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1. Introduction

The soliton theory emerged in the 1960s while exploring solutions to nonlinear
partial differential equations (NPDEs), notably originating from the study of the
Korteweg—de Vries (KdV) equation. Initially applied to water wave theory, the
KdV equation aimed to model one-dimensional water wave evolution. Within it,
researchers discovered a remarkable phenomenon: a unique class of solutions termed
“solitary waves” or “solitons”, resembling single wave packets. This discovery
sparked widespread interest among mathematicians and physicists. Solitons revo-
lutionized the approach to solving NPDEs and profoundly impacted various math-
ematical and physical disciplines. In mathematics, they led to investigations into
completely integrable systems, offering analytical solutions to previously intractable
problems. In physics, solitons provided solutions to formerly unsolvable NPDEs,
thus addressing practical challenges. Over time, soliton theory diversified, giving
rise to various solution methodologies, including the inverse scattering method,'™
the Riemann—Hilbert method,” 7 the Darboux transformation method,*? the Hirota
bilinear method,'*'3 Bicklund transformation,'*'” and others. These methods
played crucial roles in constructing exact solutions and studying integrable systems.

Among these methods, the Hirota bilinear method is renowned for its widespread
application due to its simplicity and effectiveness. This mathematical technique is
specifically designed for tackling NPDEs. It operates by utilizing a bilinear operator
to convert the given NPDE into a bilinear form. Subsequently, a series of recursion
relations are applied to derive functional representations of solitons. The essence of
the Hirota bilinear method lies in the introduction and utilization of the Hirota
bilinear operator, elucidated in detail in Ref. 10. The operator is defined as follows:

DIDIDIDY(f - g) = (8, — 0,)" (D, — B,)"(D. — 0,)"(D; — Oy}
: f(mv Y, Z, t)g(x/a ylv Z/a tl) |m:J:’,y:y’,z:z’,t:t" (1)
In particular, we have
DJfg:fdbg_fgw D%fg:fng_2ngL+fgdl (2)
When f = g, the Hirota bilinear expression is
DY'DyDID{(f - f) = (9, — 0u)" (9, — 0,)" (0. — 0.1)" (0 — O}
: f(:l?, Y, %z, t)f(x/a 3/7 Zl: t/) |a::1:’,y:y’,z:z’,t:f,’7 (3)

and

Therefore, it can be observed that odd-order Hirota bilinear expressions are all equal
to 0. Let P(x,y, z,t) be an even-degree polynomial, with P(0) = P(0,0,0,0) = 0,
which means it does not contain constant terms. The related Hirota bilinear equa-
tions are defined as follows:

P(DxlvD:vza-'-vaM)f'f:07 (5)
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where each term is a Hirota bilinear expression. If an NPDE can be converted into a
Hirota bilinear equation through a transformation of its dependent variables, it is
classified as possessing a Hirota bilinear representation.

The Hirota—Satsuma (HS) equation, introduced by Hirota and Satsuma,'® models
the propagation of unidirectional shallow water waves. It consists of the following
system:

Up = Uggr — ULV + 3UU; — Uy, (6)
Uy = —U,

where u = u(z,t) and v = v(x, t) represent the wave amplitudes as functions of the
scaled spatial variable z and temporal variable ¢. In Ref. 19, Ito provided the bilinear
from the HS equation (6) as an illustration of the modified KdV (mKdV)-type
equation.

To extend the (1+ 1)-dimensional HS equation (6) to integrable (24 1)-
dimension, the Hirota—Satsuma-Ito (HSI) equation®’ is introduced as follows:

Wy = Uy — 3Up 0y + 3uty + oy,
P ™)
Uy = —U,

where u represents the field function, while v and w are potentials of field function
derivatives, with a = £1. In recent years, numerous scholars have explored various
exact solutions for the HSI equation (7). For example, Zhou et al.?! employed
symbolic computation to obtain lump and lump-soliton solutions. An and Guo??
utilized the Hirota bilinear method to study N-soliton solutions, breather solutions,
lump solutions, and nonlinear transformation waves for the HSI equation (7).
Building upon the N-soliton solutions, Shen et al.?? constructed X-type solitons and
resonant Y-type solitons. Liu et al.’! analyzed the asymptotic behaviors of two-
soliton solutions and two types of semi-rational solutions. Additionally, some
researchers have extended the HSI equation (7). For instance, Liu et al.>> modified
the HSI equation (7) to derive the (2 4 1)-dimensional generalized HSI equation.
Wu and Tian”S further studied the structural solutions of this new equation and
discussed the dynamical characteristics of nonlinear waves under transformations.
Chen et al.?” formulated a variable-coefficient HSI equation and investigated its
N-soliton solutions.

Expanding our investigation to the (3 + 1)-dimensional realm, we present the
extended form of the HSI equation as follows:

apy + Ugat + 3(’[/,’[1))1 + ﬁqz = Ou

Uy = Wy,

8
uy = Dz ( )
Uy = G-

Here, « and 3 are constants, while u = u(z,y, 2, t), p = p(x,y, 2, t), w = w(z, y, 2, t),
and q = q(z,y, 2 t) represent the wave amplitudes, varying with scaled spatial
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variables z, y, z and the temporal variable t. Introducing a logarithmic transforma-
tion to the (3 + 1)-dimensional HSI equation (8), defined as follows:

u=2(0f)pzy p=2(0f)y, w=20f)s, ¢=2(Inf),, 9)
it has a Hirota bilinear form as
P(D,,D,,D,,D,)f - f=(aD,D,+ DD, + BD2)f - f =0, (10)
resulting in the Hirota bilinear equation
P(z,y, 2,t) = 23 + ayt + 322 = 0. (11)

Despite the non-integrability of the (3 + 1)-dimensional general HSI equation, as
outlined in Ref. 28, two integrable conditions have been identified through Painlevé
integrability analysis. Similarly, our newly constructed (3 + 1)-dimensional HSI
equation (8) follows suit. We will employ the Hirota N-soliton condition to discern
the existence criteria for three-soliton solutions, as the presence of three solitons
typically signifies integrability of the equation. The Hirota N-soliton condition was
first introduced by Hirota.!? In 1986, Newell and Yunbo?’ provided a compre-
hensive discussion on this topic. Subsequently, Hietarinta3’3 elaborated on the
condition using the language of algebraic geometry. In 2011, Ma?** investigated
the three-soliton condition for the (3 + 1)-dimensional Kadomtsev—Petviashvili
(KP) equation and conducted further research in this domain.***? This paper
aims to derive the N-soliton solutions, breather solutions, lump solutions, and
interaction solutions of the (3 4 1)-dimensional HSI equation (8) through the
Hirota bilinear method, along with multi-rogue solutions via multiple-rogue wave
method.

The structure of this paper is delineated as follows. In Sec. 2, the presentation
of the N-soliton solutions for the (3 + 1)-dimensional HSI equation (8) is explored
using the Hirota bilinear method, alongside the establishment of conditions for
the existence of these solitons based on the Hirota N-soliton conditions. In Sec. 3,
further development of the N-soliton expressions introduced in Sec. 2 is con-
ducted, with solutions derived for soliton solutions, breather solutions, lump
solutions, and their interaction solutions. In Sec. 4, multiple-rogue wave method
is applied to obtain multi-rogue wave solutions of the (3 + 1)-dimensional HSI
equation (8) controlled by wave centers (6, ). Finally, a summary of the findings
is presented.

2. Integrability Condition and Multi-Soliton Solutions

The N-soliton solutions for the (3 4 1)-dimensional HSI equation (8) are analyzed,
and the corresponding N-soliton condition is derived. The existence of N-soliton
solutions indicates the integrability of the equation. The Hirota N-soliton con-
dition®! 3% is pivotal in ascertaining the existence of such solutions.
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2.1. N-soliton condition

To investigate the existence of N-soliton solutions for Eq. (8), it is necessary to
identify N-wave vectors, denoted as

Vi:(ambz'aci,di)a 1§l§Na (12)

where a;, b;, ¢;, d; are constants. Next, we introduce the following definition:

H(Vla ce vn) = Z P Z UrVr) H P(Urvr - Usvs)aro—sv (13)

o==+1 r=1 1<r<s<n
where o = (01,09,...,0,), and ¢ = £1 indicates that each o; takes the values of 1 or
—1,1<n<N.If H(vy,...,v,) =0, it signifies that the (3 4+ 1)-dimensional HSI
equation (8) accommodates N-soliton solutions. Conversely, if H(vy,...,v,) # 0,

the equation does not admit N-soliton solutions. This criterion acts as a pivotal
determinant for the existence of N-soliton solutions, thereby underscoring the inte-
grability of the equation.

For N =1, the emergence of a one-soliton solution is contingent upon H(v;) =
P(vy) + P(—vy) = 2P(vy), which results in the dispersion relation P(v;) =0, or
fe}

al+ab;

equivalently, d; = for 1 < i < N. The assumption that the dispersion rela-

tion holds is rooted in P being an even polynomial, as discussed in (4).
For N = 2, the existence of a two-soliton solution is governed by the condition
given in (13)

H(vy,va) = 2P(vy — vo)(P(vy + va) = P(vy +v3))P(vy — vy) =0, (14)

which holds as an identity. This condition unequivocally indicates the perpetual
existence of two-soliton solutions.
For N = 3, the requisite condition for a three-soliton solution is

P(o1v1 + 09Vy + 03V3)P(01V) — 03V3)

01,02,03==+1

“Ployvy — o3v3)P(o1vy — o3v3) = 0. (15)

It is widely acknowledged that the existence of three-soliton solutions often implies
the existence of N-soliton solutions. The presence of three-soliton solutions is fre-
quently indicative of the equation’s integrability. Therefore, the three-soliton con-
dition (15) for Eq. (10) can be rewritten as

Z P(o1vy+09vy +03v3) P01V — 09v2) P02V — 03v3) P(01v) — 03V3)

01,09,03=%1

=2 Z P(o1v1+ 09V +03v3)P(01vy — 02vy) P09V — 03v3)P(01vi — 03V3)
(01,09,03)€S
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4
. arby by ¢ ai by cf
144ﬂ ajasas

- (a3 + aby)®(a3 + aby)?(a3 + abs)?

2 /
olashy  bycy  ci|talay by, c3

ashy  bsey ¢} a3 byes 3
alc,  aby  c} al ale,
—aladey ashy 3|+ |ay ade, 3|y A, (16)
ajes aghs ¢} aj ajes 3
and
A = A5Ol5 + A4O{4 + A3C¥3 + A2a2 + Ala + AU’ (17)
with
As — b3b3[(3asb; — aghs)asey + asrcs(asby — 3azhy)] 4
5 — 2 Cq
_ 3bybybg(agby — agh,)(agbyci + agbsc3) 3
5 1
_ 3b1baby(agbyci + asbsed)[(ashy — arbg)ey + cs(arby — aghy)] 2
D) 1

3 1 1
+ §b%(a2b203 + a3bgc§) (—aybs +§a3b1)bgcg + C§b2<a1b2 - g%bl) a

alb%CZC?)(b?C‘s - 5302)
2
X [(arbs — 3agb;)bscs — 2a1bybsescy + ciby(arby — 3agh )], (18)

+

3
Ay = 5253(3@%% + 3a2a§b2b3 - a%b%)(a;;cz - (1203)011 ) (azbs — azb,)
% [(aibsbs + 2a3biby + a3bibs)azbsch + (aibobs + 2a3bibs + aibiby)
3
X a2b2c§]cif - 50%[(611192 — asby)cz — (arby — a3b1)02]
X [(atbybs + adbiby + 2a3biby)agbses + (aibybs + aibiby + 2a3biby)asbycs]
1 .
+ 3b1 |:a2b20§(a11b% + ala%blbg — ga%b%) — agbgcé(a%bg + alagblbg)

1 by (abs + ab
- gagb%) - a1C§C§(a2b3 — agb,) (a§b2b3 +W)]Cl

+ a1b10263{b20;33(a111b§ — 3@%@2()11)2 — 3agb%)

by (a3bs + a3b,)

+ 3<a§b2b3 + 5

)[(0153 - a3bl)C3Cg — (a1by — ale)Czcg]

~ bed(ath? — Badaghyby — Saéb%)}, (19)
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Ay = {g ascs (agbg + aSasbob? 4 4a3a3bb3 + aya$bibs — %a%b%)
+ gagcg (%a;bg — agagbzbg — 4a§a§b%b3 — agagb§b3 - agbg) }c‘f
— 3(agb; — @3b2){% asc3(at(a3hi + 2a3bybs) + aj(abiby + 2a3biby))
+ascy <a1b2( Zb ) 2b1( 32b +a3b2>>} i
— [B(ez(arby — ashy) — ca(arbs + azby))]c {; ach(ai(a3b3 + 2a3bsbs)

. . . ‘ 3b by
aadint, + 2ath ) + s ot (ot + 22 ) ot (D24 ) |}

3 . ' . X 1 .
+ {5a20§ (a;bg + aSayb b3 + 4a%a§b1b§ +aya5hiby — ga;b‘f>
3 )
— §a562<a1b3+a1a3b1b5+4a adblbd‘f'aladb bd 3@5[)%)
3 . .
- 561(3%0%(@253 — agby) [a?bgbg +2a7b (a3bs + aiby) + a%agbﬂ }Cl

1
+ 5(1102(:3{(:% (alb3 — 3aSayb b3 — 12a}a3biby — 3a1a5bib, — 3aib})

— CQ(albg — 3a1a3b1b3 — 12@1@3[) b3 3@1@2()%[)3 — 3@%[)%)
+ [30203(a1b3 — azby) — 3cyci(arhy — asby)]
x [afbybs + 2aiby (a3bs + ajby) + ajaibi]}, (20)

5 1
Ay :aga§(3agb302 (a‘;’agbg + a3a3by + adby —|—§agb3> — albyey

1 3
X (a%a%b;; + a%agbg + agb3 + 3a§b2>>c‘f - §C§(a2b3 — agby)

X [0302((261253 + a3b2)a1 + a2asb1) =+ 0303 ((0353 + 2a§b2)a:{' + agagbl)}
3 .
) [cs(aiby — aghy) — co(aybs — agby)] [aéc%(@agbg + agbz)ai
adadn) + adei(fadts + 203t + adadb))ed + fadhct
x (a}by 4 3aladby + 3alaib, + 3a3b,) — ajbscs(aby + 3ataib,
4 3
+3alaib, + 3azb;) — §c§c§(a2b3 — a3b2)((a%bg + ag’,bQ)a? + 2a‘;’a§b1) o]

3 1
- 5@%0263 2a§blc§(a?bg+a§b2a‘;’+a§b1a%+§b1ag)
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p 1 3
— 2a3bc} <a?b3 +asbsal + ajbiat + §bla§> + aicyci(arby — ashy)((adby

+aiby)at + 2a3a3b;) — aicies(arby — ashy)((asby + aiby)ai + 2G§a§bl)} ) (21)

3 3 - 3 3
Al = (CLQCQ (G,%bs + Zagagbg + Za§b2> — a3C3 (Zagbg + Za%a3b2 + a§b2)>

5 5 4 3.3 3,492 42 3 3 333 49 4o
X 2a3a3c] —501%@3(@203 + azc3)(aghy — agby)cy —5&1(12(13(02(33 + ascs)

. 3 3
X [ez(arby — ashy) — cy(arbg — asbl)]C% + (agcé(a‘be + = aya3b, Jr*a‘;’bl)

4 4
5 4, 3 3 3 3 3 3399 6
—ajcy(aibs + Za1a3b3 + Za3b1) - Za1a2a30203(a2b3 — agby) |2a7cy
3 ;5 6 3/ 3 2 4 4 6 .3/ 3 2 4 4
T 50100 ascs(aiby + ajaghy + §a2b1) — azcy(atbs + ajaghy +§G3bl)
+ a%a%a%@c%(albz —ashy) — a%agagcgc:;(alb;; - a3bl)} ) (22)
Ay = abalci(ase, — azes) + (ases — ajes)aie + aj(ajese; — adeses),  (23)

where S ={(1,1,1),(1,1,-1),(1,-1,1),(—1,1,1)}. Given that the final term does
not inherently equate to zero, the (3 4 1)-dimensional bilinear HSI equation (10)
lacks three-soliton solutions. This absence of three-soliton solutions further suggests
that the (3 4 1)-dimensional HSI equation (8) is non-integrable. Nonetheless, from
(16), it is evident that under specific conditions, the function fas defined in (25) can
yield three-soliton solutions:

e One of the three wave numbers a;, aq, ag is zero;
e The constants a;, b;, and ¢; satisfy the following equation:

arby biey e ai biey cf afe; ahy cf ai aie; cf
A?lashy bocy 3| +alal by, 3| —a ascy ashy c3|+|ay adc, c3|=0.
ash; bycs 3 ai byc; c3 aidcs ash; c3 ai adey c3

(24)

It is crucial to note that a? # —ab;. In this study, our primary focus will be on
applying the second condition.

2.2. Multi-soliton solutions

Based on Hirota’s bilinear method, the N-soliton solution of Eq. (8) is

N
f = Z €Xp Z HsTs + Z asjﬂ’s:u‘j>7 (25)
=1

©=0,1 s s<j
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where p = 0,1 means that each u, takes 0 or 1, and

2
n9:a9x+b9y+cez+dst+nosv ds:_ﬁa 1<5§N7 (26)

Agi
ot = A,

B lgj + 3(a§?cz - a(bscg —bjc?))(ala; — asa?) + 3a§ajc?(aj — ay)

B 1%+ 3(a§-c§ + a(bych +bic?))(aza; + asa?) + 3a§ajc§(a]- + a,)

1<s<j<N, (27)

)

and

ls =a b‘cs)a (28)

Ses—adc;, — a(bsc; — b;

J J
where ay,b,,c,,d,, 1" are constants. The constants ag,bs,c, need to satisfy the

condition (24) for N > 3.

3. Soliton-Type Solutions

This section is dedicated to the exploration of N-soliton solutions for the
(3 + 1)-dimensional HSI equation (8), building upon the three-soliton conditions
delineated in Sec. 2. The discussion encompasses a comprehensive analysis of
soliton, breather, and lump solutions, as well as their interaction solutions, for

N=1,234.

3.1. Soliton solution

In the context of the one-soliton solution (N = 1) for the HSI equation (8), the initial
step involves scrutinizing Eq. (25) to ascertain an expression for the function f, which
is formulated as follows:

f=1+exp(m). (29)

The derivation of the one-soliton solution for the HSI equation (8) entails substi-
tuting the expression from Eq. (29) into the bilinear transformation provided by
Eq. (9). This substitution results in the following expressions for the components
within the soliton solution:

2550060-9
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q
Z 20 20
0 . t
20 T—
-20
x

(a) (b) (c) (d)

Fig. 1. (Color online) One-soliton solution (30) with a =1, 3=1,a; =1, b =2, ¢; = 1, and 7} = 0.

.2
Bey

af-&-abl

where 17, = a1z + by + ¢z — t 4+19. The behavior of these soliton compo-

nents can be observed by examining different parameters. Specifically, setting
a; =1,b; = 2,and ¢; = 1, it is ensured that u, p, and g are all positive. On the other
hand, the sign of the component w depends on the parameters « and (3. For example,
when taking o =1, =1, and 1 =0 at z=0 and y =0, the soliton solution
exhibits interesting features. In Fig. 1, components u, p, and g exhibit a bell-shaped
soliton profile, while the component w shows an anti-bell-shaped soliton profile.
Apart from the visual characteristics, several physical quantities can be derived
from solutions (30). Notably, the amplitudes of the solutions u, p, w, and ¢ can be

2
aby ap _ Bey

20 7 4 altab’

a6

2
determined as %, and “%, respectively. Additionally, the envelope

. . . . . ﬂcf Bey ﬁc%
velocities along the z-axis, y-axis, and zaxis are given by aTraahy aTh+ab? and — Tty
respectively.

In Eq. (25), the two-soliton solution for N = 2 is expressed as follows:
f=1+exp(m)+exp(n2) + Azexp (m + 2), (31)

where 1, 15, and A, are defined in accordance with (26) and (27), respectively.
Given the assurance of the presence of two solitons, the parameters can be arbitrarily
selected. Upon substituting Eq. (31) into Eq. (9), the resultant figure of the two-
soliton solution is depicted in Fig. 2(a).

When N = 3, the three-soliton solution from Eq. (25) is expressed as follows:

3
exp (1,) + Y Agjexp (n, +1;) + Apgsexp (1 + 12 +13), (32)

1 5<j

3
f=1+

s
where 7, (s =1,2,3) and A;; are defined as (26) and (27), respectively, and
A9 = Aj9A;3Ay3. At this point, we need to consider the parameters satisfying the
condition for the existence of three solitons, that is, (ai,as,a3) and (¢, ¢y, c3) are

parallel. The plot of the three-soliton solution for Eq. (8) can be obtained by
substituting Eq. (32) into Eq. (9), as depicted in Fig. 2(b).

2550060-10
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(a) (b) ()

Fig. 2. (Color online) Soliton solutions from (31)—(33) and (9): (a) two-soliton solution with o =1,
B=1la,=1,b=1,¢,=2,a,=1,b, =2, ¢, =1, 5 = 1% = 0; (b) three-soliton solution with o = 1,
B=lag=1,b=1,¢,=2,ay=1,by=5,c,=2,a3=1,b3 = 2, ¢ =2, 05 =15 =15 = 0; (c) four-
soliton solution witha=1,=1,a; =1,by =1,¢i =2,a0 =1, by =5, =2,a3 =1, b3 = =2, ¢c3 = 2,
a4:1:b4:3704:2777q:77%:7)%:7791:&

For N = 4, the four-soliton solution arising from Eq. (25) is given by

4 4
F=14 exp(n,) + Y Agexp (n, +m))

s=1 5<J
4
+ > Agrexp (1 + 0y + me) + Arpzexp (Z m) : (33)
s<j<k s=1

where 7, (s =1,2,3,4) and A;; are defined as (26) and (27), respectively, and
Ajgzq = A9 A3 A1 Agy Aoy Asy. The conditions for the existence of four solitons can be
referenced from the conditions for three solitons, represented as (ay, ay, as, ay) and
(c1, ¢, c3,¢4). Upon substituting Eq. (33) into Eq. (9), the graphical representation
of the four-soliton solution for Eq. (9) is obtained, as depicted in Fig. 2(c). The
components u, p, w, q of the two-soliton to four-soliton solution are similar to the
one-soliton solution, thus only the plot of the component u is presented in Fig. 2.

3.2. Breather solution

Employing the complex conjugate parameter method, breather solutions across
various planes can be derived from the soliton solutions. If setting a; = a5 = v p+
Ivig, by = by = wy, ¢ = ¢ = vip + Iy, 0 = 0% = 0, where I stands for the imagi-
nary unit, i.e. I> = —1, the function in (31) is

F=1+ Ape® 4 2e% cos vy, (34)
with
Apy = ([v1y(w +ws) — vip(wy —ws)]a” + 41/%1(”%3 - 3”%])(”%1&’, + V%I)2

— 2av;(Vip + Vi) [I(w) — wo) (ViR + 3vTr) — 2v1 gris (W) + ws)])/
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Fig. 3. (Color online) One-breather solutions from (34) and (9) in (z,t)-plane witha =1, 8 =1, v = 1,
vy =2,w =3.

1
X (17w 4+ we) — vip(wr — wy)?a® — 12'/%3(’/%3 - EV%I)(V%R + V%1)2

3 1
+ davip(Vig + viD (g — §V%R)(W1 —wy) — 5'/%1(“’1 +wy)]), (35)

Bvig —vi)(vig — 3vipris + ow)
V3, — 3vipr?, + aw)? + (Bvigy — vi))?
2Bv1 g (3vigray — vi) )

b

(V3p = 3vipv?, + aw))? + (Bvigyy — vi))?

¢ =VigT +wiy +vigz + <— (

28vi v (Vg — 3vigris + aw))
(V35— 3vipv?; + aw)? + (Bvizyy — vi))?
/B(V%R - V%I)(?’V%RVH - V?fl) )

(V35 = 3vipv?, + aw)? + (Bvizyy — vi))?

U =vir + vz + (—

(37)

In the (x,t)-plane (see Fig. 3), when v = 1, v;; = 2, w; = 3, the solutions u, p, w, ¢
form shapes that exhibit a breather motion. This movement remains continuous and
stable on other planes, with shapes staying unchanged during propagation. However,
in the (z,z2)-plane, at the same parameter values, the shapes of these solutions
undergo noticeable changes, as shown in Fig. 4(a). Conversely, when v,y is set to 0

Fig. 4. (Color online) Periodic solutions (34) and (9) in (z, z)-plane witha =1, =1, v; =2, w; = 3,
(@) vir=1; (b) v1g =0.
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Integrability and multiple-rogue solutions of the (3 + 1)-d HSI equation

Fig. 5. (Color online) Two-breather solutions from (38) and (9) in (z,y)-plane with a =1, §=1,
vig =1, VZR:% v =2, Vy:%,wl =2, wy=1.

while keeping v; = 2 and w; = 3 constant, the shape in Fig. 4(a) transitions into
a periodic solution, as depicted in Fig. 4(b). This transformation highlights the
influence of the parameter v, on the morphological and dynamic characteristics
of solution sets across different planes, emphasizing its significance in system
behavior.

Bysetting a; = a5 =vip + v, a3 = a) = vop + lvgy, by = by = wy, by = by = wo,
ey =cy=vig+ vy, c5 = ¢} = vop + vy, and 1 = 1% = 0% = 7% = 0, while satis-
fying the Hirota bilinear condition, the function in (33) can be expressed as follows:

=1+ Apexp (2¢1) + Assexp (2¢3) + 2exp (¢1) cos ¥y + 2exp (() cos ¥

+ 2Mzexp (C1 + C2) cos(Vy + V5 + ws) + 2Myexp (¢ + () cos(Py — Jg — wy)

+ 2415 My Myexp (2¢; + &) cos(Vy + w3 + wy) + 245, Mz Myexp (¢ + 2¢,)

x cos(V) + wy — wy) + Ay Az M3 Miexp (2, + 2¢,), (38)
with

Ay = Mjexp (Iws) = A3y,

. (39)
Ay = Myexp (—Iw4) = A

Furthermore, when vip =1, vj; =2, wy =2, vop = %, Vor = %, wy = 1, the resulting
solutions u, p, w, g form shapes that exhibit a two-breather motion, as shown in Fig. 5.

3.3. Lump solution

In the realm of mathematical methods, the long-wave limit stands as a powerful
tool, particularly adept at approximating systems where wave wavelengths sig-
nificantly surpass the system’s dimensions. A prime application lies in the study of
fluid dynamics, such as water waves, where wavelengths dwarf the depth of the
medium.??

This section delves into harnessing the long-wave limit method to derive lump
solutions from the N-soliton solutions of Eq. (8). Through the assignment of, a; = l;¢,
b; = m;a;, ¢; = n;a; and 7% = I, a reformulation of Eq. (31) emerges

[ =1Ll (x1xe + @12) + 0(%), (40)
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(a2) (b2) (c2) (d2)

Fig. 6. (Color online) One-lump solution from (40) and (9) in (y, z)-plane, with a 3D (top) and density
(bottom) plots in the upper layer (a;)—(d;), and the corresponding time evolution contour plot at different
times below (ag)—(dz).

where
6(myn3 + myn?)

n .
Xi =T +my+nz——5———t,wy = — 5, =12, (41)
a? + am; a(ming — myny)

By substituting Eq. (40) into Eq. (9), and taking the limit as ¢ — 0, the solutions of
Eq. (8) can be expressed as follows:

4 200+ xe)?

Xixz +xo  (xixe +xo)?
_2(my +my) 200+ xe) (Maxe + maxa)

X1X2 + Xo (X1x2 + X0)* ’ 42)
2
25((3,; +4 ) 2(x1 +x2) (— 52,11 X2 — f;ﬁ’; X1)
w=— — ,
mm+m (x1x2 + X0)?
_ 2(n +1n9)  2(x1 + x2)(maxe + n2X1)
X1X2 T Xo (x1x2 + X0)?

Moreover, with the parameters a =1, =1, a; =1, as =5, m; =mj =142,
ny = ns = 1, it is observed that the two-soliton solution will degenerate into one lump v,
p, w, q as shown in Fig 6 in (y, ) plane. After computation, it is determined that
Upax(E— 2z, =L 2) =B and upy(E — 243, L, 2) =y E—2-3,-L,2)=—-2
Hence, the amplitude of one lump is 6. The tlme evolution plots in Fig. 6 (as)—(ds) at
t = —15,¢t = 0 and ¢ = 15 depict the dynamics of the four components u, p, w, and ¢. As

they progress along the line defined by
afci — ajet + a(bic3 — byct)
a?bicl —adbyci + a(bic —bic?)’

y=- (43)
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-
. .
0 0 20
,

(a) (b) (©) (d)

Fig. 7. (Color online) The time evolution of the one-line lump solution from (40) and (9) in the
(z, z)-plane.

which simplifies to

17 28
Y= (—E—§>~T, (44)

they undergo a shift. However, within the (z, z)-plane, it transforms into a line-lump,
gradually appearing and disappearing over time, as depicted in Figs. 7(a)-7(d), which
provides a more intuitive visualization.

The parameters under the Hirota N-soliton condition are initially redefined as
a; = lie, b; = m;a;, ¢; = n;a;, and ) = Im for i = 1,2, 3,4, with € — 0. In the pursuit
of capturing the essence of the system’s evolution, the expression for f provided in
Eq. (33) as follows:

J=(axexsXa + @saX1 X2 + WauX1X3 + Da3X1 X4 + T1aX2X3 + Wi3X2X4
+ WiaX3Xa + T12W34 + W13Way + W14@a3) i lolalae® + o(e?). (45)

By fixing a=1, =1, a1 =1, ap =5, m; =m5=1+2I and n; =nj =1, the
resultant two-lump solution u can be visually depicted in Fig. 8. This visualization
elegantly captures the evolving dynamics of the two-lump configuration within the
(z,y)-plane as time progresses, akin to an elastic collision scenario.

(a) (b) (c)

Fig. 8. (Color online) The time evolution of the two-lump solution from (45) and (9) at (a) t = —4;
(b) t=0; (c) t =4.
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Fig. 9. (Color online) Interaction solutions between a breather and a line soliton from (46) and (9) in
(x,y)-plane.

3.4. Interaction solution

In the analysis of interaction solutions for the HSI equation, particular attention is
given to the interactions between line and breather, line and lump, and lump and
breather solitons. For instance, by setting parameters that adhere to the Hirota
bilinear condition, a functional expression for the interaction solution can be derived,
revealing a complex interplay among the involved solitons.

Considering the specific parameter settings where a; = a} = v p + vy, ag = vs,
by =by =wy, by =ws, ¢ =ch=vip+ vy, c5 =rs, and 15 =n) =n% =0, while
satisfying the Hirota N-soliton condition, the function in (32) can be written as
follows:

f=142e% costy + Appe® + S (1 + 2M e cos(V + wy) + ApMPe*),  (46)
where

Az = M, Ay =Aj;=Me™. (47)

By setting v1p =1, v1; =2, v3 = %, wy; = 2, and w3y = —2, an interaction solution

between a line and a breather is obtained, as demonstrated in Fig. 9. This interaction

results in the line soliton propagating along the breather, as illustrated in Fig. 10.
Given the conditions where a; = a5 = v g + v, a3 = vs, ay = vy, by = by = wy,

by = w3, by = wy, ¢ = ¢ = vip + vy, ¢ = vy, ¢ = vy, and 1) = 1y = 0y = 0y =0,

25 25
u o, u
10 ‘10 10
& oy 25 oy 2514 y
& 0 0 2 0 vl 20 0 pell
x x x

(a) () (©) @

Fig. 10. (Color online) The time evolution of interaction solution u between a breather and a line soliton
from (46) and (9) at (a) t = —15; (b) t = —5; (c) t = 5; (d) t = 15.
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(a) (b) () (d)
Fig. 11. (Color online) The interaction solutions between a breather and a two-line soliton from (48)

and (9) in the (z,y)-plane.

while satisfying the Hirota N-soliton condition, the function in (33) can be expressed
as follows:

f=1+2e% cost +e% + et + Ae®t + 2M;e1 7% cos(d + wy)
+ 2M2641+C4 COS(’l91 + (UQ) + A34€CS+C4 + A12M12€2<1+<3 + A12M22€2CI+C3

+ 245, My MyeSr G+ cos )y 4+ Ajp Agy M MFe20+GH, (48)
with
Ay = Mye™t, Ay = Afy = Mie ™, Ay = Mye!, Ay = Ajy = Mye ™2
(49)
To illustrate, setting v1p =1, vy = 2, v3 = %, vy = %, w; =2, w3 =—2,and wy =1,

yields an interaction solution involving a two-line soliton and a breather, depicted in
Fig. 11.

In Eq. (32), with specific parameter settings such as a; = ly¢, ay = lye, b; = mya;,
c=mna;, M =n%=Ir, =0 (i=1,23) a=1, =1, ag=ay=a3=1,
my =my =1+ 2l, mg =3, n; =ny =n3 =1, and taking the limit as ¢ — 0 yields

f = (w1 + xax2)lilee® + (X1 X2 + @azX1 + @i3X2 + W12 + @13wa3)
-exp (n3)l1loe® + O(£?), (50)
indicating an interaction solution between a lump and a line soliton. The dynamic
evolution of this interaction over time is depicted in Fig. 12 on the (z,y)-plane.

(a) (b) () (d)

Fig. 12. (Color online) The time evolution of interaction solution u between a lump and a line soliton
from (50) and (9) at (a) t = —35; (b) t = —5; (c) t =5; (d) t = 15.
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Fig. 13. (Color online) The time evolution of interaction solution u between a lump and two-line soliton
from (51) and (9) at (a) t = —10; (b) t = —5; (c) t = 5; (d) ¢t = 30.

Moving on to Eq. (33), by adopting parameters such as a; = lig, ay = lye,
bi = m;a;, C¢;=n;a;, 77[} :77% :IT(’ 77[:)3 :7791 =0 (7’: 1527374) &= ]-7 /6: ]-7
am=a=a3=a,=1, m=m5=14+2l, mg=2, my=—-2, ny=ny=ng=
ny = 1, and again taking the limit as ¢ — 0 yields

[ =l [(w12 + X1X2) + (X1X2 + @23X1 + ©@i3X2 + @12 + ©i3w03)exp (1)
+ (X1X2 + @aaX1 + @uuXse + @ia + @14T4)exp (04) + wsuexp (13 + 14)
X (xix2 + (w23 + @ag) X1 + (@13 + @1a) X2 + @12
+ (w13 + @) (w3 + was))] + O(€?), (51)

indicating an interaction solution between a lump and two-line solitons. The dy-
namic progression of this interaction is presented in Fig. 13 on the (x,y)-plane.

Furthermore, still considering Eq. (33), taking a; = lie, ay = lye, b; = mya,,
G = NiQy, 7701:77%:1777 77%:7791:0 (i:17273’4)7 a=1, =1 a=a=a=
ay=1,my=m5=1+51, my=mj =143l ny =ny =ny =ny =1, and taking
the limit as € — 0 yields

f=hhLe* (w2 + x1x2) + (XaX2 + @asX1 + @i3X2 + @ia + @i3wa3)exp (1)
+ (X1X2 + @ouX1 + TuXe + @io + @@y )exp (1) + wyexp (2¢5)
X (x1x2 + (w23 + @ag) X1 + (@13 + @) X2 + @12
+ (w13 + wi4) (w3 + w))] + O(e?), (52)

depicting an interaction solution between a lump and a breather, as depicted in
Fig. 14 on (z,y)-plane.

Fig. 14. (Color online) The interaction solutions between a breather and a lump from (52) and (9).
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These analyses provide valuable insights into the elastic interactions between
various soliton within the studied framework, shedding light on the complex
dynamics inherent in these systems.

4. Multi-Rogue Wave Solutions

Zhaqilao proposed a method in Ref. 41 for generating multi-rogue waves. This
approach enables the control of dynamical behavior via a central point (6, 6), facil-
itating the exploration of multi-rogue wave solutions for various NPDEs.?> *® The
symbolic computation process for deriving multi-rogue wave solutions generally
involves the following steps:

(1) Begin with an NPDE in its general form
N(x7 y’ Z? t’ u’ u.’L" uy? UZ’ ut7 ufl‘fl?’ u'L‘y’ u.’L‘Z? M ') = O' (53)

(2) Perform a traveling wave transformation £ = x + by — dt, and through a variable
transformation v = P(f), Eq. (53) is transformed into a bilinear equation in
terms of

P(D¢,D.)f - f=0. (54)
(3) Assume a specific form for the solution function f, denoted as

f = fn+1(£7 Z3 07 6) = An+1(£7 Z) + 292Bn(£7 Z) + 265071,(& Z) + (02

+62)An—1(§7 Z), (55)
and
n(n+1)/2 k -
(57 ) Zan(n+1) %,22‘Z?zgn(nJrl)f%7
k=0 =0
n(n+1)/2 k
Z Z D(ns1)—ok 22 €D 2R, (56)
k=0 =0
n(n+1)/2 k .
ClED = S 3 e

with  Ay=1, A, =By=Cy=0, where  a,;,by;,cny (Mm,1€{0,2,
4,...,n(n+1)}), 6 and §é are the real amounts.

(4) Appending (55) and (56) to (54), coefficients of various powers of ¢ and z are
collected, and through straightforward algebraic manipulations, the coefficients
Q> by g, and ¢y, are obtained.

(5) Upon obtaining the coefficients a,,;, b,,;, and ¢,,,;, substitute them back into
u = P(f) to derive the multi-rogue wave solutions for (53).
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In the context of the (3 + 1)-dimensional HSI equation (8), a traveling wave
transformation & = x + by — dt is performed, resulting in the following form:

(

57
—d)ug = we, bug =pe,  u, = qe. (57)

This transformation leads to the dependent variable transformations
uw=2(nf)g, p=2b(nflg, w=2(=d)(Inf)e, g¢=2(nf)e, (58)
resulting in the bilinear form of Eq. (57)
(—abdDi —dD¢ + BD?)f - f = 0. (59)
When n = 0, Eq. (55) can be rewritten as follows:

f = fl (§7 z3 95 6) = Al (ga Z) + 20280(57 Z) + 26500(57 Z) + (02 + 62)A—1(§a Z)
=a90 + Cl0,2Z2 + a2,052~ (60)

To simplify, let’s choose a;y = 1 and substitute Eq. (60) into Eq. (59). By setting the
coefficients of all powers of { and z to zero, we find: ayy = — % and qgy = — “—g‘l Thus,
Eq. (60) transforms into

3

2_ozbd 3
ab’

f= h€0.6) = (=0 =2 (= o)
To preclude singularities, it is imperative that (61) remains a positive quadratic
polynomial.**-*® Applying the transformation given in Eq. (58), the one-rogue wave
solutions take the following form:

(61)

(62)

_ 8d[(€-0)* +°F
- [(5_0)2_%(1 2_5)2_%}2 ’
8%(5—9 z—0)

(€= 07 — T (z— 67 — 5]

This rogue exhibits the following characteristics:

lim u;, =0, lim wue, =0. (63)

{—=+o0 z—+o0

Fora=-1,6=3,b=1,d=1,6 =0 =0, it is confirmed that fin (61) is a positive
quadratic polynomial. The one-rogue wave solutions are illustrated in Fig. 15, with
the wave center located at (0,0) if 8 # 0 and 6 # 0, the center shifts to (6, 6). After
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Fig. 15. (Color online) One-rogue wave solutions (61) with a=-1,3=3,b=1,d=1,6 =6 =0.

calculation, the following values are obtained:

4 1 1
U(0,0)—g, u(3,0)——g, ’U/(—?),O)——g,
4 1 1
p(oao)_ga p(330)__ga p(_370)__67
4 1
w(0,0)=-5, w@0)=¢, w(=30)=¢; (64)

V6 3v2y VB (V6 3v2Y V3
o 4

(20)- 0 ()
9

(£2)-

As depicted in Fig. 15, the components u and p represent rogues with peaks facing
upward, while w represents a rogue with troughs facing upward. On the other hand,
the component ¢ exhibits a double-peaked structure. The upper layer displays 3D
and density plots, while the lower layer shows contour plots.

When n =1, Eq. (55) can be rewritten as follows:

J=1(&20,8) = Ay (&, 2) + 202B4 (€, 2) + 266C1 (€, 2) + (07 + 6*) Ay (&, 2)
= (agp + 00,222 + <10,4Z4 + 00,62’6) + (ag + a2,222 + a2,4z4)£2
+ (as0 + ag22%)E + ag o8 + 202(by g + by 22* + by o&?)
+ 26€(co + Co27” + €208%) + (67 + €). (65)

3 q(\/é 3\/§> V3

2 2
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To simplify, let’s choose ag( = 1 and substitute Eq. (65) into Eq. (59). By setting the
coefficients of all powers of £ and z to zero, we find

_9a3b%d((c5 — 1)8% — 67) — a?Bb2b3 6% — 16875d

o0 9a363d ’
- _ 475d L 17abd? . asb3d? _ 125
0,2 = afb’ Qg = 7@ y  Qop = —,63 y Qg0 = 202’ (66)
o, 04 Befd 95 3abd o Shy
2,2 = 3 Ay = I Ay = ab’ Qg2 = 3 00 = T3
bo,z = - ab?()iﬂbzo ) bz,o = bZ,Oa €00 = %7 Cp2 = %, Co0 = C2-

Substituting (65) and (66) into (58), the two-rogue wave solutions are derived. For
a=-1,8=3,b=1,d=2,byy =1, cog = 2. When é = 0 = 0, the two-rogue wave
concentrates near (0,0), as shown in Fig. 16(a); for § = § = 50, it can be observed
that the two-rogue wave is undergoing splitting, depicted in Fig. 16(b); when
6 =60 =500, the two-rogue wave splits into three one-rogue waves, depicted in

! .
u » ; "
w
. ) ,2 -2 - -0s 20
P
oz z :
:
2 20 20 0 20 0
0 0 » 0 » o
20 20 BN -0
g 8 g g

(a1) (a) (as) (ad)

(c1) (ca) (cs) (cq)

Fig. 16. (Color online) Two-rogue wave solutions (65) with a=—1, 3=3, b=1, d=2, ¢;p =2,
by o = 1. The parameters are (a;)—(as) 6 = 6 = 0; (by)—(by) 6 = 0 = 50; (c1)—(ca) 6 = 6 = 500.
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Fig. 16(c). That is, when ¢ and 0 are sufficiently large, the two-rogue wave can consist
of at most three one-rogue waves, forming a triangle.
When n = 2, Eq. (55) can be rewritten as follows:

f=13(620,6) = A3(€, 2) + 202B5(&, 2) + 26605 (€, 2) + (07 + 6*) A (&, 2)
= (ag + 00,22’2 + CLOAZA + aoszﬁ + aO,SZS + ‘10,102’10 + 00,12212) + (agg

+ a2,222 + a274z4 + a2,636 + (12,828 + Cl2,10210)f2 + (as0 + a4,222 + Cl4,4754

+ ay62° + ass2)Et + (agp + ag22* + %‘,424 + a562°)E° + (ag + ag22”

+ 08,424)58 + (a0 + a1022*)€"0 + a1z,o§12 +202((by + bo,QZ2 + byt

+ bO,GZG) + (byo + b2,222 + 52,424)52 + (bao + b4,222)§4 + b6 0£°)

+ 26€((coo + coa2® + couz* + cp62°) + (Cog + Co92% + €942%)E2

+ (a0 4 €122 + ¢60%) + (0% + 62) (‘ %alz? +& - %) . (67)

Substitute Eq. (67) into Eq. (59). By setting the coefficients of all powers of £ and zto
zero, we find

17334a4 ,0°0°Bd? (6% + 6°) + 259663320 b*b§ (d6?

00 = 5778044 Bd2a510
—8014300a°b° Bc] ,d?6% + 15065589a ] /3>
+ 5778y 4 fatbs ’
8667a, ,0°b° Bd? (6% + 6%) + 129831660 b*b§ (d6?
foz = 8667ay F2da’b’
—40071500°b° Bc] ,d?6% + 2321200507 , 5°
+ 866704 402da*b? ’
93667a, 4 867a, 402bd?
Qo4 = 764204%2 ) Qo = Qo6 Qos = 77490@ )
2900 dPay 4 ay 4d* a0

@010 = T g7osg 0 012 T T304t
8667a,,,0°b>Bd2(8% + 02) + 129831660 b1b2 o362

%20 =~ 8667a, 4fd2a5b?
—40071500°6° Bc] ya?6? + 12326391a3 ,3°
B 8667a4,d2adb> ’
16178a, 4 42a, 4 506ay 4cebd
22T T 0740l 2T 107ab” 25T T 5353
57a3b3d*ay 3ay 4d3 0Pt 296450, 43>
8T T gz 0 20T T grosg 0 MO T T gyt
6308a,4 4 146a%db%ay 4 3ay4d?atb?
YT 070224 M T T 3masg 0 M T T a00m
1078ay 43 2665a, 4 22abay 4
960 = TI6052a%07 T 2T T 535abd ¢ 4T T 535
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. 2&4)4d0[3b3 . 2104474,82 B 696(14’4
6= " 7355 0 BOT 10700202420 T 37454
_ 30/4,40521)2 . 704474/82 _ 304474,80113
AT Ta00 0 M0 T Toa75ab 102 T T TIRT25d
a4y4ﬁ2 3773b6,0 49db670 7Oébd2b6’0
120 = 37450420 00 = T 3088 002 = —,Bab Y 75[32 )
- a3b366’0d3 o 133b6,0 N 9a2b2b670d2 o 21b6,0
0,6 — 5ﬁ3 ) 20 — Oézb2 ) 24 — 7 5ﬁ2 ) 4,0 — ab )
abbe’od 120056@172 535C472
b4,2 = 3 > be,o = b6,07 Co0 = T T oTdatbt Co2 = T 9022
5dC472 50[2b20472d2 245,604,2 23064,2
00,4:—7, 00,6:_Ta CQ,OZ_Wv Coo = — 9ab
50[1)04,2(1 13&0472 564,2
Coy = —795 ) Ca0 = T 9a2b2d’ Cy2 = C42, Cop = 9abd

(68)

(c1) (c2) (cs) (ca)

Fig. 17. (Color online) Three-rogue wave solutions (67) with a = -1, §=3,b=1, d=2, ayy =2,
beo = 1, cy» = 1. The parameters are (a;)—(as) § = 0 = 0; (by)—(by) § = 6 = 50; (c1)—(c4) § = 6 = 500.
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Substituting (67) and (68) into (58), the three-rogue wave solutions are derived.
Fora=-1,8=3,b=1,d=2, ayq4 =2, bgg =1, ¢yo = 1. Similarly, as 6 and 0
gradually increase, the three-rogue starts splitting from the center (0,0), eventually
forming a three-rogue wave consisting of a central peak and five peaks around it,
forming a ring-like structure, as Fig. 17.

Comparing the N-lump from the long-wave limit and the N-rogue wave from
multiple-rogue wave method, we observe that the former consists of N lumps, while
the latter is composed of w rogues controlled by the wave center (6,0).
Furthermore, the former undergoes elastic collisions over time, whereas the latter

exhibits fixed patterns, such as a triangle, a pentagon, and so forth.

5. Conclusions

In this paper, the dynamic behavior of the (3 + 1)-dimensional HSI equation (8) is
explored. The Hirota N-soliton conditions were examined to ascertain the existence
of N-soliton solutions, which elucidate the integrable properties of the equation under
specific conditions. The Hirota bilinear method was applied to derive soliton solu-
tions (see Figs. 1 and 2) ranging from one-soliton to four-soliton solutions for the HSI
equation (8). These solutions exhibit various shapes, including bell and anti-bell
shapes, due to the equation’s four components u, p, w, and q. Moreover, by intro-
ducing complex conjugate parameters, breather solutions (see Figs. 3-5) were
obtained, including one breather and two-breather, which manifest differently across
different planes. For instance, a one breather in the (x,t)-plane represents the
classical breather, while in the (x—z)-plane, it exhibits two periodic waveform modes.
Additionally, utilizing the long-wave limit technique, we derived lump solutions (see
Figs. 6-8), including one lump and two-lump. Similarly, one lump in the (y, z)-plane
resembles the classical lump, but in the (z, z)-plane, it transforms into a line-lump.
The two lumps demonstrates elastic collisions. Furthermore, three types of inter-
action solutions (see Figs. 9-14) were explored, namely breather and line, lump and
line, and breather and lump interactions, analyzing their temporal evolution be-
havior. Additionally, employing multiple-rogue wave method, multi-rogue wave
solutions of the HSI equation (8) for n =0,1,2 (see Figs. 15-17) were obtained,
controlled by the wave center (6,6). As the wave center (6,8) varies, multi-rogue
waves eventually exhibit aesthetically pleasing patterns, such as triangles, centered
pentagons. These findings deepen our understanding of the dynamics and behavior of
the HSI equation, paving the way for further exploration in nonlinear wave phe-
nomena and integrable systems.
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