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A microcrystalline material refers to a crystallized substance or rock comprised of tiny crystals
that can only be observed under a microscope. The strain wave equation is a fourth-order

nonlinear partial di®erential equation encountered in the examination of non-dissipative strain

wave propagation within microstructured solids. In this paper, the transmission of waves in
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microcrystalline materials is dictated by the non-dissipative case of strain wave equation's

structure, accounting for multiple dimensions within microcrystalline structures. The simplest

equation method is employed to extract multi-soliton solutions, while the modi¯ed Sardar
subequation method is applied to identify additional soliton solutions, including bright, com-

bined dark{bright, combined dark-singular, periodic singular, and singular solitons. Further-

more, the dynamical system bifurcation theory approach is utilized to investigate the phase

diagrams of the governing equation. Further elaboration on the physical dynamical represen-
tation of the presented solutions is provided through pro¯le illustrations. A comparison with the

existing literature is also provided, highlighting the e±cacy of our work. The signi¯cance of the

acquired outcomes lies in their capacity to portray a wide array of intricate and diverse
phenomena observed in both mathematical and physical systems.

Keywords: Strain wave equation; multi-solitons; phase portrait; microcrystalline materials;
nonlinear equations.

PACS Nos.: 02.30.Ik, 05.45.Yv

1. Introduction

Nonlinear phenomena are prevalent across di®erent ¯elds in engineering and applied

sciences, serving as fundamental models for both natural and social occurrences. A

myriad of nonlinear evolution equations (NLEEs) has been formulated to explain these

intricate nonlinear dynamics including plasma hydrodynamics, chemical dynamics,

population modeling and solid-state physics.1{5 The solutions obtained from NLEEs

are signi¯cant in nonlinear science because they o®er crucial insights into the under-

lying physical properties of the phenomena under investigation. These investigations

not only enhance our comprehension of the problem's properties, but also furnish

valuable predication for future practical applications.6{10Researchers extract di®erent

types of soliton solutions of NLEEs such as lumpwave solutions of ð2þ 1Þ-dimensional

dispersive wave model,11 N-soliton solutions of nonlinear integrable equations are

obtained by the Hirota bilinear method,12 N-soliton solutions of nonlinear integrable

equations involving re°ection points of coordinates are generated in detail byDarboux

transformations,13 and solutions derived from the Riemann{Hilbert problems.14

NLEEs also serve as mathematical models for explaining wave propagation in

microstructured solids.15,16 The consideration of multiple microcrystalline solids

becomes imperative, particularly when scale dependence introduces nonlinear

behavior and dispersion e®ects. In such cases, the relation between dispersion and

nonlinear e®ects can lead to the occurrence of solitary waves. Microcrystalline solids

have crystal domains on the micrometer scale which is the characteristic of these

materials. The microcrystalline solids may be a®ected by di®erent factors, such as

existence of grain boundaries and grain size17,18 which have potential to impede

dislocation movement. Moreover, the electrical conductivity of microcrystalline

materials is di®erent from that of both single crystals and amorphous materials.

Grain boundaries can also e®ect on charge carrier mobility which add further com-

plexity to their electrical behavior. Microcrystalline solids, such as silicon, have size-

dependent optical properties and are key components in semiconductor devices

and thin-¯lm solar cells.19,20 Their controlled microstructure enables cost-e®ective
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production processes while maintaining e±ciency to make them valuable in the

manufacturing of electronic component. Additionally, other metallic alloys with

microcrystalline structures in°uence mechanical properties and are crucial for com-

ponents requiring speci¯c strength and toughness. Microcrystalline materials also

¯nd applications in MEMS devices, where their tailored mechanical and electrical

properties are leveraged in emerging technologies.21,22 The images of microcrystalline

materials are illustrated in Fig. 1.

The strain wave equation, a fourth-order nonlinear partial di®erential equation,

emerges as a fundamental tool in analyzing non-dissipative strain wave propagation

within microstructured solids.23 Beyond its application in this context, it serves as a

versatile model capturing the dynamics of various physical phenomena. Additionally,

it can be viewed as an extension of the Boussinesq equation, incorporating dual dis-

persion e®ects. The equation's scope encompasses phenomena such as shallow water

waves in oceanic regions, nonlinear lattice waves, and vibrations of nonlinear strings.24

Strain, a fundamental measure of material deformation, quanti¯es either the stretch or

compression (normal strains) or the distortion associated with inter-layer sliding

(shear strains) within a material. Strain measurement stands as a cornerstone in

materials testing, o®ering insights into the physical properties of materials through

stress{strain curves. Engineers leverage this knowledge to compare materials and

predict the behavior of structures or components made from speci¯c materials,

accounting for factors like sti®ness and failure strength during processing and service.

Within microcrystalline solids, the strain wave equation takes on the following

form27,28:

Ytt � Yxx � aðl1ðY 2Þxx � �l2Yxxt þ �l3Yxxxx � ð�l4 � �2l7ÞYxxtt þ ��ðYxxxxtt þ l6YxxxtttÞ ¼ 0;

ð1Þ

(a) Silicon Microcrystalline (b) Silver Microcrystalline

Fig. 1. (Color online) Images of microcrystalline materials.25,26
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where liði ¼ 1; 2; . . . ; 7Þ are nonzero real numbers, a signi¯es the in°uence of

dissipation, � represents the coe±cient associated with elastic strain, and � denotes

the ratio between the size and wavelength of the microstructure. By putting � ¼ 0

and � ¼ Oð�Þ, the (1) turns into the following equation29

Ytt � Yxx � aðl1ðY 2Þxx � l3Yxxxx þ l4YxxttÞ ¼ 0: ð2Þ
Recent studies have focused extensively on the strain wave dynamical equation,

yielding a variety of solutions such as in Ref. 30, authors examined the strain wave

equation and derived several traveling wave solutions using a novel generalized

G0=G- expansion method. In Ref. 31, strain wave equation is explored to uncover

various soliton solutions through extended simple equation. In Ref. 27, the explicit

solutions for the strain wave model are obtained by utilizing the e®ective functional

variable techniques and Kudryashov method. In Ref. 16, authors applied a newly

modi¯ed extended mapping method to the strain wave dynamical equation in

microstructured solids, producing several explicit wave solutions.

As soliton theory advances, a multitude of robust methodologies have surfaced,

each designed to elucidate precise solutions to NLPDEs.32{41 There is a general

approach to solitary wave solutions, called the transformed rational function

method42 and more generally, the multiple exp-function method for generating

multi-wave solutions.43

In this paper, we explore the non-dissipative strain wave equation within

microcrystalline materials, focusing speci¯cally on (2). This problem is signi¯cant

due to its implications for understanding wave propagation in microstructured

solids. To address this, we employ the simplest equation method (SEM)44 and

modi¯ed Sardar subequation method (MSSEM)45 to extract multi-soliton and other

types of solutions for the ¯rst time.

The examination of di®erential equations (DEs) through bifurcation theory

has emerged as a highly regarded area of study in recent times. These disciplines

serve as valuable resources for understanding complex systems governed by DEs.46

Bifurcation, characterized by a qualitative shift in the behavior of a dynamical system

due to parameter variations, is a pivotal concept within this framework. Notably,

this study marks the ¯rst investigation into bifurcation analysis within this context.

In summary, we investigate the non-dissipative strain wave equation in terms of

microcrystalline materials by employing several analytical methods such as the SEM

and the MSSEM, to derive various soliton solutions such as multi-solitons, bright,

dark{bright, dark-singular, periodic singular, and singular solitons. Additionally, we

utilized the dynamical system bifurcation theory to analyze phase diagrams to

provide deeper insights into the dynamical behavior of the solutions. The results

indicate the diverse wave phenomena that can occur in microcrystalline materials

and contribute to a broader understanding of such systems. The novelty of this work

lies in the application of advanced soliton solution techniques which extends beyond

previous e®orts by o®ering new perspectives in existing literature.

D. Chou et al.

2550088-4



The subsequent structure of the paper unfolds as follows. Section 2 delves into the

SEM with its corresponding applications. Following that, Sec. 3 provides an expo-

sition on the MSSM, accompanied by illustrative applications. In Sec. 4, bifurcation

analysis on the governed equation is thoroughly elucidated. Moving forward, Sec. 5

presents the Results and Discussion, while the ¯nal section o®ers the Conclusion.

2. Simplest Equation Method

The Simplest Equation Method (SEM) employs a basic reference equation, typically

the Burger equation, to derive multi-soliton solutions. This approach bypasses the

need for bilinearization, streamlining the process of obtaining soliton solutions. By

using the Burger equation as a simplifying reference, the SEM e±ciently generates

solutions without resorting to complex transformations or lengthy ansatzes. This

method's straightforward application allows for a more e±cient and accessible

analysis of the soliton structures in many nonlinear systems.

Consider the nonlinear partial di®erential equation (NLPDE)

QðYt;Ytx;Yxx; . . .Þ: ð3Þ
Now, suppose

Y ðx; tÞ ¼ Qð�Þ; � ¼ kx� ct; ð4Þ
where k and c denote the wave number and the wave speed, respectively. The

transformation given in (4) changes the (3) into the following ordinary di®erential

equation (ODE):

R
�
Qð�Þ; dQ

d�
;
dQ2

d�2
; . . .

�
: ð5Þ

Assume that the solution of Eq. (5) is written as

Qð�Þ ¼
XN
j¼0

gjðV ð�ÞÞj: ð6Þ

The process begins by expressing the constants gj and the solution V of speci¯c

ODEs, referred to as the SE, where V is a solution of speci¯c ODEs. Using the

homogeneous balancing rule, we determine the constant N. Next, we substitute the

¯nite-series solution given by Eq. (6) into Eq. (5), resulting in a polynomial involvingV.

Setting all coe±cients of this polynomial to zero generates a system of equations.

Solving this system allows us to determine the values of gj. The crucial step in

employing the SEM is selecting the appropriate SE. Thus, we opt for the coupled

Burgers' equation, as it represents the simplest equation for discovering new solitary

and multi-soliton solutions.

Consider the Burgers' equation

vt � 2vvx � vxx ¼ 0: ð7Þ
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Now, suppose vðx; tÞ ¼ V ð�Þ.
�cV� � 2kVV� � k2V�� ¼ 0: ð8Þ

By taking integration of (8) with respect to �

V� ¼
�c

k2
V � 1

k
V 2: ð9Þ

The dispersion relation gives

c ¼ �k2: ð10Þ
Hence, (9) changes to

V� ¼ V � 1

k
V 2: ð11Þ

A general class of solutions to the Riccati equation in Ref. 47 was presented. A

multi-wave solution for the Burgers' equation (7) derived using Hirota's method is

written as44

V ¼
PN

j¼1 kje
kjx�cjt

1þPN
j¼1 e

kjx�cjt
; ð12Þ

where c2i ¼ �k2
i . Now by putting (9) into (6), solution of given equation is obtained.

2.1. Application of SEM

The (4) changes the (3) into the following ODE

ak2ðk2l3 � c2l4ÞQ00ð�Þ � ak2l1Qð�Þ2 þ ðc2 � k2ÞQð�Þ ¼ 0: ð13Þ
The homogeneous balancing rule gives N ¼ 2, so from (6), assume

Qð�Þ ¼ g2V ð�Þ2 þ g1V ð�Þ þ g0: ð14Þ
By inserting (14) along (11), we get the following set of algebraic system:

g0ðc2 � k2Þ � ag2
0k

2l1 ¼ 0;

ag1k
2ðk2l3 � c2l4Þ � 2ag0g1k

2l1 þ g1ðc2 � k2Þ ¼ 0;

ð6ag2ðk2l3 � c2l4Þ � ag2
2k

2l1Þ ¼ 0;

�10ag2kðk2l3 � c2l4Þ þ 2ag1ðk2l3 � c2l4Þ � 2ag1g2k
2l1 ¼ 0;

4ag2k
2ðk2l3 � c2l4Þ � 3ag1kðk2l3 � c2l4Þ � ag 2

1k
2l1 � 2ag0g2k

2l1 þ g2ðc2 � k2Þ ¼ 0:

Now, by solving this system, we have the following values of constants:

g0 ¼ 0; g1 ¼ �kg2; a ¼ k2 � c2

k2ðk2l3 � c2l4Þ
;

l1 ¼
6ðk2l3 � c2l4Þ

g2k2
:
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When substituting the values into Eq. (14) and inserting Eq. (12) within Eqs. (6)

and (4), we derive the subsequent solutions of (2)

1-soliton solution

Y1�sðx; tÞ ¼ g2
k2
1e

2ð�c1tþk1xÞ

ðeð�c1tþk1xÞ þ 1Þ2 �
k2
1e

ð�c1tþk1xÞ

eð�c1tþk1xÞ þ 1

� �
; ð15Þ

where k1 ¼ k and c1 ¼ c.

2-soliton solution

Y2�sðx; tÞ ¼ g2
k2
1e

2ð�c1tþk1xÞ þ k2
2e

2ð�c2tþk2xÞ

ðeð�c1tþk1xÞ þ eð�c2tþk2xÞ þ 1Þ2 �
k2
1e

ð�c1tþk1xÞ þ k2
2e

ð�c2tþk2xÞ

eð�c1tþk1xÞ þ eð�c2tþk2xÞ þ 1

� �
: ð16Þ

3-soliton solution

Y3�sðx; tÞ ¼ g2
k2
1e

2ð�c1tþk1xÞ þ k2
2e

2ð�c2tþk2xÞ þ k2
3e

2ð�c3tþk3xÞ

ðeð�c1tþk1xÞ þ eð�c2tþk2xÞ þ eð�c3tþk3xÞ þ 1Þ2
�

� k2
1e

ð�c1tþk1xÞ þ k2
2e

ð�c2tþk2xÞ þ k 2
3e

ð�c3tþk3xÞ

eð�c1tþk1xÞ þ eð�c2tþk2xÞ þ eð�c3tþk3xÞ þ 1

�
: ð17Þ

3. Description of MSSEM

The modi¯ed Sardar Subequation method is an enhanced version of the original

Sardar Subequation Method (SSM).23 This method is employed to extract various

types of solutions and has been widely applied in the literature due to its e®ectiveness

in solving NLPDEs.

Suppose, in (6), V ð�Þ satis¯es the following ODE

V 0ð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sV 4ð�Þ þ rV 2ð�Þ þ q

p
; ð18Þ

where q, r, and s are constants.

Case 1: If q ¼ 0, r > 0, and s 6¼ 0, then

V1ð�Þ ¼ �
ffiffiffiffiffiffiffiffi
� r

s

r
sechð ffiffiffi

r
p ð� þ �ÞÞ;

V2ð�Þ ¼ �
ffiffiffi
r

s

r
cschð ffiffiffi

r
p ð� þ �ÞÞ:

Case 2: For constants �1 and �2. Let s ¼ �4�1�2, r > 0, and q ¼ 0, we have

V3ð�Þ ¼ � 4�1
ffiffiffi
r

p
ð4� 21 � sÞcoshð ffiffiffi

r
p ð� þ �0ÞÞ � ð4� 21 þ sÞsinhð ffiffiffi

r
p ð� þ �0ÞÞ

:
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Case 3: If q ¼ r2

4s, r < 0, and s > 0, with constants D1, and D2, then

V4ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

2s

r
tanh

ffiffiffiffiffiffiffiffi
� r

2

r
ð� þ �Þ

� �
;

V5ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

2s

r
coth

ffiffiffiffiffiffiffiffi
� r

2

r
ð� þ �Þ

� �
;

V6ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

2s

r
ðtanhð ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ � isechð ffiffiffiffiffiffiffiffiffi�2r
p ð� þ �ÞÞÞ;

V7ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

8s

r
tanh

ffiffiffiffiffiffiffiffi
� r

8

r
ð� þ �Þ

� �
þ coth

ffiffiffiffiffiffiffiffi
� r

8

r
ð� þ �Þ

� �� �
;

V8ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

2s

r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

1 þD2
2

p
�D1coshð

ffiffiffiffiffiffiffiffiffi�2r
p ð� þ �ÞÞ

D1sinhð
ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ þD2

 !
;

V9ð�Þ ¼ �
ffiffiffiffiffiffiffiffiffiffi
� r

2s

r
coshð ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ
sinhð ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ � i

 !
:

Case 4: If q ¼ 0, r < 0, and s 6¼ 0, then

V10ð�Þ ¼ �
ffiffiffiffiffiffiffiffi
� r

s

r
secð ffiffiffiffiffiffi�r

p ð� þ �ÞÞ;

V11ð�Þ ¼ �
ffiffiffiffiffiffiffiffi
� r

s

r
cscð ffiffiffiffiffiffi�r

p ð� þ �ÞÞ:

Case 5: If q ¼ r2

4s, r > 0, s > 0, and D2
1 �D 2

2 > 0, then

V12ð�Þ ¼ �
ffiffiffiffiffiffi
r

2s

r
tan

ffiffiffi
r

2

r
ð� þ �Þ

� �
;

V13ð�Þ ¼ �
ffiffiffiffiffiffi
r

2s

r
cot

ffiffiffi
r

2

r
ð� þ �Þ

� �
;

V14ð�Þ ¼ �
ffiffiffiffiffiffi
r

2s

r
ðtanð ffiffiffiffiffi

2r
p ð� þ �ÞÞ � secð ffiffiffiffiffi

2r
p ð� þ �ÞÞÞ;

V15ð�Þ ¼ �
ffiffiffiffiffiffi
r

8s

r
tan

ffiffiffi
r

8

r
ð� þ �Þ

� �
� cot

ffiffiffi
r

8

r
ð� þ �Þ

� �� �
;

V16ð�Þ ¼ �
ffiffiffiffiffiffi
r

2s

r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D 2

1 �D 2
2

p
�D1cosð

ffiffiffiffiffi
2r

p ð� þ �ÞÞ
D1sinð

ffiffiffiffiffi
2r

p ð� þ �ÞÞ þD2

 !
;

V17ð�Þ ¼ �
ffiffiffiffiffiffi
r

2s

r
cosð ffiffiffiffiffi

2r
p ð� þ �ÞÞ

sinð ffiffiffiffiffi
2r

p ð� þ �ÞÞ � 1

 !
:

Case 6: If q ¼ 0 and r > 0, then

V18ð�Þ ¼
4re�

ffiffi
r

p ð�þ�Þ

e�2
ffiffi
r

p ð�þ�Þ � 4rs
;

V19ð�Þ ¼
�4re�

ffiffi
r

p ð�þ�Þ

1� 4rse�2
ffiffi
r

p ð�þ�Þ :
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Case 7: If q ¼ r ¼ 0 and s > 0, then

V20ð�Þ ¼ � 1ffiffiffi
s

p ð� þ �Þ :

Case 8: If q ¼ r ¼ 0 and s < 0, then

V21ð�Þ ¼ � iffiffiffiffiffiffi�s
p ð� þ �Þ :

Putting (18) along (6) into (13) and equating all the coe±cients to zero yield a

system that can be solved to ¯nd gj.

3.1. Application of MSSEM

The homogeneous balancing rule gives N ¼ 2, so from (6), assume

Qð�Þ ¼ g2V ð�Þ2 þ g1V ð�Þ þ g0: ð19Þ

By inserting (19) with (18) into (13), we get the following set of algebraic system:

�2ac2g2k
2l4qþ 2ag2k

4l3q� ag 2
0k

2l1 þ c2g0 � g0k
2 ¼ 0;

�ac2g1k
2l4rþ ag1k

4l3r� 2ag0g1k
2l1 þ c2g1 � g1k

2 ¼ 0;

�2ac2g1k
2l4sþ 2ag1k

4l3s� 2ag1g2k
2l1 ¼ 0;

�4ac2g2k
2l4rþ 4ag2k

4l3r� ag 2
1k

2l1 � 2ag0g2k
2l1 þ c2g2 � g2k

2 ¼ 0;

�6ac2g2k
2l4sþ 6ag2k

4l3s� ag2
2k

2l1 ¼ 0:

The following sets of constants are obtained by solving the above system

Set 1:

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c4 � 2c2k2 þ k4

p

4ðac2k2l4 � ak4l3Þ
; g1 ¼ 0; g2 ¼ � 6ðc2l4s� k2l3sÞ

l1
;

g0 ¼
c2l1 � l1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c4 � 2c2k2 þ k4

p � k2l1
2ak2l21

:

Set 2:

g1 ¼ 0; g0 ¼
k2 � c2

2ak2l1
; l4 ¼

2ak4l3rþ c2 � k2

2ac2k2r
; s ¼ � ag2k

2l1r

3ðc2 � k2Þ :

Now, by using the values of constants in (19) and by using the solutions of (13), we

have the following solutions of governed equation. The solutions of Case 3 and Case 5

are according to Set 2 and remaining cases are according to Set 1.

Case 1: If q ¼ 0, r > 0, and s 6¼ 0, then

Y1ð�Þ ¼ g0 þ g2 �
ffiffiffiffiffiffiffiffiffi
� r

s

r
sechð ffiffiffi

r
p ð� þ �ÞÞ

� �2

; ð20Þ
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Y2ð�Þ ¼ g0 þ g2 �
ffiffiffi
r

s

r
cschð ffiffiffi

r
p ð� þ �ÞÞ

� �2

: ð21Þ

Case 2: For constants �1 and �2. Let s ¼ �4�1�2, r > 0, and q ¼ 0, we have

Y3ð�Þ ¼ g0 þ g2 � 4�1
ffiffiffi
r

p
ð4� 2

1 � sÞcoshð ffiffiffi
r

p ð� þ �0ÞÞ � ð4� 21 þ sÞsinhð ffiffiffi
r

p ð� þ �0ÞÞ
� �2

: ð22Þ

Case 3: If q ¼ r2

4s, r < 0, and s > 0, with constants D1, and D2, then

Y4ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

2s

r
tanh

ffiffiffiffiffiffiffiffiffi
� r

2

r
ð� þ �Þ

� �� �2

; ð23Þ

Y5ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

2s

r
coth

ffiffiffiffiffiffiffiffiffi
� r

2

r
ð� þ �Þ

� �� �2

; ð24Þ

Y6ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

2s

r
ðtanhð

ffiffiffiffiffiffiffiffiffi
�2r

p
ð� þ �ÞÞ � isechð

ffiffiffiffiffiffiffiffiffi
�2r

p
ð� þ �ÞÞÞ

� �2

;

ð25Þ

Y7ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

8s

r
tanh

ffiffiffiffiffiffiffiffiffi
� r

8

r
ð� þ �Þ

� �
þ coth

ffiffiffiffiffiffiffiffiffi
� r

8

r
ð� þ �Þ

� �� �� �2

;

ð26Þ

Y8ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

2s

r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D 2

1 þD 2
2

p
�D1coshð

ffiffiffiffiffiffiffiffiffi�2r
p ð� þ �ÞÞ

D1sinhð
ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ þD2

 ! !
2

; ð27Þ

Y9ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffiffiffiffiffiffi
� r

2s

r
coshð ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ
sinhð ffiffiffiffiffiffiffiffiffi�2r

p ð� þ �ÞÞ � i

 ! !
2

: ð28Þ

Case 4: If q ¼ 0, r < 0, and s 6¼ 0, then

Y10ð�Þ ¼ g0 þ g2 �
ffiffiffiffiffiffiffiffiffi
� r

s

r
secð ffiffiffiffiffiffi�r

p ð� þ �ÞÞ
� �2

; ð29Þ

Y11ð�Þ ¼ g0 þ g2 �
ffiffiffiffiffiffiffiffiffi
� r

s

r
cscð ffiffiffiffiffiffi�r

p ð� þ �ÞÞ
� �2

: ð30Þ

Case 5: If q ¼ r2

4s, r > 0, s > 0, and D2
1 �D 2

2 > 0, then

Y12ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

2s

r
tan

ffiffiffi
r

2

r
ð� þ �Þ

� �� �2

; ð31Þ
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Y13ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

2s

r
cot

ffiffiffi
r

2

r
ð� þ �Þ

� �� �2

; ð32Þ

Y14ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

2s

r
ðtanð

ffiffiffiffiffi
2r

p
ð� þ �ÞÞ � secð

ffiffiffiffiffi
2r

p
ð� þ �ÞÞÞ

� �2

; ð33Þ

Y15ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

8s

r
tan

ffiffiffi
r

8

r
ð� þ �Þ

� �
� cot

ffiffiffi
r

8

r
ð� þ �Þ

� �� �� �2

; ð34Þ

Y16ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

2s

r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

1 �D 2
2

p
�D1cosð

ffiffiffiffiffi
2r

p ð� þ �ÞÞ
D1sinð

ffiffiffiffiffi
2r

p ð� þ �ÞÞ þD2

 ! !
2

; ð35Þ

Y17ð�Þ ¼
k2 � c2

2ak2l1
þ g2 �

ffiffiffiffiffiffi
r

2s

r
cosð ffiffiffiffiffi

2r
p ð� þ �ÞÞ

sinð ffiffiffiffiffi
2r

p ð� þ �ÞÞ � 1

 ! !
2

: ð36Þ

Case 6: If q ¼ 0 and r > 0, then

Y18ð�Þ ¼ g0 þ g2
4re�

ffiffi
r

p ð�þ�Þ

e�2
ffiffi
r

p ð�þ�Þ � 4rs

� �2

; ð37Þ

Y19ð�Þ ¼ g0 þ g2
�4re�

ffiffi
r

p ð�þ�Þ

1� 4rse�2
ffiffi
r

p ð�þ�Þ

� �2

: ð38Þ

Case 7: If q ¼ r ¼ 0 and s > 0, then

Y20ð�Þ ¼ g0 þ g2 � 1ffiffiffi
s

p ð� þ �Þ
� �

2

: ð39Þ

Case 8: If q ¼ r ¼ 0 and s < 0, then

Y21ð�Þ ¼ g0 þ g2 � iffiffiffiffiffiffi�s
p ð� þ �Þ

� �
2

: ð40Þ

4. Bifurcation Analysis

In our study, the bifurcation analysis is applied to the ODEs derived from the strain

wave equation, which are transformed into a Hamiltonian system for detailed

analysis. By solving this Hamiltonian system, we identify the equilibrium points that

characterize the system's behavior. Our observations reveal that, by varying

the values of the constants used in the ODEs, we can observe di®erent types of

equilibrium points, including center points, saddle points, and cusp points. These
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equilibrium points indicate the qualitative changes in the system's behavior with the

selection of parameters.

The (13) can be written as

Q00ð�Þ ¼ ak2l1
ak2ðk2l3 � c2l4Þ

Qð�Þ2 � ðc2 � k2Þ
ak2ðk2l3 � c2l4Þ

Qð�Þ: ð41Þ

The (41) has the following Hamiltonian system:

dQ

d�
¼ U ;

dU

d�
¼ b1Q

2 � b2Q;

ð42Þ

having the Hamiltonian

HðQ;UÞ ¼ 1

2
U2 � b1

3
Q3 þ b2

2
Q2; ð43Þ

where

b1 ¼
ak2l1

ak2ðk2l3 � c2l4Þ
; b2 ¼

ðc2 � k2Þ
ak2ðk2l3 � c2l4Þ

:

In order to study the phase portraits of the system in (42), we ¯rst study the equi-

librium points of the system (42). It is easy to see that when b2 6¼ 0, the system (42)

has two equilibrium points V0ð0; 0Þ and V1ðb2b1 ; 0Þ. When b2 = 0, the system (41) has

only one equilibrium point.

Case 1: When b2 > 0, the origin V0ð0; 0Þ is center point and V1ðb2b1 ; 0Þ is a saddle

point. The parameters' selection is c ¼ 2; k ¼ 1; l3 ¼ 3; l4 ¼ 1; a ¼ �1:5, and l1 ¼
�1:

Case 2: When b2 < 0, the origin V0ð0; 0Þ, is saddle point and V1ðb2b1 ; 0Þ is a center

point. The parameters' selection is c ¼ 2; k ¼ 1; l3 ¼ 3; l4 ¼ 1; a ¼ 1, and l1 ¼ �1.

Case 3:When b2 ¼ 0, the origin V0ð0; 0Þ is cusp point. The parameters selection is

c ¼ 1; k ¼ 1; l3 ¼ 3; l4 ¼ 1; a ¼ 1, and l1 ¼ �1.

5. Results and Discussion

In this study, we employed distinct methodologies, namely SEM and MSSM, to

extract various types of soliton solutions. The SEM method facilitated the explo-

ration of multi-soliton solutions, while the modi¯ed Sardar subequation technique

was utilized to derive di®erent types of soliton solutions, including dark, bright,

combined dark{bright, combined singular-dark, periodic singular, and singular

solitons. We have performed a bifurcation analysis and generated phase portrait

graphs, o®ering a novel perspective on the dynamics of the equations under study.

This aspect has not been previously explored in the literature, particularly con-

cerning multi-soliton solutions and their phase portraits. The motivation for
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employing the MSSEM arises from our prior investigation, where the Sardar sub-

equation method yielded only 14 solutions.23 In contrast, applying MSSEM in this

study has led to the discovery of twenty solutions. This study extends these ¯ndings

by providing a more comprehensive investigation, uncovering additional solution

structures and advancing the understanding of wave phenomena in microcrystalline

solids.

In Table 1, we present ¯ndings that align with existing research.

The applied methods have some advantages and limitations, which are summa-

rized in Table 2. Microcrystalline solids hold promise across diverse applications

within soliton wave theory, notably in optics, photonics, and condensed matter

physics. Tailored microcrystalline materials exhibiting speci¯c nonlinear optical

characteristics o®er opportunities for advancing optical device technologies

leveraging solitons. Nonlinearities within these materials facilitate soliton formation

and stabilization, o®ering avenues for information transmission and processing in

optical communication systems. In the realm of optics, microcrystalline structures

exert a profound in°uence on soliton behavior within optical ¯bers, enhancing the

design and e±cacy of communication networks. Furthermore, in condensed matter

physics, the presence of microcrystalline structures in semiconductors shapes

soliton dynamics, impacting the behavior of charge carriers and excitons. Photonic

crystals featuring microcrystalline structures interact intricately with solitons,

modulating their propagation and characteristics. Such interactions serve as a

foundation for developing innovative devices with tailored optical functionalities,

including soliton control and manipulation. The application of soliton theory to

microcrystalline materials holds potential in biomedical optics. Solitons may ¯nd

utility in precise imaging techniques and the manipulation of biological structures

at the microscopic level, heralding new possibilities for biomedical research and

clinical applications.

Using both 3D and 2D plots, we provide numerical simulations of these ¯gures.

Figures 2{4 depict solutions extracted from SEM. Speci¯cally, Fig. 2 illustrates the

1-soliton solution, Fig. 3 shows the 2-soliton solution, and Fig. 4 indicates the 3-soliton

solution. Detailed parameter descriptions are provided beneath each ¯gure's caption.

Figures 5{8 showcase the graphs of solutions obtained from MSSM, utilizing the

parameter values speci¯ed in each ¯gure's caption. Speci¯cally, Fig. 5 illustrates the

combined dark{bright soliton solution for Y6ð�Þ and Fig. 6 depicts the combined

dark-singular soliton solution for Y7ð�Þ. Combined solitons, dark-singular or such as

dark{bright solitons, show complex waveforms that have characteristics of more

than one soliton type simultaneously. These solitons indicate interactions between

di®erent types of waves within the material. The combined solitons gives insights

about complex physical systems where multiple wave types interact, such as in

advanced materials with mixed properties and multi-faceted optical systems.

Figure 7 presents the periodic-singular soliton solution for Y10ð�Þ). These solitons
have features of both singularities and periodic waves which represent the waves that

periodically reach in¯nite amplitude. In microcrystalline materials, these solutions

Multiple soliton and singular wave solutions with bifurcation analysis
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Table 2. Comparison of methods: Advantages and limitations.

Method name Advantages Limitations

Modi¯ed Sardar

Sub-Equation

Method
(MSSEM)

Yields diverse solutions: dark, bright, singu-

lar, periodic-singular, and combined soli-

tons.

Solutions depend on constraint

conditions. Not applicable

to ¯rst-order equations.

Simplest Equation

Method (SEM)

Derives multi-soliton solutions without alter-

ing the original NLPDE. Simple applica-

tion without the need for bilinearization.

Limited to (1+1)-dimensional

equations.

Bifurcation Analysis Explains phase portraits, providing insights

into the dynamical behavior of the system.

Applicable only to second-order

equations.

Fig. 2. (Color online) The evolution of one-soliton obtained from (15) for the parameter values via

c1 ¼ 0:4; g2 ¼ 1; k1 ¼ 0:2.

Fig. 3. (Color online) The evolution of two-soliton obtained from (16) for the parameter values

c1 ¼ 0:4; c2 ¼ 0:6; g2 ¼ 1; k1 ¼ 0:2, and k2 ¼ 0:8.
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Fig. 4. (Color online) The evolution of three-soliton obtained from (17) for the parameter values
c1 ¼ 1; c2 ¼ 0:7; c3 ¼ 0:6; g2 ¼ 1:2; k1 ¼ 1; k2 ¼ 2, and k3 ¼ 0:3.

Fig. 5. (Color online) The evolution of dark{bright-soliton obtained from (25) for the parameter values

c ¼ 0:5; g0 ¼ 1; g2 ¼ �3; k ¼ 0:2; s ¼ 0:75; and r ¼ �0:5.

Fig. 6. (Color online) The evolution of dark-singular soliton obtained from (26) for the parameter values

c ¼ 0:5; g0 ¼ 1; g2 ¼ �3; k ¼ 0:2; s ¼ 0:75; and r ¼ �0:5.
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describe scenarios where the wave has periodic bursts of extreme intensity. Figure 8

indicates the singular soliton shape for Y18ð�Þ. Singular solitons have in¯nite

amplitude at speci¯c points and highly localized energy spikes in the material.

Physically, these have defects or sharp discontinuities within the crystal lattice.

Lastly, Figs. 9{11 exhibit phase portrait graphs for Eq. (42) obtained through

bifurcation analysis for all possible cases. Bifurcation analysis in the terms of the

strain wave equation gives valuable insights into the dynamic behavior of wave

propagation in microcrystalline materials. By utilizing bifurcation analysis to the

derived ODE, we can investigate how changes in system parameters in°uence the

equilibrium states and stability of the wave system. This analysis helps us to identify

di®erent equilibrium points, such as center points, saddle points, and cusp points.

For example, center points indicate stable periodic solutions while saddle points

show regions of instability. Cusp points present critical transitions in the system's

Fig. 7. (Color online) The evolution of periodic-singular soliton obtained from (29) for the parameter

values c ¼ 2; g0 ¼ 1; g2 ¼ �1; k ¼ 5; q ¼ 0; s ¼ 2; and r ¼ �3.

Fig. 8. (Color online) The evolution of singular soliton obtained from (37) for the parameter values

c ¼ 2; g0 ¼ 1; g2 ¼ �1; k ¼ 5; q ¼ 0; s ¼ 2; and r ¼ 3.
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Fig. 9. (Color online) The phase portrait for (42) where (a) b1 > 0 and (b) b10.

Fig. 10. (Color online) The phase portrait for (42) where (a) b1 > 0 and (b) b10.

Fig. 11. (Color online) The phase portrait for (42) where (a) b1 > 0 and (b) b10.
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dynamics to o®er a understanding of how parameter changes a®ect the stability and

propagation of strain waves.

6. Conclusion

This study has elucidated the intricate dynamics of wave propagation within

microcrystalline materials through the utilization of advanced mathematical tech-

niques and theoretical frameworks. By employing the strain wave equation and

various solution methods such as the SEM and MSSEM, a comprehensive under-

standing of multi-soliton and other soliton solutions has been achieved. Further-

more, the application of dynamical system bifurcation theory has provided valuable

insights into the phase diagrams governing the behavior of these materials. The

signi¯cance of these ¯ndings extends beyond mere theoretical exploration, as they

o®er practical implications for understanding and manipulating wave phenomena in

microstructured solids. Moreover, the physical dynamical representation of the

obtained solutions through pro¯le illustrations enriches our understanding of these

complex systems, facilitating their interpretation and application in real-world

scenarios.
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