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1 lj �-2vei Lax8��� ;&RO
Q��KU'X6a6(!�DA��P(�6
� Ablowitz-Kaup-Newell-Segur (AKNS)a6�Kaup-Newell (KN)a6�Wadati-Konno-

Ichikawa (WKI) a6� Korteweg-de Vries (KdV) a6� Dirac a6a Boiti-Pempinelli-Tu

(BPT) a6* [1−38]. j"�-2ve�X6a6i�	!X^+9�U =Q Liouville 
m(�`�Q%�->"VQ	$(Mf���(X^+9�U0W��nd*O'&��wt~ [9, 11, 18− 20, 22, 27− 29].�1( AKNS Z"ÆvÆ�(2veQ
φx = (λe1 + qe2 + pe3)φ =





−λ q

p λ



φ, (1.1)+� e1 =





−1 0

0 1



 , e2 =





0 1

0 0



 , e3 =





0 0

1 0



 Q�"V sl(2, R) (j�t~ [6, 13] (<*�GE��� αpq, 
��F{(�F�B4 AKNS Z"ÆvÆ�(2ve
φx = ((λ + αpq)e1 + qe2 + pe3)φ =





−λ − αpq q

p λ + αpq


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φx = U(u, λ)φ =





−m(λ + αr) q

p (λ + αr)Im



φ, u =





qT

p



 , r = qp, (1.3)+� q = (q1, q2, · · · , qm), p = (p1, p2, · · · , pm)T , λ Q2�V� Im Q m × m $s�-�%
α = 0 M���(2ve��&t~ [12, 15, 20, 28, 34] 3'&�
�`�-�m = 2 (9	%hpZF�( AKNS 2ve [16]. �=% m = 1 MI2ve%hp�1( AKNS 9	�.H~zM���9��
2 iDJMZ^F AKNS PsbHS|x*:�u_ ;&D�

Wx = [U, W ]. (2.1)x*J W p
W =





a b

c d



 , (2.2)+� a Q��� bT a c Q m- q���� d Q m × m �-� = ;&D� (2.1 *u"


























ax = qc − bp,

dx = pb − cq,

bx = qd − aq − (m + 1)(λ + αr)b,

cx = pa − dp + (m + 1)(λ + αr)c.

(2.3)^�x*
�'&
tr(d)x = tr(dx) = tr(pb − cq) = bp − qc = −ax.}{�x*U' W (	O�

W =





a b

c d



 =

∞
∑

k=0

Wkλ−k =

∞
∑

k=0





a(k) b(k)

c(k) d(k)



 λ−k, (2.4)+� b(k), c(k) a d(k) Jp
b(k) = (b

(k)
1 , b

(k)
2 , · · · , b(k)

m ), c(k) = (c
(k)
1 , c

(k)
2 , · · · , c(k)

m )T , d(k) = (d
(k)
ij )m×m. (2.5)&IUtJ{�x*!F{/lZzO







































b(0) = 0, c(0) = 0, a
(0)
x = 0, d

(0)
x = 0,

a
(k)
x = qc(k) − b(k)p, d

(k)
x = pb(k) − c(k)q,

b(k+1) =
1

m + 1
[qd(k) − a(k)q − b(k)

x − (m + 1)αrb(k)],

c(k+1) =
1

m + 1
[c(k)

x − pa(k) + d(k)p − (m + 1)αrc(k)], k ≥ 0.

(2.6)
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



c(k+1)

b(k+1)T



 = L





c(k)

b(k)T



 , k ≥ 0, (2.7)+�\6 L 
�p
L =

1

m + 1























[

∂ − β(m + 1)r −

m
∑

i=1

pi∂
−1qi

]

Im

−p∂−1q

p∂−1pT + (p∂−1pT )T

−qT ∂−1q − (qT ∂−1q)T

[

− ∂ − β(m + 1)r +
m

∑

i=1

qi∂
−1pi

]

Im

+qT ∂−1pT























. (2.8)

J�1p
a(0) = −m, d(0) = Im, (2.9)�8#
Wk|u=0 = 0, k ≥ 1, (2.10))x*
��2-?2
� {a(k), b(k), c(k), d(k)| k ≥ 1} (�!O��F7H:p







































































































a(1) = 0, b(1) = q, c(1) = p, d(1) = (0)m×m;

a(2) =
r

m + 1
, b(2) =

1

m + 1
[−qx − (m + 1)αrq],

c(2) =
1

m + 1
[px − (m + 1)αrp], d(2) =

1

m + 1
(−pq);

a(3) =
1

(m + 1)2
[qpx − qxp − 2(m + 1)αr2],

d(3) =
1

(m + 1)2
[pqx − pxq + 2(m + 1)αrpq],

b(3) =
1

(m + 1)2
{

qxx − 2rq + (m + 1)β[rxq + 2rqx + (m + 1)αr2q]
}

,

c(3) =
1

(m + 1)2
{

pxx − 2pr − (m + 1)β[rxp + 2rpx − (m + 1)αr2p]
}

.}�� (2.6), (2.9) a (2.10) O�/� Wk ∈ sl(m + 1, R), k ≥ 0.O����x*rZ"MvÆ�(�-2vep
φtn

= V (n)φ,

V (n) = (λnW )+ + ∆n =

n
∑

j=0

Wjλ
n−j +





en 0

0 hn



 , n ≥ 0, (2.11)+� P+ 2�p λ (;�O�F� (1.3) a (2.11) O(�E�gx�p ;&D�
Utn

− V (n)
x + [U, V (n)] = 0, n ≥ 0, (2.12)
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













enx
= −mαrtn

, hnx
= αrtn

Im,

qtn
= −(m + 1)b(n+1) − qhn + enq,

ptn
= (m + 1)c(n+1) − pen + hnp,

n ≥ 0. (2.13)= en = −mfn a hn = fnIm, x*!














fnx = αrtn
= β(m + 1)(qc(n+1) − b(n+1)p),

qtn
= −(m + 1)(b(n+1) + fnq),

ptn
= (m + 1)(c(n+1) + fnp), n ≥ 0.

(2.14) =�.�KD�
�'& fn = α(m + 1)a(n+1), p!
∆n = α(m + 1)a(n+1)





−m 0

0 Im



 , n ≥ 0. (2.15)+�x*�'&�F{(;F�B4 AKNS X6a6






qtn
= −(m + 1)[b(n+1) + α(m + 1)∂−1(qc(n+1) − b(n+1)p)q],

ptn
= (m + 1)[c(n+1) + α(m + 1)∂−1(qc(n+1) − b(n+1)p)p],

n ≥ 0. (2.16)

(2.16) O��\6D�(	O!
utn

=





qT

p





tn

= Kn = R





c(n+1)

b(n+1)T



 , n ≥ 0, (2.17)+�\6 R 2�p
R = (m + 1)





−α(m + 1)qT ∂−1q −Im + α(m + 1)qT ∂−1pT

Im + α(m + 1)p∂−1q −α(m + 1)p∂−1pT



 . (2.18)&IX6a6 (2.17) 3�.�KE1B(E��zkp














pt2 =
1

m + 1
(pxx − 2rp) − α[2(pq)xp + (m + 1)αr2p],

qt2 = −
1

m + 1
(qxx − 2rq) − α[2q(pq)x − (m + 1)αr2q].% m = 2, α = 0 M�IUzknhp4.(E�� Burgers zk��[-� mKdV zk
� (2.16) O(.?KE��zk3'&�;g�x*��F{(nd*O [9,11,27,29]

δ

δu

∫

tr
(

W
∂U

∂λ

)

dx = λ−γ ∂

∂λ

[

λγtr
(

W
∂U

∂u

)]�U'X6a6 (2.17) (X^+9�U�
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





















tr
(

W
∂U

∂λ

)

= −ma + tr(d),

tr
(

W
∂U

∂u

)

= −αma





p

qT



 +





c

bT



 + αtr(d)





p

qT



 .

(2.19)� (2.19) O"GIUnd*O�1
 λ (�V�x*!
δ

δu

∫

(

−ma(k+1) +

m
∑

i=1

d
(k+1)
ii

)

dx

= (γ − k)
[

−αm





p

qT



 a(k) +





c(k)

b(k)T



 + α





p

qT





m
∑

i=1

d
(k)
ii

]

.p�?2�V γ (1�x*&IO3# k = 1 p
'& γ = 0.  =x*!
δ

δu
Hk =

[

−αm





p

qT



 a(k) +





c(k)

b(k)T



 + α





p

qT





m
∑

i=1

d
(k)
ii

]

, k ≥ 0. (2.20)+�(^+9C` Hk 2�p
H0 = αm(m + 1)

∫

rdx,

Hk =
δ

δu

∫

(

ma(k+1) −
m
∑

i=1

d
(k+1)
ii

)

k
dx, k ≥ 1. (2.21)p�M�^+9�Ua^+9\6�x*r

G(k) =
[

−αm





p

qT



 a(k) +





c(k)

b(k)T



 + α





p

qT





m
∑

i=1

d
(k)
ii

]

, k ≥ 0, (2.22))!
G(k) = −αm





p

qT



 a(k) +





c(k)

b(k)T



 + α





p

qT



 ∂−1(b(k)p − qc(k))

= N−1





c(k)

b(k)T



 , k ≥ 0, (2.23)+�\6 N−1 Q
N−1 =





Im − α(m + 1)p∂−1q α(m + 1)p∂−1pT

−α(m + 1)qT ∂−1q Im + α(m + 1)qT ∂−1pT



 . (2.24)
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



c(k)

b(k)T



 = NG(k),

N =





Im + α(m + 1)p∂−1q −α(m + 1)p∂−1pT

α(m + 1)qT ∂−1q Im − α(m + 1)qT ∂−1pT



 , k ≥ 0. (2.25)+�x*��
�'&X6a6 (2.17) F{(^+9�U
utn

= Kn = J
δHn+1

δu
. (2.26)+�(^+9\6 J 2�p

J = RN = (m + 1)





−2α(m + 1)qT ∂−1q −Im + 2α(m + 1)qT ∂−1pT

Im + 2α(m + 1)p∂−1q −2α(m + 1)p∂−1pT



 . (2.27) ZzO G(n+1) = ΨG(n), Ψ = N−1LN , Kn+1 = ΦKn, n ≥ 0 a JΨ = ΦJ , x*
�'&X6a6 (2.17) (��/l\6
Φ = Ψ† = N †L†N−†, (2.28)+�\6 Ψ† 2�p Ψ (T=\6� = Φ = (Φij)2×2 (}O�!O
�\�















































































































































































Φ11 = α2(m + 1)qT ∂−1q∂p∂−1pT

+αqT ∂−1pT {[∂ + α(m + 1)r]Im + α(m + 1)∂qT ∂−1pT }

+
1

m + 1

{

qT ∂−1pT −
[

∂ + α(m + 1)r −

m
∑

i=1

qi∂
−1pi

]

Im

−α(m + 1)[∂ + α(m + 1)r]qT ∂−1pT
}

,

Φ12 =
1

m + 1
{qT ∂−1q + (qT ∂−1q)T − α(m + 1)[∂ + α(m + 1)r]qT ∂−1q}

+α2(m + 1)qT ∂−1pT ∂qT ∂−1q

−αqT ∂−1q{[∂ − α(m + 1)r]Im − α(m + 1)∂p∂−1q},

Φ21 = −
1

m + 1
{p∂−1pT + (p∂−1pT )T + α(m + 1)[∂ − α(m + 1)r]p∂−1pT }

−α2(m + 1)p∂−1q∂p∂−1pT

−αp∂−1pT {[∂ + α(m + 1)r]Im + α(m + 1)∂qT ∂−1pT },

Φ22 = −α2(m + 1)p∂−1pT ∂qT ∂−1q

+αp∂−1q{[∂ − α(m + 1)r]Im − α(m + 1)∂p∂−1q}

+
1

m + 1

{

−p∂−1q +
[

∂ − α(m + 1)r −

m
∑

i=1

pi∂
−1qi

]

Im

−α(m + 1)[∂ − α(m + 1)r]p∂−1q
}

.

(2.29)
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utn

= Kn = J
δHn+1

δu
= M

δHn

δu
, n ≥ 0. (2.30)+�.?K^+9\6 M = (Mij)2×2  O6 M = ΦJ M��5}O�!Op



















































































































































M11 = α(m + 1)
[

(∂ + α(m + 1)r)Im − α(m + 1)qT ∂−1pT ∂
]

qT ∂−1q

+qT ∂−1q + (qT ∂−1q)T

−α(m + 1)qT ∂−1q[(∂ − α(m + 1)r)Im + α(m + 1)∂p∂−1q],

M12 = −qT ∂−1pT +
[

∂ + α(m + 1)r −

m
∑

i=1

qi∂
−1pi

]

Im

−α(m + 1)[∂ + α(m + 1)r]qT ∂−1pT + α2(m + 1)2qT ∂−1q∂p∂−1pT

−α(m + 1)qT ∂−1pT [(∂ + α(m + 1)r)Im + α(m + 1)∂qT ∂−1pT ],

M21 = −p∂−1q +
[

∂ − α(m + 1)r −

m
∑

i=1

pi∂
−1qi

]

Im

+α(m + 1)[∂ − α(m + 1)r]p∂−1q + α2(m + 1)2p∂−1pT ∂qT ∂−1q

+α(m + 1)p∂−1q[(∂ − α(m + 1)r)Im + α(m + 1)∂p∂−1q],

M22 = −α(m + 1)
[

(∂ − α(m + 1)r)Im + α(m + 1)p∂−1q∂
]

p∂−1pT

+p∂−1pT + (p∂−1pT )T

+α(m + 1)p∂−1pT [(∂ + α(m + 1)r)Im − α(m + 1)∂qT ∂−1pT ].

(2.31)

X^+9�U�r5I;F�B4 AKNS X6a6 (2.17)Q Liouville
m( [36]. "oTdC` {Hk}
∞
k=0 a8� {Kk}

∞
k=0 !ZzO















{Hk,Hl}J =

∫

(δHk

δu

)T

J
δHl

δu
dx = 0,

{Hk,Hl}M =

∫

(δHk

δu

)T

M
δHl

δu
dx = 0,

k, l ≥ 0 (2.32)a
[Kk, Kl] = K ′

k(u)[Kl] − K ′
l(u)[Kk] = 0, k, l ≥ 0. (2.33)

3 tUi℄�G�KE��� r = qp =
m
∑

i=1

qipi, x*j"�"V sl(m + 1, R) 
���K�(�-2ve��� ;&RO�x*U'���(;F�B4 AKNS X6a6�;g�x*��nd*Oy��X^+9�U�&H$3x*������(d*O� F{(Z"ÆvÆ�(�-2ve
φx = U(u, λ)φ =









0 − q −m(λ + αr)

qT 0 −p

m(λ + αr) pT 0









φ, u =





qT

p



 , r = qqT + pT p
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



0 − c −a

cT d −b

a bT 0









���x*�
�U'j"�"V so(m + 2, R) (;F�B4
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Abstract: A new multicomponent matrix spectral problem associated with the Lie algebra

sl(m + 1, R) is proposed, and new perturbed AKNS soliton hierarchy is generated by the corre-

sponding zero curvature formulation. By virtue of the trace identity, a bi-Hamiltonian structure

is established for the hierarchy, and a common hereditary recursion operator is explicitly worked

out.
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