Fig. 10 (Color online) Corresponding density plot for Fig. 9. (a) t = —15, (b) t =0, (c) ¢ = 15.
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Case 3 By choosing appropriate parameters with as = 0.5,a3 = 1,as = 2,a19 = 0,a13 = 2,a15 = 0,a16 = 2,k =
5,k1 = 2,2z =0, solution (27) reads

~ —60(0.0625y* 4 0.5y3z + 1.5y%22 + 2yz3 + 2* + 2y? + 8yz + 82?) cosh(2t) — 300
~(0.0625y% 4 0.5y32 + 1.5y222 + 223 + 24 4+ 2y2 + 8yz + 822 + 5cosh(2t) +2)2

Figures 11 and 12 show the interaction phenomenon, which is induced by the twin-strip solitons for solution (31).
Figures 11(a) and 12(a) show there are two stripe solitions at the time ¢ = —3, and when ¢ = 0, the two stripes solitons
disappear and one stripe soliton appears which has much more energy and higher peak that one can see in Figs. 11(b)
and 12(b), as time goes by, the twin-strip solitons start appearing which can be seen in Figs. 11(c) and 12(c). In fact,
in expression (28), h = fg when ai3 = fas, a5 = faip, which means the function f in Eq. (23) could be rewritten as
f=s*+(1+B?)g?+ cosh(yt) under x = 0. From Sec. 2, the function f = s* + (1 + 3?)g? yields lump-type solution
along the direction of = 0. It is obvious that when ¢ = 0 there is no cosh(y¢) but only lump-type soliton, and when
t # 0, there are twin-stripe solitons.

(31)

=37 @ —s] o) —33
—25 —7] ~2.51
-2 —g: -2
u —1.5 U 4 w —1.57
1 —31 RE
~0.5 :12' —0.5 -
-30 30 jo 30 —3;) 20-100 10 20_ 40"
~20-100 10 20_4," ,, —30-20-100 10 20_3, 0, —20-100 -30",
z z

Fig. 11 (Color online) Evolution plots of the solution (31). (a) t = —3, (b) t =0, (c) t = 3.

30 30

20 201

-10 S 10

—20 —20

—-30 —-30
—-20—-10 0 10 20 30 —-20-10 0 10 20 30 —-20-10 0 10 20 30
Y Y Y

Fig. 12 (Color online) Corresponding density plot for Fig. 11. (a) t = —3, (b) t =0, (c) t = 3.

4 Conclusions

In summary, by using the means of the Hirota direct method and symbolic computation, the high-order lump-type
solutions (10) and their interaction solutions (27) to the (3+1)-dimensional nonlinear evolution equation (1) are studied.
By taking the function f in Hirota bilinear equation (3) as a kind of positive quartic-quadratic-functions, the high-order
lump-type solutions (10) are constructed which the dynamic mechanism can be seen in Figs. 1-6. Furthermore, when
we take the f as a combination of positive quartic-quadratic-functions and hyperbolic cosine functions, the interaction
solutions (27) are presented, and their corresponding dynamic physical properties are vividly showed in Figs. 7-12.
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