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1. Introduction

The soliton theory emerged in the 1960s while exploring solutions to nonlinear

partial di®erential equations (NPDEs), notably originating from the study of the

Korteweg{de Vries (KdV) equation. Initially applied to water wave theory, the

KdV equation aimed to model one-dimensional water wave evolution. Within it,

researchers discovered a remarkable phenomenon: a unique class of solutions termed

\solitary waves" or \solitons", resembling single wave packets. This discovery

sparked widespread interest among mathematicians and physicists. Solitons revo-

lutionized the approach to solving NPDEs and profoundly impacted various math-

ematical and physical disciplines. In mathematics, they led to investigations into

completely integrable systems, o®ering analytical solutions to previously intractable

problems. In physics, solitons provided solutions to formerly unsolvable NPDEs,

thus addressing practical challenges. Over time, soliton theory diversi¯ed, giving

rise to various solution methodologies, including the inverse scattering method,1{4

the Riemann{Hilbert method,5{7 the Darboux transformation method,8,9 the Hirota

bilinear method,10{13 Bäcklund transformation,14{17 and others. These methods

played crucial roles in constructing exact solutions and studying integrable systems.

Among these methods, the Hirota bilinear method is renowned for its widespread

application due to its simplicity and e®ectiveness. This mathematical technique is

speci¯cally designed for tackling NPDEs. It operates by utilizing a bilinear operator

to convert the given NPDE into a bilinear form. Subsequently, a series of recursion

relations are applied to derive functional representations of solitons. The essence of

the Hirota bilinear method lies in the introduction and utilization of the Hirota

bilinear operator, elucidated in detail in Ref. 10. The operator is de¯ned as follows:

Dm
x D

n
yD

r
zD

p
t ðf � gÞ ¼ ð@x � @x0 Þmð@y � @y0 Þnð@z � @z0 Þrð@t � @t0 Þp

� fðx; y; z; tÞgðx0; y0; z0; t0Þjx¼x0;y¼y0;z¼z0;t¼t0 : ð1Þ
In particular, we have

Dxf � g ¼ fxg� fgx; D 2
xf � g ¼ fxxg� 2fxgx þ fgxx: ð2Þ

When f ¼ g, the Hirota bilinear expression is

Dm
x D

n
yD

r
zD

p
t ðf � fÞ ¼ ð@x � @x0 Þmð@y � @y0 Þnð@z � @z0 Þrð@t � @t0 Þp

� fðx; y; z; tÞfðx0; y0; z0; t0Þjx¼x0;y¼y0;z¼z0;t¼t0 ; ð3Þ
and

Dxf � f ¼ 0; D2
xf � f ¼ 2ðfxxf � f 2

xÞ: ð4Þ
Therefore, it can be observed that odd-order Hirota bilinear expressions are all equal

to 0. Let Pðx; y; z; tÞ be an even-degree polynomial, with Pð0Þ ¼ Pð0; 0; 0; 0Þ ¼ 0,

which means it does not contain constant terms. The related Hirota bilinear equa-

tions are de¯ned as follows:

PðDx1 ;Dx2 ; . . . ;DxM Þf � f ¼ 0; ð5Þ
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where each term is a Hirota bilinear expression. If an NPDE can be converted into a

Hirota bilinear equation through a transformation of its dependent variables, it is

classi¯ed as possessing a Hirota bilinear representation.

The Hirota{Satsuma (HS) equation, introduced by Hirota and Satsuma,18 models

the propagation of unidirectional shallow water waves. It consists of the following

system:

ut ¼ uxxt � 3uxvt þ 3uut � ux;
vx ¼ �u;

�
ð6Þ

where u ¼ uðx; tÞ and v ¼ vðx; tÞ represent the wave amplitudes as functions of the

scaled spatial variable x and temporal variable t. In Ref. 19, Ito provided the bilinear

from the HS equation (6) as an illustration of the modi¯ed KdV (mKdV)-type

equation.

To extend the ð1þ 1Þ-dimensional HS equation (6) to integrable ð2þ 1Þ-
dimension, the Hirota{Satsuma{Ito (HSI) equation20 is introduced as follows:

wt ¼ uxxt � 3uxvt þ 3uut þ �ux;
wx ¼ �uy;
vx ¼ �u;

8<
: ð7Þ

where u represents the ¯eld function, while v and w are potentials of ¯eld function

derivatives, with � ¼ �1. In recent years, numerous scholars have explored various

exact solutions for the HSI equation (7). For example, Zhou et al.21 employed

symbolic computation to obtain lump and lump-soliton solutions. An and Guo22

utilized the Hirota bilinear method to study N-soliton solutions, breather solutions,

lump solutions, and nonlinear transformation waves for the HSI equation (7).

Building upon the N-soliton solutions, Shen et al.23 constructed X-type solitons and

resonant Y-type solitons. Liu et al.24 analyzed the asymptotic behaviors of two-

soliton solutions and two types of semi-rational solutions. Additionally, some

researchers have extended the HSI equation (7). For instance, Liu et al.25 modi¯ed

the HSI equation (7) to derive the ð2þ 1Þ-dimensional generalized HSI equation.

Wu and Tian26 further studied the structural solutions of this new equation and

discussed the dynamical characteristics of nonlinear waves under transformations.

Chen et al.27 formulated a variable-coe±cient HSI equation and investigated its

N-soliton solutions.

Expanding our investigation to the ð3þ 1Þ-dimensional realm, we present the

extended form of the HSI equation as follows:

�pt þ uxxt þ 3ðuwÞx þ �qz ¼ 0;
ut ¼ wx;
uy ¼ px;
uz ¼ qx:

8>><
>>: ð8Þ

Here, � and � are constants, while u ¼ uðx; y; z; tÞ, p ¼ pðx; y; z; tÞ, w ¼ wðx; y; z; tÞ,
and q ¼ qðx; y; z; tÞ represent the wave amplitudes, varying with scaled spatial
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variables x, y, z and the temporal variable t. Introducing a logarithmic transforma-

tion to the ð3þ 1Þ-dimensional HSI equation (8), de¯ned as follows:

u ¼ 2ðln fÞxx; p ¼ 2ðln fÞxy; w ¼ 2ðln fÞxt; q ¼ 2ðln fÞxz; ð9Þ

it has a Hirota bilinear form as

PðDx;Dy;Dz;DtÞf � f ¼ ð�DyDt þD3
xDt þ �D2

zÞf � f ¼ 0; ð10Þ

resulting in the Hirota bilinear equation

Pðx; y; z; tÞ ¼ x3tþ �ytþ �z2 ¼ 0: ð11Þ
Despite the non-integrability of the ð3þ 1Þ-dimensional general HSI equation, as

outlined in Ref. 28, two integrable conditions have been identi¯ed through Painlev�e

integrability analysis. Similarly, our newly constructed ð3þ 1Þ-dimensional HSI

equation (8) follows suit. We will employ the Hirota N-soliton condition to discern

the existence criteria for three-soliton solutions, as the presence of three solitons

typically signi¯es integrability of the equation. The Hirota N-soliton condition was

¯rst introduced by Hirota.10 In 1986, Newell and Yunbo29 provided a compre-

hensive discussion on this topic. Subsequently, Hietarinta30{33 elaborated on the

condition using the language of algebraic geometry. In 2011, Ma34 investigated

the three-soliton condition for the ð3þ 1Þ-dimensional Kadomtsev{Petviashvili

(KP) equation and conducted further research in this domain.35{40 This paper

aims to derive the N-soliton solutions, breather solutions, lump solutions, and

interaction solutions of the ð3þ 1Þ-dimensional HSI equation (8) through the

Hirota bilinear method, along with multi-rogue solutions via multiple-rogue wave

method.

The structure of this paper is delineated as follows. In Sec. 2, the presentation

of the N-soliton solutions for the ð3þ 1Þ-dimensional HSI equation (8) is explored

using the Hirota bilinear method, alongside the establishment of conditions for

the existence of these solitons based on the Hirota N-soliton conditions. In Sec. 3,

further development of the N-soliton expressions introduced in Sec. 2 is con-

ducted, with solutions derived for soliton solutions, breather solutions, lump

solutions, and their interaction solutions. In Sec. 4, multiple-rogue wave method

is applied to obtain multi-rogue wave solutions of the ð3þ 1Þ-dimensional HSI

equation (8) controlled by wave centers (�; �). Finally, a summary of the ¯ndings

is presented.

2. Integrability Condition and Multi-Soliton Solutions

The N-soliton solutions for the ð3þ 1Þ-dimensional HSI equation (8) are analyzed,

and the corresponding N-soliton condition is derived. The existence of N-soliton

solutions indicates the integrability of the equation. The Hirota N-soliton con-

dition34{38 is pivotal in ascertaining the existence of such solutions.
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2.1. N-soliton condition

To investigate the existence of N-soliton solutions for Eq. (8), it is necessary to

identify N-wave vectors, denoted as

vi ¼ ðai; bi; ci; diÞ; 1 � i � N ; ð12Þ

where ai; bi; ci; di are constants. Next, we introduce the following de¯nition:

Hðv1; . . . ;vnÞ ¼
X
�¼�1

P
Xn
r¼1

�rvr

! Y
1�r<s�n

P �rvr � �svsð Þ�r�s; ð13Þ

where � ¼ ð�1; �2; . . . ; �nÞ, and � ¼ �1 indicates that each �i takes the values of 1 or

�1, 1 � n � N . If Hðv1; . . . ;vnÞ ¼ 0, it signi¯es that the ð3þ 1Þ-dimensional HSI

equation (8) accommodates N-soliton solutions. Conversely, if Hðv1; . . . ;vnÞ 6¼ 0,

the equation does not admit N-soliton solutions. This criterion acts as a pivotal

determinant for the existence of N-soliton solutions, thereby underscoring the inte-

grability of the equation.

For N ¼ 1, the emergence of a one-soliton solution is contingent upon Hðv1Þ ¼
Pðv1Þ þ Pð�v1Þ ¼ 2Pðv1Þ, which results in the dispersion relation Pðv1Þ ¼ 0, or

equivalently, di ¼ � �c 2
i

a 3
iþ�bi

for 1 � i � N. The assumption that the dispersion rela-

tion holds is rooted in P being an even polynomial, as discussed in (4).

For N ¼ 2, the existence of a two-soliton solution is governed by the condition

given in (13)

Hðv1;v2Þ ¼ 2Pðv1 � v2ÞðPðv1 þ v2Þ � Pðv1 þ v2ÞÞPðv1 � v2Þ ¼ 0; ð14Þ

which holds as an identity. This condition unequivocally indicates the perpetual

existence of two-soliton solutions.

For N ¼ 3, the requisite condition for a three-soliton solution is

X
�1;�2;�3¼�1

Pð�1v1 þ �2v2 þ �3v3ÞPð�1v1 � �2v2Þ

� Pð�2v2 � �3v3ÞPð�1v1 � �3v3Þ ¼ 0: ð15Þ

It is widely acknowledged that the existence of three-soliton solutions often implies

the existence of N-soliton solutions. The presence of three-soliton solutions is fre-

quently indicative of the equation's integrability. Therefore, the three-soliton con-

dition (15) for Eq. (10) can be rewritten asX
�1;�2;�3¼�1

Pð�1v1þ�2v2þ�3v3ÞPð�1v1��2v2ÞPð�2v2��3v3ÞPð�1v1��3v3Þ

¼ 2
X

ð�1;�2;�3Þ2S
Pð�1v1þ�2v2þ�3v3ÞPð�1v1��2v2ÞPð�2v2��3v3ÞPð�1v1��3v3Þ
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¼ 144�4a1a2a3
ða3

1 þ �b1Þ3ða3
2 þ �b2Þ3ða3

3 þ �b3Þ3
�2

a1b1 b1c1 c21

a2b2 b2c2 c22

a2b3 b3c3 c23

�������
�������þ �

a4
1 b1c1 c21

a4
2 b2c2 c22

a4
3 b2c3 c23

�������
�������

8><
>:

��

a3
1c1 a1b1 c21

a3
2c2 a2b2 c22

a3
3c3 a3b3 c23

�������
�������þ

a4
1 a3

1c1 c21

a4
2 a3

2c2 c22

a4
3 a3

3c3 c23

�������
�������
9>=
>; � �; ð16Þ

and

� ¼ �5�
5 þ �4�

4 þ �3�
3 þ �2�

2 þ �1�þ �0; ð17Þ
with

�5 ¼
b22b

2
3½ð3a2b3 � a3b2Þa3c2 þ a2c3ða2b3 � 3a3b2Þ�

2
c41

� 3b1b2b3ða2b3 � a3b2Þða2b2c23 þ a3b3c
2
2Þ

2
c31

� 3b1b2b3ða2b2c23 þ a3b3c
2
2Þ½ða3b1 � a1b3Þc2 þ c3ða1b2 � a2b1Þ�

2
c21

þ 3

2
b21ða2b2c23 þ a3b3c

2
2Þ ð�a1b3 þ

1

3
a3b1Þb3c22 þ c23b2ða1b2 �

1

3
a2b1Þ

� �
c1

þ a1b
2
1c2c3ðb2c3 � b3c2Þ

2

� ½ða1b3 � 3a3b1Þb3c22 � 2a1b2b3c3c2 þ c23b2ða1b2 � 3a2b1Þ�; ð18Þ

�4 ¼ b2b3ð3a4
2b

2
3 þ 3a2a

3
3b2b3 � a4

3b
2
2Þða3c2 � a2c3Þc41 �

3

2
ða2b3 � a3b2Þ

� ½ða3
1b2b3 þ 2a3

3b1b2 þ a 3
2b1b3Þa3b3c22 þ ða3

1b2b3 þ 2a3
2b1b3 þ a 3

3b1b2Þ
� a2b2c

2
3�c31 �

3

2
c21½ða1b2 � a2b1Þc3 � ða1b3 � a3b1Þc2�

� ½ða3
1b2b3 þ a3

2b1b3 þ 2a 3
3b1b2Þa3b3c22 þ ða3

1b2b3 þ a3
3b1b2 þ 2a 3

2b1b3Þa2b2c23�

þ 3b1 a2b2c
4
3ða4

1b
2
2 þ a1a

3
2b1b2 �

1

3
a4
2b

2
1Þ � a3b3c

4
2ða 4

1b
2
3 þ a1a

3
3b1b3

�

� 1

3
a4
3b

2
1Þ � a1c

2
2c

2
3ða2b3 � a3b2Þ

�
a 3
1b2b3 þ

b1ða3
2b3 þ a3

3b2Þ
2

��
c1

þ a1b1c2c3 b2c
3
3ða4

1b
2
2 � 3a3

1a2b1b2 � 3a 4
2b

2
1Þ

�

þ 3 a3
1b2b3 þ

b1ða3
2b3 þ a3

3b2Þ
2

� �
½ða1b3 � a3b1Þc3c22 � ða1b2 � a2b1Þc2c23�

� b3c
3
2ða4

1b
2
3 � 3a3

1a3b1b3 � 3a 4
3b

2
1Þ
�
; ð19Þ
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�3 ¼
3

2
a3c2

�
a7
2b

3
3 þ a6

2a3b2b
2
3 þ 4a4

2a
3
3b2b

2
3 þ a2a

6
3b

2
2b3 �

1

3
a 7
3b

3
2

��

þ 3

2
a2c3

�
1

3
a7
2b

3
3 � a6

2a3b2b
2
3 � 4a3

2a
4
3b

2
2b3 � a2a

6
3b

2
2b3 � a7

3b
3
2

��
c41

� 3ða2b3 � a3b2Þ
1

2
a3c

2
2ða3

1ða3
2b

2
3 þ 2a3

3b2b3Þ þ a3
3ða3

3b1b2 þ 2a3
2b1b3ÞÞ

�

þ a2c
2
3 a3

1b2

�
a3
2b3 þ

a3
3b2
2

�
þ a3

2b1

�
a 3
2b3
2

þ a3
3b2

�� ��
c31

� 3 c3ða1b2 � a2b1Þ � c2ða1b3 þ a3b1Þð Þ½ �c21
1

2
a3c

2
2ða3

1ða3
2b

2
3 þ 2a3

3b2b3Þ
�

þ a3
3ða3

3b1b2 þ 2a3
2b1b3ÞÞ þ a2c

2
3 a3

1b2

�
a3
2b3 þ

a3
3b2
2

�
þ a 3

2b1

�
a3
2b3
2

þ a3
3b2

�� ��

þ 3

2
a2c

4
3

�
a7
1b

3
2 þ a6

1a2b1b
2
2 þ 4a4

1a
3
2b1b

2
2 þ a1a

6
2b

2
1b2 �

1

3
a7
2b

3
1

��

� 3

2
a3c

4
2

�
a7
1b

3
3 þ a6

1a3b1b
2
3 þ 4a4

1a
3
3b1b

2
3 þ a1a

6
3b

2
1b3 �

1

3
a7
3b

3
1

�

� 3

2
a1c

2
2c

2
3ða2b3 � a3b2Þ a 6

1b2b3 þ 2a3
1b1ða3

2b3 þ a3
3b2Þ þ a3

2a
3
3b

2
1

	 
�
c1

þ 1

2
a1c2c3 c33ða7

1b
3
2 � 3a6

1a2b1b
2
2 � 12a3

1a
4
2b

2
1b2 � 3a1a

6
2b

2
1b2 � 3a7

2b
3
1Þ

�
� c32ða7

1b
3
3 � 3a 6

1a3b1b
2
3 � 12a3

1a
4
3b

2
1b3 � 3a1a

6
3b

2
1b3 � 3a7

3b
3
1Þ

þ 3c22c3ða1b3 � a3b1Þ � 3c2c
2
3ða1b2 � a2b1Þ

	 

� a 6

1b2b3 þ 2a3
1b1ða3

2b3 þ a3
3b2Þ þ a3

2a
3
3b

2
1

	 
�
; ð20Þ

�2 ¼ a2
2a

2
3 3a2

2b3c2 a3
2a

2
3b3 þ a2

2a
3
3b2 þ a5

3b2 þ
1

3
a5
2b3

� �
� a2

3b2c3

�

� a3
2a

2
3b3 þ a2

2a
3
3b2 þ a5

2b3 þ
1

3
a5
3b2

� ��
c41 �

3

2
c31ða2b3 � a3b2Þ

� a 4
3c

2
2 ð2a3

2b3 þ a3
3b2Þa3

1 þ a3
2a

3
3b1


 �þ a 4
2c

2
3 ða3

2b3 þ 2a3
3b2Þa3

1 þ a3
2a

3
3b1


 �	 

� 3

2
c3ða1b2 � a2b1Þ � c2ða1b3 � a3b1Þ½ � a4

3c
2
2ðð2a3

2b3 þ a3
3b2Þa3

1

	
þ a3

2a
3
3b1Þ þ a4

2c
2
3ðða3

2b3 þ 2a3
3b2Þa 3

1 þ a3
2a

3
3b1Þ



c21 þ a2

2b2c
4
3

�
� ða5

1b2 þ 3a3
1a

2
2b2 þ 3a2

1a
3
2b1 þ 3a5

2b1Þ � a2
3b3c

4
2ða5

1b3 þ 3a3
1a

2
3b3

þ 3a2
1a

3
3b1 þ 3a5

3b1Þ �
3

2
c22c

2
3ða2b3 � a3b2Þ ða3

2b3 þ a3
3b2Þa3

1 þ 2a3
2a

3
3b1


 ��
c1

� 3

2
a2
1c2c3 2a4

2b1c
3
3ða5

1b2 þ a2
2b2a

3
1 þ a3

2b1a
2
1 þ

1

3
b1a

5
2Þ

�
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� 2a4
3b1c

3
2

�
a 5
1b3 þ a 2

3b3a
3
1 þ a3

3b1a
2
1 þ

1

3
b1a

5
3

�
þ a2

1c2c
2
3ða1b2 � a2b1Þðða3

2b3

þ a3
3b2Þa3

1 þ 2a3
2a

3
3b1Þ � a2

1c
2
2c3ða1b3 � a3b1Þðða3

2b3 þ a3
3b2Þa3

1 þ 2a3
2a

3
3b1Þ

�
; ð21Þ

�1 ¼ a2c2 a3
2b3 þ

3

4
a2a

2
3b3 þ

3

4
a3
3b2

� �
� a3c3

3

4
a3
2b3 þ

3

4
a2
2a3b2 þ a3

3b2

� �� �

� 2a5
2a

5
3c

4
1 �

3

2
a3
1a

3
2a

3
3ða4

2c
2
3 þ a4

3c
2
2Þða2b3 � a3b2Þc31 �

3

2
a3
1a

3
2a

3
3ða4

2c
2
3 þ a4

3c
2
2Þ

� c3ða1b2 � a2b1Þ � c2ða1b3 � a3b1Þ½ �c21 þ a5
2c

4
3ða3

1b2 þ
3

4
a1a

2
2b2 þ

3

4
a3
2b1Þ

�

� a5
3c

4
2ða3

1b3 þ
3

4
a1a

2
3b3 þ

3

4
a3
3b1Þ �

3

4
a1a

3
2a

3
3c

2
2c

2
3ða2b3 � a3b2Þ

�
2a6

1c1

� 3

2
a5
1c2c3 a6

2c
3
3ða3

1b2 þ a2
1a2b1 þ

4

3
a3
2b1Þ � a6

3c
3
2ða3

1b3 þ a2
1a3b1 þ

4

3
a3
3b1Þ

�

þ a2
1a

3
2a

3
3c2c

2
3ða1b2 � a2b1Þ � a2

1a
3
2a

3
3c

2
2c3ða1b3 � a3b1Þ

�
; ð22Þ

�0 ¼ a8
2a

8
3c

4
1ða2c2 � a3c3Þ þ ða8

2c
4
3 � a8

3c
4
2Þa9

1c1 þ a8
1ða9

3c
4
2c3 � a 9

2c2c
4
3Þ; ð23Þ

where S ¼ fð1; 1; 1Þ; ð1; 1;�1Þ; ð1;�1; 1Þ; ð�1; 1; 1Þg. Given that the ¯nal term does

not inherently equate to zero, the ð3þ 1Þ-dimensional bilinear HSI equation (10)

lacks three-soliton solutions. This absence of three-soliton solutions further suggests

that the ð3þ 1Þ-dimensional HSI equation (8) is non-integrable. Nonetheless, from

(16), it is evident that under speci¯c conditions, the function f as de¯ned in (25) can

yield three-soliton solutions:

. One of the three wave numbers a1; a2; a3 is zero;

. The constants ai, bi, and ci satisfy the following equation:

�2

a1b1 b1c1 c21

a2b2 b2c2 c22

a2b3 b3c3 c23

��������

��������
þ�

a4
1 b1c1 c21

a4
2 b2c2 c22

a4
3 b2c3 c23

��������

��������
��

a3
1c1 a1b1 c21

a3
2c2 a2b2 c22

a3
3c3 a3b3 c23

��������

��������
þ

a4
1 a3

1c1 c21

a4
2 a3

2c2 c22

a4
3 a3

3c3 c23

��������

��������
¼ 0:

ð24Þ
It is crucial to note that a3

i 6¼ ��bi. In this study, our primary focus will be on

applying the second condition.

2.2. Multi-soliton solutions

Based on Hirota's bilinear method, the N-soliton solution of Eq. (8) is

f ¼
X
�¼0;1

exp
XN
s¼1

�s�s þ
X
s<j

asj�s�j

!
; ð25Þ

J. Chu, Y. Liu & W.-X. Ma
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where � ¼ 0; 1 means that each �s takes 0 or 1, and

�s ¼ asxþ bsyþ cszþ dstþ �0s; ds ¼ � �c2s
a3
s þ �bs

; 1 � s � N ; ð26Þ

easj ¼Asj

¼ l2sj þ 3ða3
j c

2
s � �ðbsc2j � bjc

2
sÞÞða2

saj � asa
3
jÞ þ 3a4

sajc
2
jðaj � asÞ

l2sj þ 3ða3
j c

2
s þ �ðbsc2j þ bjc

2
sÞÞða2

saj þ asa
3
jÞ þ 3a4

sajc
2
jðaj þ asÞ

;

1 � s < j � N; ð27Þ
and

lsj ¼ a3
j cs � a3

scj � �ðbscj � bjcsÞ; ð28Þ
where as; bs; cs; ds; �

0
s are constants. The constants as; bs; cs need to satisfy the

condition (24) for N � 3.

3. Soliton-Type Solutions

This section is dedicated to the exploration of N-soliton solutions for the

ð3þ 1Þ-dimensional HSI equation (8), building upon the three-soliton conditions

delineated in Sec. 2. The discussion encompasses a comprehensive analysis of

soliton, breather, and lump solutions, as well as their interaction solutions, for

N ¼ 1; 2; 3; 4.

3.1. Soliton solution

In the context of the one-soliton solution (N ¼ 1) for the HSI equation (8), the initial

step involves scrutinizing Eq. (25) to ascertain an expression for the function f, which

is formulated as follows:

f ¼ 1þ exp ð�1Þ: ð29Þ
The derivation of the one-soliton solution for the HSI equation (8) entails substi-

tuting the expression from Eq. (29) into the bilinear transformation provided by

Eq. (9). This substitution results in the following expressions for the components

within the soliton solution:

u ¼ a2
1

2
sech2

1

2
�1

� �
;

p ¼ a1b1
2

sech2
1

2
�1

� �
;

w ¼ � a1
4

�c21
a 3
1 þ �b1

sech2
1

2
�1

� �
;

q ¼ a1c1
2

sech2
1

2
�1

� �
;

ð30Þ

Integrability and multiple-rogue solutions of the ð3þ 1Þ-d HSI equation
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where �1 ¼ a1xþ b1yþ c1z� �c 21
a 3
1
þ�b1

tþ �01. The behavior of these soliton compo-

nents can be observed by examining di®erent parameters. Speci¯cally, setting

a1 ¼ 1, b1 ¼ 2, and c1 ¼ 1, it is ensured that u, p, and q are all positive. On the other

hand, the sign of the component w depends on the parameters � and �. For example,

when taking � ¼ 1, � ¼ 1, and �01 ¼ 0 at z ¼ 0 and y ¼ 0, the soliton solution

exhibits interesting features. In Fig. 1, components u, p, and q exhibit a bell-shaped

soliton pro¯le, while the component w shows an anti-bell-shaped soliton pro¯le.

Apart from the visual characteristics, several physical quantities can be derived

from solutions (30). Notably, the amplitudes of the solutions u, p, w, and q can be

determined as
a 2
1

2 ,
a1b1
2 , � a1

4
�c 2

1

a 3
1
þ�b1

, and a1c1
2 , respectively. Additionally, the envelope

velocities along the x-axis, y-axis, and z-axis are given by
�c 21

a 4
1
þ�a1b1

, �c1
a 3
1
b1þ�b 21

, and
�c 2

1

a 3
1
þ�b1

,

respectively.

In Eq. (25), the two-soliton solution for N ¼ 2 is expressed as follows:

f ¼ 1þ exp ð�1Þ þ exp ð�2Þ þA12exp ð�1 þ �2Þ; ð31Þ

where �1, �2, and A12 are de¯ned in accordance with (26) and (27), respectively.

Given the assurance of the presence of two solitons, the parameters can be arbitrarily

selected. Upon substituting Eq. (31) into Eq. (9), the resultant ¯gure of the two-

soliton solution is depicted in Fig. 2(a).

When N ¼ 3, the three-soliton solution from Eq. (25) is expressed as follows:

f ¼ 1þ
X3
s¼1

exp ð�sÞ þ
X3
s<j

Asjexp ð�s þ �jÞ þ A123exp ð�1 þ �2 þ �3Þ; ð32Þ

where �s ðs ¼ 1; 2; 3Þ and Aij are de¯ned as (26) and (27), respectively, and

A123 ¼ A12A13A23. At this point, we need to consider the parameters satisfying the

condition for the existence of three solitons, that is, ða1; a2; a3Þ and ðc1; c2; c3Þ are

parallel. The plot of the three-soliton solution for Eq. (8) can be obtained by

substituting Eq. (32) into Eq. (9), as depicted in Fig. 2(b).

(a) (b) (c) (d)

Fig. 1. (Color online) One-soliton solution (30) with � ¼ 1, � ¼ 1, a1 ¼ 1, b1 ¼ 2, c1 ¼ 1, and �01 ¼ 0.

J. Chu, Y. Liu & W.-X. Ma
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For N ¼ 4, the four-soliton solution arising from Eq. (25) is given by

f ¼ 1þ
X4
s¼1

exp ð�sÞ þ
X4
s<j

Asjexp ð�s þ �jÞ

þ
X
s<j<k

Asjkexp ð�s þ �j þ �kÞ þ A1234exp
X4
s¼1

�s

 !
; ð33Þ

where �s ðs ¼ 1; 2; 3; 4Þ and Aij are de¯ned as (26) and (27), respectively, and

A1234 ¼ A12A13A14A23A24A34. The conditions for the existence of four solitons can be

referenced from the conditions for three solitons, represented as ða1; a2; a3; a4Þ and

ðc1; c2; c3; c4Þ. Upon substituting Eq. (33) into Eq. (9), the graphical representation

of the four-soliton solution for Eq. (9) is obtained, as depicted in Fig. 2(c). The

components u, p, w, q of the two-soliton to four-soliton solution are similar to the

one-soliton solution, thus only the plot of the component u is presented in Fig. 2.

3.2. Breather solution

Employing the complex conjugate parameter method, breather solutions across

various planes can be derived from the soliton solutions. If setting a1 ¼ a	
2 ¼ 	1Rþ

I	1I , b1 ¼ b2 ¼ !1, c1 ¼ c	2 ¼ 	1R þ I	1I , �
0
1 ¼ �02 ¼ 0, where I stands for the imagi-

nary unit, i.e. I2 ¼ �1, the function in (31) is

f ¼ 1þ A12e
2
1 þ 2e
1 cos#1; ð34Þ

with

A12 ¼ð½	1Ið!1 þ !2Þ � 	1Rð!1 � !2Þ�2�2 þ 4	 2
1Ið	 2

1R � 3	 2
1IÞð	 2

1R þ 	 2
1IÞ2

� 2�	1Ið	 2
1R þ 	 2

1IÞ½Ið!1 � !2Þð	 2
1R þ 3	 2

1IÞ � 2	1R	1Ið!1 þ !2Þ�Þ=

(a) (b) (c)

Fig. 2. (Color online) Soliton solutions from (31){(33) and (9): (a) two-soliton solution with � ¼ 1,
� ¼ 1, a1 ¼ 1, b1 ¼ 1, c1 ¼ 2, a2 ¼ 1, b2 ¼ 2, c2 ¼ 1, �01 ¼ �02 ¼ 0; (b) three-soliton solution with � ¼ 1,

� ¼ 1, a1 ¼ 1, b1 ¼ 1, c1 ¼ 2, a2 ¼ 1, b2 ¼ 5, c2 ¼ 2, a3 ¼ 1, b3 ¼ �2, c3 ¼ 2, �01 ¼ �02 ¼ �03 ¼ 0; (c) four-

soliton solution with � ¼ 1, � ¼ 1, a1 ¼ 1, b1 ¼ 1, c1 ¼ 2, a2 ¼ 1, b2 ¼ 5, c2 ¼ 2, a3 ¼ 1, b3 ¼ �2, c3 ¼ 2,
a4 ¼ 1, b4 ¼ 3, c4 ¼ 2, �01 ¼ �02 ¼ �03 ¼ �04 ¼ 0.

Integrability and multiple-rogue solutions of the ð3þ 1Þ-d HSI equation
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� ð½	1Ið!1 þ !2Þ � 	1Rð!1 � !2Þ�2�2 � 12	 2
1Rð	 2

1R � 1

3
	 2
1IÞð	 2

1R þ 	 2
1IÞ2

þ 4�	1Rð	 2
1R þ 	 2

1IÞ½ðI	1I	1R � 3

2
	 2
1RÞð!1 � !2Þ �

1

2
	 2
1Ið!1 þ !2Þ�Þ; ð35Þ


1 ¼ 	1Rxþ !1yþ 	1Rzþ � �ð	 2
1R � 	 2

1IÞð	 3
1R � 3	1R	

2
1I þ �!1Þ

ð	 3
1R � 3	1R	

2
1I þ �!1Þ2 þ ð3	 2

1R	1I � 	 3
1IÞ2

�

� 2�	1R	1Ið3	 2
1R	1I � 	 3

1IÞ
ð	 3

1R � 3	1R	
2
1I þ �!1Þ2 þ ð3	 2

1R	1I � 	 3
1IÞ2

�
t; ð36Þ

#1 ¼ 	1Ixþ 	1Izþ � 2�	1R	1Ið	 3
1R � 3	1R	

2
1I þ �!1Þ

ð	 3
1R � 3	1R	

2
1I þ �!1Þ2 þ ð3	 2

1R	1I � 	 3
1IÞ2

�

� �ð	 2
1R � 	 2

1IÞð3	 2
1R	1I � 	 3

1IÞ
ð	 3

1R � 3	1R	
2
1I þ �!1Þ2 þ ð3	 2

1R	1I � 	 3
1IÞ2

�
t: ð37Þ

In the ðx; tÞ-plane (see Fig. 3), when 	1R ¼ 1, 	1I ¼ 2, !1 ¼ 3, the solutions u, p, w, q

form shapes that exhibit a breather motion. This movement remains continuous and

stable on other planes, with shapes staying unchanged during propagation. However,

in the ðx; zÞ-plane, at the same parameter values, the shapes of these solutions

undergo noticeable changes, as shown in Fig. 4(a). Conversely, when 	1R is set to 0

(a) (b) (c) (d)

Fig. 3. (Color online) One-breather solutions from (34) and (9) in ðx; tÞ-plane with � ¼ 1, � ¼ 1, 	1R ¼ 1,
	1I ¼ 2, !1 ¼ 3.

(a) (b)

Fig. 4. (Color online) Periodic solutions (34) and (9) in ðx; zÞ-plane with � ¼ 1, � ¼ 1, 	1I ¼ 2, !1 ¼ 3,

(a) 	1R ¼ 1; (b) 	1R ¼ 0.

J. Chu, Y. Liu & W.-X. Ma
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while keeping 	1I ¼ 2 and !1 ¼ 3 constant, the shape in Fig. 4(a) transitions into

a periodic solution, as depicted in Fig. 4(b). This transformation highlights the

in°uence of the parameter 	1R on the morphological and dynamic characteristics

of solution sets across di®erent planes, emphasizing its signi¯cance in system

behavior.

By setting a1 ¼ a	
2 ¼ 	1R þ I	1I , a3 ¼ a 	

4 ¼ 	2R þ I	2I , b1 ¼ b2 ¼ !1, b3 ¼ b4 ¼ !2,

c1 ¼ c	2 ¼ 	1R þ I	1I , c3 ¼ c	4 ¼ 	2R þ I	2I , and �01 ¼ �02 ¼ �03 ¼ �04 ¼ 0, while satis-

fying the Hirota bilinear condition, the function in (33) can be expressed as follows:

f ¼ 1þA12exp ð2
1Þ þ A34exp ð2
2Þ þ 2exp ð
1Þ cos#1 þ 2exp ð
2Þ cos#2

þ 2M3exp ð
1 þ 
2Þ cosð#1 þ #2 þ !3Þ þ 2M4exp ð
1 þ 
2Þ cosð#1 � #2 � !4Þ
þ 2A12M3M4exp ð2
1 þ �2Þ cosð#2 þ !3 þ !4Þ þ 2A34M3M4exp ð
1 þ 2
2Þ
� cosð#1 þ !3 � !4Þ þ A12A34M

2
3M

2
4 exp ð2
1 þ 2
2Þ; ð38Þ

with

A13 ¼ M3exp ðI!3Þ ¼ A	
24;

A14 ¼ M4exp ð�I!4Þ ¼ A	
23:

ð39Þ

Furthermore, when 	1R ¼ 1, 	1I ¼ 2, !1 ¼ 2, 	2R ¼ 3
2, 	2I ¼ 5

2, !2 ¼ 1, the resulting

solutions u, p, w, q form shapes that exhibit a two-breather motion, as shown in Fig. 5.

3.3. Lump solution

In the realm of mathematical methods, the long-wave limit stands as a powerful

tool, particularly adept at approximating systems where wave wavelengths sig-

ni¯cantly surpass the system's dimensions. A prime application lies in the study of

°uid dynamics, such as water waves, where wavelengths dwarf the depth of the

medium.22

This section delves into harnessing the long-wave limit method to derive lump

solutions from the N-soliton solutions of Eq. (8). Through the assignment of, ai ¼ li",

bi ¼ miai, ci ¼ niai and �0i ¼ I�, a reformulation of Eq. (31) emerges

f ¼ l1l2"
2ð
1
2 þ$12Þ þ oð"3Þ; ð40Þ

(a) (b) (c) (d)

Fig. 5. (Color online) Two-breather solutions from (38) and (9) in ðx; yÞ-plane with � ¼ 1, � ¼ 1,
	1R ¼ 1, 	2R ¼ 3

2, 	1I ¼ 2, 	2I ¼ 5
2, !1 ¼ 2, !2 ¼ 1.

Integrability and multiple-rogue solutions of the ð3þ 1Þ-d HSI equation
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where


i ¼ xþmiyþ niz�
�n2

i

a2
i þ �mi

t; $12 ¼ � 6ðm1n
2
2 þm2n

2
1Þ

�ðm1n2 �m2n1Þ2
; i ¼ 1; 2: ð41Þ

By substituting Eq. (40) into Eq. (9), and taking the limit as " ! 0, the solutions of

Eq. (8) can be expressed as follows:

u ¼ 4


1
2 þ 
0

� 2ð
1 þ 
2Þ2
ð
1
2 þ 
0Þ2

;

p ¼ 2ðm1 þm2Þ

1
2 þ 
0

� 2ð
1 þ 
2Þðm1
2 þm2
1Þ
ð
1
2 þ 
0Þ2

;

w ¼ �
2�

n 2
1

�m1
þ n 2

2

�m2

� �

1
2 þ 
0

�
2ð
1 þ 
2Þ � �n 2

1

�m1

2 � �n 2

2

�m2

1

� �
ð
1
2 þ 
0Þ2

;

q ¼ 2ðn1 þ n2Þ

1
2 þ 
0

� 2ð
1 þ 
2Þðn1
2 þ n2
1Þ
ð
1
2 þ 
0Þ2

:

ð42Þ

Moreover, with the parameters � ¼ 1, � ¼ 1, a1 ¼ 1, a2 ¼ 5, m1 ¼ m	
2 ¼ 1þ 2I,

n1 ¼ n	
2 ¼ 1, it is observed that the two-soliton solution will degenerate into one lump u,

p, w, q as shown in Fig. 6 in ðy; zÞ-plane. After computation, it is determined that

umaxð2t5 � z;� t
5 ; zÞ ¼ 16

3 and uminð2t5 � zþ 3
2 ;� t

5 ; zÞ ¼ umin ð2t5 � z� 3
2 ;� t

5 ; zÞ ¼ � 2
3.

Hence, the amplitude of one lump is 6. The time evolution plots in Fig. 6 (a2){(d2) at

t ¼ �15, t ¼ 0 and t ¼ 15 depict the dynamics of the four components u, p, w, and q. As

they progress along the line de¯ned by

y ¼ � a 2
1c

2
2 � a2

2c
2
1 þ �ðb1c22 � b2c

2
1Þ

a2
1b1c

2
2 � a2

2b2c
2
1 þ �ðb21c22 � b22c

2
1Þ

; ð43Þ

(a1) (b1) (c1) (d1)

(a2) (b2) (c2) (d2)

Fig. 6. (Color online) One-lump solution from (40) and (9) in ðy; zÞ-plane, with a 3D (top) and density

(bottom) plots in the upper layer (a1){(d1), and the corresponding time evolution contour plot at di®erent

times below (a2){(d2).
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which simpli¯es to

y ¼ � 17

18
� 28

87

� �
x; ð44Þ

they undergo a shift. However, within the ðx; zÞ-plane, it transforms into a line-lump,

gradually appearing and disappearing over time, as depicted in Figs. 7(a){7(d), which

provides a more intuitive visualization.

The parameters under the Hirota N-soliton condition are initially rede¯ned as

ai ¼ li", bi ¼ miai, ci ¼ niai, and �0i ¼ I� for i ¼ 1; 2; 3; 4, with " ! 0. In the pursuit

of capturing the essence of the system's evolution, the expression for f provided in

Eq. (33) as follows:

f ¼ð
1
2
3
4 þ$34
1
2 þ$24
1
3 þ$23
1
4 þ$14
2
3 þ$13
2
4

þ $12
3
4 þ$12$34 þ$13$24 þ$14$23Þl1l2l3l4"4 þ oð"4Þ: ð45Þ

By ¯xing � ¼ 1, � ¼ 1, a1 ¼ 1, a2 ¼ 5, m1 ¼ m	
2 ¼ 1þ 2I, and n1 ¼ n	

2 ¼ 1, the

resultant two-lump solution u can be visually depicted in Fig. 8. This visualization

elegantly captures the evolving dynamics of the two-lump con¯guration within the

ðx; yÞ-plane as time progresses, akin to an elastic collision scenario.

(a) (b) (c) (d)

Fig. 7. (Color online) The time evolution of the one-line lump solution from (40) and (9) in the

ðx; zÞ-plane.

(a) (b) (c)

Fig. 8. (Color online) The time evolution of the two-lump solution from (45) and (9) at (a) t ¼ �4;

(b) t ¼ 0; (c) t ¼ 4.
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3.4. Interaction solution

In the analysis of interaction solutions for the HSI equation, particular attention is

given to the interactions between line and breather, line and lump, and lump and

breather solitons. For instance, by setting parameters that adhere to the Hirota

bilinear condition, a functional expression for the interaction solution can be derived,

revealing a complex interplay among the involved solitons.

Considering the speci¯c parameter settings where a1 ¼ a 	
2 ¼ 	1R þ I	1I , a3 ¼ 	3,

b1 ¼ b2 ¼ !1, b3 ¼ !3, c1 ¼ c	2 ¼ 	1R þ I	1I , c3 ¼ 	3, and �01 ¼ �02 ¼ �03 ¼ 0, while

satisfying the Hirota N-soliton condition, the function in (32) can be written as

follows:

f ¼ 1þ 2e
1 cos#1 þ A12e
2
1 þ e
3ð1þ 2M1e


1 cosð#1 þ !1Þ þA12M
2
1e

2
1Þ; ð46Þ
where

A13 ¼ M1e
I!; A23 ¼ A	

13 ¼ M1e
�I!: ð47Þ

By setting 	1R ¼ 1, 	1I ¼ 2, 	3 ¼ 3
2, !1 ¼ 2, and !3 ¼ �2, an interaction solution

between a line and a breather is obtained, as demonstrated in Fig. 9. This interaction

results in the line soliton propagating along the breather, as illustrated in Fig. 10.

Given the conditions where a1 ¼ a	
2 ¼ 	1R þ I	1I , a3 ¼ 	3, a4 ¼ 	4, b1 ¼ b2 ¼ !1,

b3 ¼ !3, b4 ¼ !4, c1 ¼ c	2 ¼ 	1R þ I	1I , c3 ¼ 	3, c4 ¼ 	4, and �01 ¼ �02 ¼ �03 ¼ �04 ¼ 0,

(a) (b) (c) (d)

Fig. 9. (Color online) Interaction solutions between a breather and a line soliton from (46) and (9) in

ðx; yÞ-plane.

(a) (b) (c) (d)

Fig. 10. (Color online) The time evolution of interaction solution u between a breather and a line soliton

from (46) and (9) at (a) t ¼ �15; (b) t ¼ �5; (c) t ¼ 5; (d) t ¼ 15.
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while satisfying the Hirota N-soliton condition, the function in (33) can be expressed

as follows:

f ¼ 1þ 2e
1 cos #1 þ e
3 þ e
4 þ A12e
2
1 þ 2M1e


1þ
3 cosð#1 þ !1Þ
þ 2M2e


1þ
4 cosð#1 þ !2Þ þ A34e

3þ
4 þ A12M

2
1 e

2
1þ
3 þ A12M
2
2 e

2
1þ
3

þ 2A34M1M2e

1þ
3þ
4 cos#1 þ A12A34M

2
1M

2
2 e

2
1þ
3þ
4 ; ð48Þ
with

A13 ¼ M1e
I!1 ; A23 ¼ A	

13 ¼ M1e
�I!1 ; A14 ¼ M2e

I!2 ; A24 ¼ A	
14 ¼ M2e

�I!2 :

ð49Þ
To illustrate, setting 	1R ¼ 1, 	1I ¼ 2, 	3 ¼ 3

2, 	4 ¼ 3
2, !1 ¼ 2, !3 ¼ �2, and !4 ¼ 1,

yields an interaction solution involving a two-line soliton and a breather, depicted in

Fig. 11.

In Eq. (32), with speci¯c parameter settings such as a1 ¼ l1", a2 ¼ l2", bi ¼ miai,

ci ¼ niai, �01 ¼ �02 ¼ I�, �03 ¼ 0 ði ¼ 1; 2; 3Þ � ¼ 1, � ¼ 1, a1 ¼ a2 ¼ a3 ¼ 1,

m1 ¼ m	
2 ¼ 1þ 2I, m3 ¼ 3, n1 ¼ n2 ¼ n3 ¼ 1, and taking the limit as " ! 0 yields

f ¼ð$12 þ 
1
2Þl1l2"2 þ ð
1
2 þ$23
1 þ$13
2 þ$12 þ$13$23Þ
� exp ð�3Þl1l2"2 þOð"3Þ; ð50Þ

indicating an interaction solution between a lump and a line soliton. The dynamic

evolution of this interaction over time is depicted in Fig. 12 on the ðx; yÞ-plane.

(a) (b) (c) (d)

Fig. 11. (Color online) The interaction solutions between a breather and a two-line soliton from (48)

and (9) in the ðx; yÞ-plane.

(a) (b) (c) (d)

Fig. 12. (Color online) The time evolution of interaction solution u between a lump and a line soliton

from (50) and (9) at (a) t ¼ �35; (b) t ¼ �5; (c) t ¼ 5; (d) t ¼ 15.
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Moving on to Eq. (33), by adopting parameters such as a1 ¼ l1", a2 ¼ l2",

bi ¼ miai, ci ¼ niai, �01 ¼ �02 ¼ I�, �03 ¼ �04 ¼ 0 ði ¼ 1; 2; 3; 4Þ � ¼ 1, � ¼ 1,

a1 ¼ a2 ¼ a3 ¼ a4 ¼ 1, m1 ¼ m	
2 ¼ 1þ 2I, m3 ¼ 2, m4 ¼ �2, n1 ¼ n2 ¼ n3 ¼

n4 ¼ 1, and again taking the limit as " ! 0 yields

f ¼ l1l2"
2 ð$12 þ 
1
2Þ þ ð
1
2 þ$23
1 þ$13
2 þ$12 þ$13$23Þexp ð�3Þ½

þ ð
1
2 þ$24
1 þ$14
2 þ$12 þ$14$24Þexp ð�4Þ þ$34exp ð�3 þ �4Þ
� ð
1
2 þ ð$23 þ$24Þ
1 þ ð$13 þ$14Þ
2 þ$12

þ ð$13 þ$14Þð$23 þ$24ÞÞ� þOð"3Þ; ð51Þ
indicating an interaction solution between a lump and two-line solitons. The dy-

namic progression of this interaction is presented in Fig. 13 on the ðx; yÞ-plane.
Furthermore, still considering Eq. (33), taking a1 ¼ l1", a2 ¼ l2", bi ¼ miai,

ci ¼ niai, �01 ¼ �02 ¼ I�, �03 ¼ �04 ¼ 0 ði ¼ 1; 2; 3; 4Þ, � ¼ 1, � ¼ 1, a1 ¼ a2 ¼ a3 ¼
a4 ¼ 1, m1 ¼ m	

2 ¼ 1þ 5
2 I, m3 ¼ m	

4 ¼ 1þ 3I, n1 ¼ n2 ¼ n3 ¼ n4 ¼ 1, and taking

the limit as " ! 0 yields

f ¼ l1l2"
2 ð$12 þ 
1
2Þ þ ð
1
2 þ$23
1 þ$13
2 þ$12 þ$13$23Þexp ð�3Þ½

þ ð
1
2 þ$24
1 þ$14
2 þ$12 þ$14$24Þexp ð�4Þ þ$34exp ð2
2Þ
� ð
1
2 þ ð$23 þ$24Þ
1 þ ð$13 þ$14Þ
2 þ$12

þð$13 þ$14Þð$23 þ$24ÞÞ� þOð"3Þ; ð52Þ
depicting an interaction solution between a lump and a breather, as depicted in

Fig. 14 on ðx; yÞ-plane.

(a) (b) (c) (d)

Fig. 13. (Color online) The time evolution of interaction solution u between a lump and two-line soliton

from (51) and (9) at (a) t ¼ �10; (b) t ¼ �5; (c) t ¼ 5; (d) t ¼ 30.

(a) (b) (c) (d)

Fig. 14. (Color online) The interaction solutions between a breather and a lump from (52) and (9).
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These analyses provide valuable insights into the elastic interactions between

various soliton within the studied framework, shedding light on the complex

dynamics inherent in these systems.

4. Multi-Rogue Wave Solutions

Zhaqilao proposed a method in Ref. 41 for generating multi-rogue waves. This

approach enables the control of dynamical behavior via a central point ð�; �Þ, facil-
itating the exploration of multi-rogue wave solutions for various NPDEs.42{48 The

symbolic computation process for deriving multi-rogue wave solutions generally

involves the following steps:

(1) Begin with an NPDE in its general form

Nðx; y; z; t;u;ux;uy;uz;ut;uxx;uxy;uxz; . . .Þ ¼ 0: ð53Þ

(2) Perform a traveling wave transformation � ¼ xþ by� dt, and through a variable

transformation u ¼ PðfÞ, Eq. (53) is transformed into a bilinear equation in

terms of

P ðD�;DzÞf � f ¼ 0: ð54Þ

(3) Assume a speci¯c form for the solution function f, denoted as

f ¼ fnþ1ð�; z; �; �Þ ¼ Anþ1ð�; zÞ þ 2�zBnð�; zÞ þ 2��Cnð�; zÞ þ ð�2

þ �2ÞAn�1ð�; zÞ; ð55Þ

and

Anð�; zÞ ¼
Xnðnþ1Þ=2

k¼0

Xk
i¼0

anðnþ1Þ�2k;2iz
2i�nðnþ1Þ�2k;

Bnð�; zÞ ¼
Xnðnþ1Þ=2

k¼0

Xk
i¼0

bnðnþ1Þ�2k;2iz
2i�nðnþ1Þ�2k;

Cnð�; zÞ ¼
Xnðnþ1Þ=2

k¼0

Xk
i¼0

cnðnþ1Þ�2k;2iz
2i�nðnþ1Þ�2k;

ð56Þ

with A0 ¼ 1, A�1 ¼ B0 ¼ C0 ¼ 0, where am;l; bm;l; cm;l ðm; l 2 f0; 2;
4; . . . ;nðnþ 1ÞgÞ, � and � are the real amounts.

(4) Appending (55) and (56) to (54), coe±cients of various powers of � and z are

collected, and through straightforward algebraic manipulations, the coe±cients

am;l, bm;l, and cm;l are obtained.

(5) Upon obtaining the coe±cients am;l, bm;l, and cm;l, substitute them back into

u ¼ PðfÞ to derive the multi-rogue wave solutions for (53).
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In the context of the ð3þ 1Þ-dimensional HSI equation (8), a traveling wave

transformation � ¼ xþ by� dt is performed, resulting in the following form:

�ð�dÞp� þ ð�dÞu��� þ 3ðuwÞ� þ �qz ¼ 0;

ð�dÞu� ¼ w�; bu� ¼ p�; uz ¼ q�:

�
ð57Þ

This transformation leads to the dependent variable transformations

u ¼ 2ðln fÞ��; p ¼ 2bðln fÞ��; w ¼ 2ð�dÞðln fÞ��; q ¼ 2ðln fÞ�z; ð58Þ

resulting in the bilinear form of Eq. (57)

ð��bdD2
� � dD 4

� þ �D 2
zÞf � f ¼ 0: ð59Þ

When n ¼ 0, Eq. (55) can be rewritten as follows:

f ¼ f1ð�; z; �; �Þ ¼ A1ð�; zÞ þ 2�zB0ð�; zÞ þ 2��C0ð�; zÞ þ ð�2 þ �2ÞA�1ð�; zÞ
¼ a0;0 þ a0;2z

2 þ a2;0�
2: ð60Þ

To simplify, let's choose a2;0 ¼ 1 and substitute Eq. (60) into Eq. (59). By setting the

coe±cients of all powers of � and z to zero, we ¯nd: a0;0 ¼ � 3
�b and a0;2 ¼ � �bd

� . Thus,

Eq. (60) transforms into

f ¼ f1ð�; z; �; �Þ ¼ ð� � �Þ2 � �bd

�
ðz� �Þ2 � 3

�b
: ð61Þ

To preclude singularities, it is imperative that (61) remains a positive quadratic

polynomial.49,50 Applying the transformation given in Eq. (58), the one-rogue wave

solutions take the following form:

u ¼ � 8½ð� � �Þ2 þ �bd
� ðz� �Þ2 þ 3

�b�
½ð� � �Þ2 � �bd

� ðz� �Þ2 � 3
�b�2

;

p ¼ � 8b½ð� � �Þ2 þ �bd
� ðz� �Þ2 þ 3

�b�
½ð� � �Þ2 � �bd

� ðz� �Þ2 � 3
�b�2

;

w ¼
8d½ð� � �Þ2 þ �bd

� ðz� �Þ2 þ 3
�b�

½ð� � �Þ2 � �bd
� ðz� �Þ2 � 3

�b�2
;

q ¼
8 �bd

� ð� � �Þðz� �Þ
½ð� � �Þ2 � �bd

� ðz� �Þ2 � 3
�b�2

:

ð62Þ

This rogue exhibits the following characteristics:

lim
�!�1

u�;z ¼ 0; lim
z!�1

u�;z ¼ 0: ð63Þ

For � ¼ �1, � ¼ 3, b ¼ 1, d ¼ 1, � ¼ � ¼ 0, it is con¯rmed that f in (61) is a positive

quadratic polynomial. The one-rogue wave solutions are illustrated in Fig. 15, with

the wave center located at ð0; 0Þ if � 6¼ 0 and � 6¼ 0, the center shifts to ð�; �Þ. After
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calculation, the following values are obtained:

uð0; 0Þ ¼ 4

3
; uð3; 0Þ ¼ � 1

6
; uð�3; 0Þ ¼ � 1

6
;

pð0; 0Þ ¼ 4

3
; pð3; 0Þ ¼ � 1

6
; pð�3; 0Þ ¼ � 1

6
;

wð0; 0Þ ¼ � 4

3
; wð3; 0Þ ¼ 1

6
; wð�3; 0Þ ¼ 1

6
;

q

ffiffiffi
6

p

2
;
3
ffiffiffi
2

p

2

� �
¼ �

ffiffiffi
3

p

9
; q �

ffiffiffi
6

p

2
;� 3

ffiffiffi
2

p

2

� �
¼ �

ffiffiffi
3

p

9
;

q �
ffiffiffi
6

p

2
;
3
ffiffiffi
2

p

2

� �
¼

ffiffiffi
3

p

9
; q

ffiffiffi
6

p

2
;� 3

ffiffiffi
2

p

2

� �
¼

ffiffiffi
3

p

9
:

ð64Þ

As depicted in Fig. 15, the components u and p represent rogues with peaks facing

upward, while w represents a rogue with troughs facing upward. On the other hand,

the component q exhibits a double-peaked structure. The upper layer displays 3D

and density plots, while the lower layer shows contour plots.

When n ¼ 1, Eq. (55) can be rewritten as follows:

f ¼ f2ð�; z; �; �Þ ¼ A2ð�; zÞ þ 2�zB1ð�; zÞ þ 2��C1ð�; zÞ þ ð�2 þ �2ÞA0ð�; zÞ
¼ ða0;0 þ a0;2z

2 þ a0;4z
4 þ a0;6z

6Þ þ ða2;0 þ a2;2z
2 þ a2;4z

4Þ�2
þ ða4;0 þ a4;2z

2Þ�4 þ a6;0�
6 þ 2�zðb0;0 þ b0;2z

2 þ b2;0�
2Þ

þ 2��ðc0;0 þ c0;2z
2 þ c2;0�

2Þ þ ð�2 þ �2Þ: ð65Þ

(a1) (b1) (c1) (d1)

(a2) (b2) (c2) (d2)

Fig. 15. (Color online) One-rogue wave solutions (61) with � ¼ �1, � ¼ 3, b ¼ 1, d ¼ 1, � ¼ � ¼ 0.
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To simplify, let's choose a6;0 ¼ 1 and substitute Eq. (65) into Eq. (59). By setting the

coe±cients of all powers of � and z to zero, we ¯nd

a0;0 ¼
9�3b3dððc22;0 � 1Þ�2 � �2Þ � �2�b2b22;0�

2 � 16875d

9�3b3d
;

a0;2 ¼ � 475d

��b
; a0;4 ¼ � 17�bd2

�2
; a0;6 ¼ � �3b3d3

�3
; a2;0 ¼ � 125

�2b2
;

a2;2 ¼
90d

�
; a2;4 ¼

3�2b2d

�2
; a4;0 ¼

25

�b
; a4;2 ¼ � 3�bd

�
; b0;0 ¼ � 5b2;0

3�b
;

b0;2 ¼ � �bdb2;0
3�

; b2;0 ¼ b2;0; c0;0 ¼
c2;0
�b

; c0;2 ¼
3�bdc2:0

�
; c2;0 ¼ c2;0:

ð66Þ

Substituting (65) and (66) into (58), the two-rogue wave solutions are derived. For

� ¼ �1, � ¼ 3, b ¼ 1, d ¼ 2, b2;0 ¼ 1, c2;0 ¼ 2. When � ¼ � ¼ 0, the two-rogue wave

concentrates near ð0; 0Þ, as shown in Fig. 16(a); for � ¼ � ¼ 50, it can be observed

that the two-rogue wave is undergoing splitting, depicted in Fig. 16(b); when

� ¼ � ¼ 500, the two-rogue wave splits into three one-rogue waves, depicted in

(a1) (a2) (a3) (a4)

(b1) (b2) (b3) (b4)

(c1) (c2) (c3) (c4)

Fig. 16. (Color online) Two-rogue wave solutions (65) with � ¼ �1, � ¼ 3, b ¼ 1, d ¼ 2, c2;0 ¼ 2,

b2;0 ¼ 1. The parameters are (a1){(a4) � ¼ � ¼ 0; (b1){(b4) � ¼ � ¼ 50; (c1){(c4) � ¼ � ¼ 500.
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Fig. 16(c). That is, when � and � are su±ciently large, the two-rogue wave can consist

of at most three one-rogue waves, forming a triangle.

When n ¼ 2, Eq. (55) can be rewritten as follows:

f ¼ f3ð�; z; �; �Þ ¼ A3ð�; zÞ þ 2�zB2ð�; zÞ þ 2��C2ð�; zÞ þ ð�2 þ �2ÞA1ð�; zÞ
¼ ða0;0 þ a0;2z

2 þ a0;4z
4 þ a0;6z

6 þ a0;8z
8 þ a0;10z

10 þ a0;12z
12Þ þ ða2;0

þ a2;2z
2 þ a2;4z

4 þ a2;6z
6 þ a2;8z

8 þ a2;10z
10Þ�2 þ ða4;0 þ a4;2z

2 þ a4;4z
4

þ a4;6z
6 þ a4;8z

8Þ�4 þ ða6;0 þ a6;2z
2 þ a6;4z

4 þ a6;6z
6Þ�6 þ ða8;0 þ a8;2z

2

þ a8;4z
4Þ�8 þ ða10;0 þ a10;2z

2Þ�10 þ a12;0�
12 þ 2�zððb0;0 þ b0;2z

2 þ b0;4z
4

þ b0;6z
6Þ þ ðb2;0 þ b2;2z

2 þ b2;4z
4Þ�2 þ ðb4;0 þ b4;2z

2Þ�4 þ b6;0�
6Þ

þ 2��ððc0;0 þ c0;2z
2 þ c0;4z

4 þ c0;6z
6Þ þ ðc2;0 þ c2;2z

2 þ c2;4z
4Þ�2

þ ðc4;0 þ c4;2z
2Þ�4 þ c6;0�

6Þ þ ð�2 þ �2Þ � �bdz2

�
þ �2 � 3

�b

� �
: ð67Þ

Substitute Eq. (67) into Eq. (59). By setting the coe±cients of all powers of � and z to

zero, we ¯nd

a0;0 ¼
17334a4;4�

5b5�d2ð�2 þ �2Þ þ 25966332�4b4b26;0d
3�2

5778a4;4�d2�6b6

þ �8014300�3b3�c24;2d
2�2 þ 15065589a2

4;4�
2

5778a4;4�d2�6b6
;

a0;2 ¼
8667a4;4�

5b5�d2ð�2 þ �2Þ þ 12983166�4b4b26;0d
3�2

8667a4;4�
2d�4b4

þ �4007150�3b3�c24;2d
2�2 þ 23212005a2

4;4�
3

8667a4;4�
2d�4b4

;

a0;4 ¼
93667a4;4
642�2b2

; a0;6 ¼ a0;6; a0;8 ¼
867a4;4�

2b2d2

7490�2
;

a0;10 ¼
29�4b4d3a4;4
18725�3

; a0;12 ¼
a4;4d

4�6b6

37450�4
;

a2;0 ¼ � 8667a4;4�
5b5�d2ð�2 þ �2Þ þ 12983166�4b4b26;0d

3�2

8667a4;4�d2�5b5

� �4007150�3b3�c24;2a
2�2 þ 12326391a2

4;4�
3

8667a4;4�d2�5b5
;

a2;2 ¼ � 1617�a4;4
107d�3b3

; a2;4 ¼
42a4;4
107�b

; a2;6 ¼ � 506a4;4�bd

535�
;

a2;8 ¼ � 57�3b3d2a4;4
3745�2

; a2;10 ¼ � 3a4;4d
3�5b5

18725�3
; a4;0 ¼ � 29645a4;4�

2

642d2�4b4
;

a4;2 ¼
630�a4;4
107�2b2d

; a4;6 ¼
146�2db2a4;4

3745�
; a4;8 ¼

3a4;4d
2�4b4

7490�2
;

a6;0 ¼ � 1078a4;4�
2

1605d2�3b3
; a6;2 ¼ � 266�a4;4

535�bd
; a6;4 ¼ � 22�ba4;4

535
;
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a6;6 ¼ � 2a4;4d�
3b3

3745�
; a8;0 ¼

21a4;4�
2

1070�2b2d2
; a8;2 ¼

69�a4;4
3745d

;

a8;4 ¼
3a4;4�

2b2

7490
; a10;0 ¼ � 7a4;4�

2

2675d2�b
; a10;2 ¼ � 3a4;4��b

18725d
;

a12;0 ¼
a4;4�

2

37450d2
; b0;0 ¼ � 3773b6;0

3�3b3
; b0;2 ¼

49db6;0
��b

; b0;4 ¼
7�bd2b6;0

5�2
;

b0;6 ¼ � �3b3b6;0d
3

5�3
; b2;0 ¼ � 133b6;0

�2b2
; b2;4 ¼ � 9�2b2b6;0d

2

5�2
; b4;0 ¼ � 21b6;0

�b
;

b4;2 ¼
�bb6;0d

�
; b6;0 ¼ b6;0; c0;0 ¼ � 12005�c4;2

27d�4b4
; c0;2 ¼ � 535c4;2

9�2b2
;

c0;4 ¼ � 5dc4;2
�

; c0;6 ¼ � 5�2b2c4;2d
2

9�2
; c2;0 ¼ � 245�c4;2

9d�3b3
; c2;2 ¼ � 230c4;2

9�b
;

c2;4 ¼ � 5�bc4;2d

9�
; c4;0 ¼ � 13�c4;2

9�2b2d
; c4;2 ¼ c4;2; c6;0 ¼

�c4;2
9�bd

:

ð68Þ

(a1) (a2) (a3) (a4)

(b1) (b2) (b3) (b4)

(c1) (c2) (c3) (c4)

Fig. 17. (Color online) Three-rogue wave solutions (67) with � ¼ �1, � ¼ 3, b ¼ 1, d ¼ 2, a4;4 ¼ 2,

b6;0 ¼ 1, c4;2 ¼ 1. The parameters are (a1){(a4) � ¼ � ¼ 0; (b1){(b4) � ¼ � ¼ 50; (c1){(c4) � ¼ � ¼ 500.
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Substituting (67) and (68) into (58), the three-rogue wave solutions are derived.

For � ¼ �1, � ¼ 3, b ¼ 1, d ¼ 2, a4;4 ¼ 2, b6;0 ¼ 1, c4;2 ¼ 1. Similarly, as � and �

gradually increase, the three-rogue starts splitting from the center ð0; 0Þ, eventually
forming a three-rogue wave consisting of a central peak and ¯ve peaks around it,

forming a ring-like structure, as Fig. 17.

Comparing the N-lump from the long-wave limit and the N-rogue wave from

multiple-rogue wave method, we observe that the former consists of N lumps, while

the latter is composed of NðNþ1Þ
2 rogues controlled by the wave center (�; �).

Furthermore, the former undergoes elastic collisions over time, whereas the latter

exhibits ¯xed patterns, such as a triangle, a pentagon, and so forth.

5. Conclusions

In this paper, the dynamic behavior of the ð3þ 1Þ-dimensional HSI equation (8) is

explored. The Hirota N-soliton conditions were examined to ascertain the existence

of N-soliton solutions, which elucidate the integrable properties of the equation under

speci¯c conditions. The Hirota bilinear method was applied to derive soliton solu-

tions (see Figs. 1 and 2) ranging from one-soliton to four-soliton solutions for the HSI

equation (8). These solutions exhibit various shapes, including bell and anti-bell

shapes, due to the equation's four components u, p, w, and q. Moreover, by intro-

ducing complex conjugate parameters, breather solutions (see Figs. 3{5) were

obtained, including one breather and two-breather, which manifest di®erently across

di®erent planes. For instance, a one breather in the ðx; tÞ-plane represents the

classical breather, while in the ðx{zÞ-plane, it exhibits two periodic waveform modes.

Additionally, utilizing the long-wave limit technique, we derived lump solutions (see

Figs. 6{8), including one lump and two-lump. Similarly, one lump in the ðy; zÞ-plane
resembles the classical lump, but in the ðx; zÞ-plane, it transforms into a line-lump.

The two lumps demonstrates elastic collisions. Furthermore, three types of inter-

action solutions (see Figs. 9{14) were explored, namely breather and line, lump and

line, and breather and lump interactions, analyzing their temporal evolution be-

havior. Additionally, employing multiple-rogue wave method, multi-rogue wave

solutions of the HSI equation (8) for n ¼ 0; 1; 2 (see Figs. 15{17) were obtained,

controlled by the wave center (�; �). As the wave center (�; �) varies, multi-rogue

waves eventually exhibit aesthetically pleasing patterns, such as triangles, centered

pentagons. These ¯ndings deepen our understanding of the dynamics and behavior of

the HSI equation, paving the way for further exploration in nonlinear wave phe-

nomena and integrable systems.
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