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Abstract Abundant exact interaction solutions, including lump-soliton, lump-
kink, and lump-periodic solutions, are computed for the Hirota-Satsuma-Ito
equation in (24 1)-dimensions, through conducting symbolic computations with
Maple. The basic starting point is a Hirota bilinear form of the Hirota-Satsuma-
Ito equation. A few three-dimensional plots and contour plots of three special
presented solutions are made to shed light on the characteristic of interaction
solutions.
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1 Introduction

In the classical theory of differential equations, the main aim of Cauchy prob-
lems is to determine the existence of a solution for a differential equation, which
satisfies given initial data. Laplace’s method aims to solve Cauchy problems
for linear ordinary differential equations, and the Fourier transform method,
for linear partial differential equations. In modern soliton theory, the isomon-
odromic and inverse scattering transform methods have been introduced for
solving Cauchy problems for nonlinear ordinary and partial differential equa-
tions [1,6,41].

Usually, only constant-coefficient and linear differential equations are solv-
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able explicitly, and it is extremely difficult to determine exact solutions to
variable-coefficient or nonlinear differential equations. Nevertheless, the Hirota
bilinear method provides an efficient approach to soliton solutions [2,10]. Soli-
tons are a kind of analytic solutions exponentially localized, historically found
for nonlinear integrable equations. Let a polynomial P determine a Hirota
bilinear form

P(Dany)Dt)f'fZOa

where D,, D,, and D; are Hirota’s bilinear derivatives [10], for a given partial
differential equation with a dependent variable u = w(z,y, t). Within the Hirota
bilinear formulation, soliton solutions can often be determined through

= 2(log f)x:c or u = 2(10g f):w f= Z €xp (ZMZ& + ZMZNJ%J)

n=0,1 1<J

where Z#_O , denotes the sum over all possibilities for g1, pa, ..., un taking
either 0 or 1, and the wave variables and the phase shifts are given by

& =kiv+ Ly —wit+&o, 1<i<N,

and
P(k’l — kj,li — lj,OJj - OJZ‘)
P(/ﬂ + kj,li + lj,wj +wi)’

Qi
el]:_

1<i<j<N,

with k;, l;, and w; satisfying the corresponding dispersion relation and &; o being
arbitrary translation shifts.

It is shown that there exists another kind of interesting analytic solutions
called lumps, originated from solving soliton equations in (2 + 1)-dimensions
(see, e.g., [37,38,43]). Lumps are a class of rational analytic function solutions
that are localized in all directions in space. Taking long wave limits of N-
soliton solutions can generate special lumps [42]. Positon and complexiton
solutions add valuable insights into the diversity of exact solutions to nonlinear
integrable equations [22,47]. Recent studies also tell that there exist interaction
solutions (see, e.g., [36]) between two different kinds of solutions to integrable
equations. Particularly, integrable equations in (2 + 1)-dimensions exhibit the
remarkable richness of interaction solutions (see, e.g., [35]), which can be used to
describe various wave phenomena in sciences. The KP I equation possesses lump
solutions [24], among which are special ones generated from soliton solutions
[39]. Other integrable equations which possess lump solutions include the three-
dimensional three-wave resonant interaction [13], the BKP equation [7,49], the
Davey-Stewartson equation II [42], the Ishimori-I equation [12], and the KP
equation with a self-consistent source [54]. The most important step in getting
lumps is to determine positive quadratic function solutions to bilinear equations
[37], based on which some general analyses on lumps were made (see, e.g., [37]
for Hirota bilinear equations and [38] for generalized bilinear equations).
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In this paper, we would like to consider the Hirota-Satsuma-Ito (HSI) equa-
tion in (2 + 1)-dimensions. It is known that the Hirota-Satsuma shallow water
wave equation [10]

Up = Upgt + SUUp — BUgVp — Uy,  Vyp = —U, (1)

has a bilinear form
(DiD} — DD, — D3)f - f =0, (2)

under the logarithmic transformation v = 2(log f)». An integrable (2 4 1)-
dimensional extension of the Hirota-Satsuma equation reads [9]:

Wi = Uggt + 3UU — UV + Uy, Wy = —Uy, Vp = —1U, (3)

and its derivative form, called the HSI equation in (2 + 1)-dimensions and
passing the three-soliton test [9],

P(u) = Ugz + Uty + 3(utua:)x + Utgze = 0, (4)
has a bilinear form under the logarithmic transformation u = 2(log f),:
B(f) = (DiDF + DDy + D3)f - f = 0. (5)

Actually, under u = 2(log f)., we have the relation P(u) = (B(f)/f?)s.

This paper aims to search for interaction solutions including lump-soliton,
lump-kink, and lump-periodic solutions to the HSI equation in (2+1)-dimensions
(4), through symbolic computations with Maple. The Hirota bilinear form is
the starting point for our search (see, e.g., [21,33,37,38,62] for other equations).
For three special presented solutions, a few three-dimensional plots and contour
plots will be made via the Maple plot tool, to shed light on the characteristic of
interaction solutions. A few concluding remarks will be given in the last section.

2 Interaction solutions

A search for positive quadratic solutions to the bilinear equation (5) generates
a class of lump solutions to the HSI equation in (2 + 1)-dimensions (4):

u=2(log f)z, [f= (a1x+a2y—|—a3t+a4)2+ (a5x—|—a6y—|—a7t+ag)2+a9, (6)

where
a%ag + 2a1a5a7 — agag
az = — 5 D) 3
az + a7

B a%m — 2a1a3a5 — a§a7 .

ag = D) p) ’ ( )
a3+ az
2 2\, 2 2
g = _3(ay + a3)(a3 + a7)(a1a3 + asar)
(arar — azas)? ’
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and all other a;’s are arbitrary. It is easy to see that

(af + a3)(a1a7 — asas)
a3 + a?

a1 — a2a5 = ) (8)
and thus, the conditions of ajas + asar < 0 and aja7 — asas # 0 guarantee
that u = 2(log )z, will present lump solutions to the HSI equation in (2 4 1)-
dimensions (4).

In what follows, we would like to compute interaction solutions between
lumps and another kind of exact solutions, including solitons, kinks, and pe-
riodic solutions. To begin with, suppose that the wave variables are defined
by

& = a1x + agy + ast + aq,

& = asx + agy + a7t + as, (9)
§3 = agx + aipy + ait + aiz,
and adopt an ansatz

f=8+&+9(&) + a3, (10)

where a;, 1 <4 < 13, are constant parameters, and g is a given test function.
We will only study three special kinds of lump interactions with homoclinic,
heteroclinic, and periodic (sinusoidal and cosinusoidal) test functions.

2.1 Lump-soliton solutions

If we take a choice with a hyperbolic test function

f =& +& + cosh(&s) + a3, (11)

then upon setting aj9p = 0, we can have the following two solutions for the
parameters:

2 2
{a1 = bas, ax = —basag, az =0, ag = asay,
2a5 1 32a3 — ag
5 9
a7 =—,a10=0,a11 = ——, a13 = — 12 }7 (12)
ag ag azag
where b> — 3 = 0, and
2 as
{al = —bas, az = 2basay, a3 = 5, ag = 0,
3bag
4 4
as 1 32a5 — 9ay
ar=—5,a10=0,a11=——,a13=——_>5 5 }, (13)
ag ag 12azag

where 30> — 1 = 0.
If we take a choice with another hyperbolic test function

f=& +& +sinh(&3) + a3, (14)
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then y . .
32a5 + aq or ap — ~ 32a; —ggagj
12azag
and all other parameters do not change. This set of parameters generates a
class of singular interaction solutions to the HSI equation in (24 1)-dimensions
(4) through u = 2(log f).
For a special case of the first solution (12) with

ajz = — (15)

2 2
dazag

a4:17 (15:1, CL8:—1, 09:3, a12:27

three three-dimensional plots and contour plots of the corresponding interaction
solution are made via Maple plot tools, to shed light on the characteristic of
interaction solutions, in Figure 1.
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Figure 1: Profiles of u when ¢t = 0,50,100: 3d plots (top) and contour plots (bottom)

2.2 Lump-kink solutions
If we take a choice with an exponential test function

=8+ +e% +as, (16)
then we can have the following two solutions for the parameters:
{a —§aa2 a ——§a a2, a _ 2
1= 5 @70y, a2 = = 50y, a3 = 322’
9 1, 2
a6 = 7 a7dg, @10 = 5 @5, A1 = 3, @13 = 0}’ (17)
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and
ai1(4a? — 9a2a3) 4a? — 9a2ag
az = 6a2a2 7(13:07(15:—W
azag arag
4 2,24 4.8
a6 = — 16a7 — 216ajazaq + 8lasag
- 3,4 ’
144azaq
2 2.4 2.3
- dat — 3azag 4 = — 12azay
- 2 ) - 2 2,47
12azagy 4ay + 9azag

(4a? — 9a2ag)(16af + T2a%a%ag + 81aial) }

18
576a%a%ag (18)

a3 =

For a special case of the second solution (18) with
ay = 2, aq = 1, a7 = —1, ag = —1, ag = 1, alg = 2,

three three-dimensional plots and contour plots of the corresponding interaction
solution are made via Maple plot tools, to shed light on the characteristic of
interaction solutions, in Figure 2.

Figure 2: Profiles of u when t = 0, 3,5: 3d plots (top) and contour plots (bottom)

2.3 Lump-periodic solutions

If we take a choice with a trigonometric test function

f= 5% + 5% +g(&3) +a13, ¢ =sin or cos, (19)
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then upon setting aj9p = 0, we can have the following two solutions for the
parameters:

{ a1 = bas, ay = ba5a3, a3 =0, ag = —a5a§,
2a5 1 32ai — ag
ar=——>5,0a10=0,a11=—,a :—}, 20
7 2 o = a3 102l (20)
where b?> — 3 =0, and
as
a1 = bas, as = 2basa?, a3 = ——, ag = 0,
{ 1 5, a2 509, (3 3ba2 6
as 1 32a3 — 9ag
ar=——5,a10=0,a11=—, a :—}, 21
7 a2 10 11 ” 13 12022 (21)
where 30 — 1= 0.
For a special case of the first solution (20) with
as = -1, ag=-1, ag=-1, ag=1, aia=-2, g=sin,

three three-dimensional plots and contour plots of the corresponding interaction
solution are made via Maple plot tools, to shed light on the characteristic of
interaction solutions, in Figure 3.

Figure 3: Profiles of u when t = 0, 3,5: 3d plots (top) and contour plots (bottom)
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All the interaction solutions generated above provide a valuable supplement
to the existing theories on soliton solutions and dromion-type solutions, devel-
oped through powerful existing techniques including the Hirota perturbation
approach, the Riemann-Hilbert approach, symmetry reductions, and symme-
try constraints (see, e.g., [4,5,15-18,20,27,46,61]).

3 Concluding remarks

We have studied the (2 + 1)-dimensional Hirota-Satsuma-Ito equation to ex-
plore diverse interaction solutions, through symbolic computations with Maple.
The results enrich the theory of solitons, providing a new example of (2 + 1)-
dimensional nonlinear integrable equations, which possess abundant interaction
solutions. Three-dimensional plots and contour plots of the three specially cho-
sen interaction solutions were made by using the plot tool in Maple.

On one hand, recent studies show that many nonintegrable equations possess
lump solutions, which include (2 4 1)-dimensional generalized KP, BKP, KP-
Boussinesq, Sawada-Kotera, and Bogoyavlensky-Konopelchenko equations (see,
e.g., [3,19,31,33,34,40,55,56,58]). Diversity of lump solutions supplements exact
solutions generated from different kinds of combinations (see, e.g., [32,45,48]),
and yields the corresponding Lie-Backlund symmetries, which can be used to
determine conservation laws by symmetries and adjoint symmetries [11,23,26].
On the other hand, some other studies exhibit diverse interaction solutions for
many integrable equation in (2 + 1)-dimensions. Those include lump-soliton in-
teraction solutions (see, e.g., [35,50,52,53]) and lump-kink interaction solutions
(see, e.g., [14,44,59,60]). In the (3 + 1)-dimensional case, a class of lump-type
solutions, being rationally localized in almost all directions in space, were con-
structed for the integrable Jimbo-Miwa equations. Various such solutions were
computed for the (3+1)-dimensional Jimbo-Miwa equation (see, e.g., [25,51,57])
and the (3 + 1)-dimensional Jimbo-Miwa like equation [8]. Some other recent
studies also demonstrate the remarkable richness of lumps and interaction so-
lutions in the case of linear partial differential equations in (3 + 1)-dimensions
[28,29] and (4 + 1)-dimensions [30].

We conjecture that the existence of interaction solutions with diverse fea-
tures would strongly reflect complete integrability of partial differential equa-
tions. Naturally, it is interesting to search for lump solutions and interaction
solutions to partial differential equations of all orders and dimensions. The
other interesting problem is to characterize either linear or nonlinear partial
differential equations which exhibit the existence of diverse lump solutions and
interaction solutions.

Acknowledgements This work was supported in part by the National Natural Science
Foundation of China (Grant Nos. 11301454, 11301331, 11371086, 11571079, 51771083), NSF
under the grant DMS-1664561, the Natural Science Foundation for Colleges and Universities



Interaction solutions to the HSI equation in (2 4 1)-dimensions 9

in Jiangsu Province (17KJB110020), Emphasis Foundation of Special Science Research
on Subject Frontiers of CUMT under Grant No. 2017XKZD11, and the Distinguished
Professorships by Shanghai University of Electric Power, China and North-West University,
South Africa.

References
1. Ablowitz M J, Clarkson P A. Solitons, Nonlinear Evolution Equations and Inverse
Scattering. Cambridge: Cambridge Univ Press, 1991
2. Caudrey P J. Memories of Hirota’s method: application to the reduced Maxwell-Bloch
system in the early 1970s. Philos Trans Roy Soc A, 2011, 369: 1215-1227
3. Chen S T, Ma W X. Lump solutions to a generalized Bogoyavlensky-Konopelchenko
equation. Front Math China, 2018, 13: 525-534
4. Dong H H, Zhang Y, Zhang X E. The new integrable symplectic map and the symmetry
of integrable nonlinear lattice equation. Commun Nonlinear Sci Numer Simul, 2016,
36: 354-365
5. Dorizzi B, Grammaticos B, Ramani A, Winternitz P. Are all the equations of the
Kadomtsev-Petviashvili hierarchy integrable? J Math Phys, 1986, 27: 2848-2852
6. Drazin P G, Johnson R S. Solitons: An Introduction. Cambridge: Cambridge Univ
Press, 1989
7. Gilson C R, Nimmo J J C. Lump solutions of the BKP equation. Phys Lett A, 1990,
147: 472-476
8. Harun-Or-Roshid, Ali M Z. Lump solutions to a Jimbo-Miwa like equation. arXiv:
1611.04478
9. Hietarinta J. Introduction to the Hirota bilinear method. In: Kosmann-Schwarzbach
Y, Grammaticos B, Tamizhmani K M, eds. Integrability of Nonlinear Systems. Lecture
Notes in Phys, Vol 495. Berlin: Springer, 1997, 95-103
10. Hirota R. The Direct Method in Soliton Theory. New York: Cambridge Univ Press.
2004
11. Ibragimov N H. A new conservation theorem. J Math Anal Appl, 2007, 333: 311-328
12. Imai K. Dromion and lump solutions of the Ishimori-I equation. Prog Theor Phys,
1997, 98: 1013-1023
13. Kaup D J. The lump solutions and the Bicklund transformation for the three-
dimensional three-wave resonant interaction. J Math Phys, 1981, 22: 1176-1181
14. Kofane T C, Fokou M, Mohamadou A, Yomba E. Lump solutions and interaction
phenomenon to the third-order nonlinear evolution equation. Eur Phys J Plus, 2017,
132: 465
15. Konopelchenko B, Strampp W. The AKNS hierarchy as symmetry constraint of the
KP hierarchy. Inverse Problems, 1991, 7: L17-1.24
16. Li X Y, Zhao Q L. A new integrable symplectic map by the binary nonlinearization to
the super AKNS system. J Geom Phys, 2017, 121: 123-137
17. Li X Y, Zhao Q L, Li Y X, Dong H H. Binary Bargmann symmetry constraint
associated with 3 x 3 discrete matrix spectral problem. J Nonlinear Sci Appl, 2015, 8:
496-506
18. Liu J G, Zhou L, He Y. Multiple soliton solutions for the new (2 + 1)-dimensional
Korteweg-de Vries equation by multiple exp-function method. Appl Math Lett, 2018,
80: 71-78
19. Li X, Chen S T, Ma W X. Constructing lump solutions to a generalized Kadomtsev-
Petviashvili-Boussinesq equation. Nonlinear Dynam, 2016, 86: 523-534
20. Li X, Ma W X, Chen S T, Khalique C M. A note on rational solutions to a Hirota-

Satsuma-like equation. Appl Math Lett, 2016, 58: 13-18



10

Wen-Xiu MA

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Li X, Ma W X, Zhou Y, Khalique C M. Rational solutions to an extended Kadomtsev-
Petviashvili like equation with symbolic computation. Comput Math Appl, 2016, 71:
1560-1567

Ma W X. Wronskian solutions to integrable equations. Discrete Contin Dyn Syst, 2009,
Suppl: 506-515

Ma W X. Conservation laws of discrete evolution equations by symmetries and adjoint
symmetries. Symmetry, 2015, 7: 714-725

Ma W X. Lump solutions to the Kadomtsev-Petviashvili equation. Phys Lett A, 2015,
379: 1975-1978

Ma W X. Lump-type solutions to the (3 4+ 1)-dimensional Jimbo-Miwa equation. Int J
Nonlinear Sci Numer Simul, 2016, 17: 355-359

Ma W X. Conservation laws by symmetries and adjoint symmetries. Discrete Contin
Dyn Syst Ser S, 2018, 11: 707-721

Ma W X. Riemann-Hilbert problems and N-soliton solutions for a coupled mKdV
system. J Geom Phys, 2018, 132: 45-54

Ma W X. Abundant lumps and their interaction solutions of (3 + 1)-dimensional linear
PDEs. J Geom Phys, 2018, 133: 10-16

Ma W X. Diverse lump and interaction solutions to linear PDEs in (3 + 1)-dimensions.
East Asian J Appl Math, 2019, 9: 185-194

Ma W X. Lump and interaction solutions to linear (4 + 1)-dimensional PDEs. Acta
Math Sci Ser B Engl Ed, 2019, 39B: 498-508

Ma W X. A search for lump solutions to a combined fourth-order nonlinear PDE in
(2 + 1)-dimensions. J Appl Anal Comput, 2019, 9(to appear)

Ma W X, Fan E G. Linear superposition principle applying to Hirota bilinear
equations. Comput Math Appl, 2011, 61: 950-959

Ma W X, Li J, Khalique C M. A study on lump solutions to a generalized Hirota-
Satsuma-Ito equation in (2 + 1)-dimensions. Complexity, 2018, 2018: 9059858

Ma W X, Qin Z Y, Lii X. Lump solutions to dimensionally reduced p-gKP and p-gBKP
equations. Nonlinear Dynam, 2016, 84: 923-931

Ma W X, Yong X L, Zhang H Q. Diversity of interaction solutions to the (2 + 1)-
dimensional Ito equation. Comput Math Appl, 2018, 75: 289-295

Ma W X, You Y. Solving the Korteweg-de Vries equation by its bilinear form:
Wronskian solutions. Trans Amer Math Soc, 2005, 357: 1753-1778

Ma W X, Zhou Y. Lump solutions to nonlinear partial differential equations via Hirota
bilinear forms. J Differential Equations, 2018, 264: 2633-2659

Ma W X, Zhou Y, Dougherty R. Lump-type solutions to nonlinear differential
equations derived from generalized bilinear equations. Internat J Modern Phys B,
2016, 30: 1640018

Manakov S V, Zakharov V E, Bordag L. A, Matveev V B. Two-dimensional solitons
of the Kadomtsev-Petviashvili equation and their interaction. Phys Lett A, 1977, 63:
205-206

Manukure S, Zhou Y, Ma W X. Lump solutions to a (2 + 1)-dimensional extended KP
equation. Comput Math Appl, 2018, 75: 2414-2419

Novikov S, Manakov S V, Pitaevskii L P, Zakharov V E. Theory of Solitons—The
Inverse Scattering Method. New York: Consultants Bureau, 1984

Satsuma J, Ablowitz M J. Two-dimensional lumps in nonlinear dispersive systems.
J Math Phys, 1979, 20: 1496-1503

Tan W, Dai H P, Dai Z D, Zhong W Y. Emergence and space-time structure of lump
solution to the (2 + 1)-dimensional generalized KP equation. Pramana—J Phys, 2017,
89: 77

Tang Y N, Tao S Q, Qing G. Lump solitons and the interaction phenomena of them for
two classes of nonlinear evolution equations. Comput Math Appl, 2016, 72: 23342342
Unsal (3, Ma W X. Linear superposition principle of hyperbolic and trigonometric
function solutions to generalized bilinear equations. Comput Math Appl, 2016, 71:
1242-1247



Inter

action solutions to the HSI equation in (2 4 1)-dimensions 11

46

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

. Wang D S, Yin Y B. Symmetry analysis and reductions of the two-dimensional
generalized Benney system via geometric approach. Comput Math Appl, 2016, 71:
748-757

Wazwaz A -M, El-Tantawy S A. New (3 + 1)-dimensional equations of Burgers type
and Sharma-Tasso-Olver type: multiple-soliton solutions. Nonlinear Dynam, 2017, 87:
2457-2461

Xu Z H, Chen H L, Dai Z D. Rogue wave for the (2 + 1)-dimensional Kadomtsev-
Petviashvili equation. Appl Math Lett, 2014, 37: 34-38

Yang J Y, Ma W X. Lump solutions of the BKP equation by symbolic computation.
Internat J Modern Phys B, 2016, 30: 1640028

Yang J Y, Ma W X. Abundant interaction solutions of the KP equation. Nonlinear
Dynam, 2017, 89: 1539-1544

Yang J Y, Ma W X. Abundant lump-type solutions of the Jimbo-Miwa equation in
(3 + 1)-dimensions. Comput Math Appl, 2017, 73: 220-225

Yang JY,Ma W X, Qin Z Y. Lump and lump-soliton solutions to the (2+1)-dimensional
Ito equation. Anal Math Phys, 2018, 8: 427-436

Yang J Y, Ma W X, Qin Z Y. Abundant mixed lump-soliton solutions to the BKP
equation. East Asian J Appl Math, 2018, 8: 224232

Yong X L, Ma W X, Huang Y H, Liu Y. Lump solutions to the Kadomtsev-Petviashvili
I equation with a self-consistent source. Comput Math Appl, 2018, 75: 3414-3419

Yu J P, Sun Y L. Study of lump solutions to dimensionally reduced generalized KP
equations. Nonlinear Dynam, 2017, 87: 27552763

Zhang Y, Dong H H, Zhang X E, Yang H W. Rational solutions and lump solutions to
the generalized (3 4 1)-dimensional shallow water-like equation. Comput Math Appl,
2017, 73: 246-252

Zhang Y, Sun S L, Dong H H. Hybrid solutions of (3 + 1)-dimensional Jimbo-Miwa
equation. Math Probl Eng, 2017, 2017: 5453941

Zhang H Q, Ma W X. Lump solutions to the (2 + 1)-dimensional Sawada-Kotera
equation. Nonlinear Dynam, 2017, 87: 2305-2310

Zhang J B, Ma W X. Mixed lump-kink solutions to the BKP equation. Comput Math
Appl, 2017, 74: 591-596

Zhao H Q, Ma W X. Mixed lump-kink solutions to the KP equation. Comput Math
Appl, 2017, 74: 1399-1405

Zhao Q L, Li X Y. A Bargmann system and the involutive solutions associated with a
new 4-order lattice hierarchy. Anal Math Phys, 2016, 6: 237-254

Zhou Y, Ma W X. Applications of linear superposition principle to resonant solitons
and complexitons. Comput Math Appl, 2017, 73: 1697-1706



