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Abstract The aim of this paper is to construct Wron-
skian solutions to ageneralizedKdVequation in (2+1)-
dimensions, which possesses a trilinear form. On the
basis of two useful properties associated with Hirota
differential operators, a general Wronskian formu-
lation is established and the involved functions for
Wronskian entries satisfy a system of combined lin-
ear partial differential equations. The key technique
is to apply the Wronskian identity of the bilinear
KP equation while presenting those sufficient condi-
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tions. Other illustrative examples of sufficient con-
ditions are also given for the cKP3-4 equation, the
(2 + 1)-dimensional DJKM equation, and the dissi-
pative (2 + 1)-dimensional AKNS equation. Finally,
N -soliton solutions and soliton molecules are worked
out through the presented Wronskian formation.

Keywords Generalized KdV equation · Trilinear
form · Wronskian formulation · N -soliton solution

1 Introduction

It is of great significance in nonlinear science to inves-
tigate nonlinear integrable equations and discuss their
integrable properties. There are many interesting char-
acteristics, such as N -soliton solutions, bilinear Bäck-
lund transformations, Lax pairs, Painlevé test, and
infinitely many conservation laws, which could repre-
sent integrability of nonlinear differential equations [1–
15]. Among those integrable properties, the existence
of N -soliton solutions usually implies the integrabil-
ity [16] of the underlying nonlinear evolution equa-
tions. N -soliton solutions are a kind of exact multi-
ple exponential wave solutions [17]. It is known that
the Hirota bilinear method is widely used in construct-
ing N -soliton solutions by perturbation [18]. Once a
nonlinear differential equation is expressed as a Hirota
bilinear form, one can always work out one-soliton
and two-soliton solutions, based on the corresponding
Hirota bilinear equation. However, when N ≥ 3, a
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Hirota bilinear equation possesses an N -soliton solu-
tion if and only if the Hirota N -soliton condition is
satisfied [19,20]. More recently, one of the authors
(Ma) has presented an improved algorithm to verify the
Hirota conditions via comparing degrees of the poly-
nomials on the basis of the Hirota functions in N wave
vectors [21–23]. In addition, Wronskian formulas are a
universal feature for nonlinear integrable equations and
also become a powerful and standard way to establish
N -soliton solutions in terms of Wronskian-type deter-
minants [24–27].

In mathematical physics, the Korteweg de-Vries
(KdV) equation

ut + 6uux + uxxx = 0, (1.1)

and its (2 + 1)-dimensional generalization, the Kad-
omtsev–Petviashvili-I (KPI) equation [28]

ut = −6uux − uxxx + 3∂−1
x uyy, (1.2)

are two well-known integrable models which possess
N -soliton solutions that could be generated through
their Hirota bilinear forms. Based on the Lax operator
of the KP equation, the commuting KP hierarchy [29],
also knownas the integrable positiveKPhierarchy [30],
was presented in previous studies. The third member
of the integrable positive KP hierarchy is just the KPI
equation (1.2), and the fourth member can be written
as

ut = 12(2ux∂
−1
x uy − ∂−2

x uyyy + uxxy + 4uuy), (1.3)

via appropriate scaling and Galileo transformations.
These two equations have lump solutionswith different
kinds of rational dispersion relations [31,32]. A novel
(2+1)-dimensional system, the combination of the Eq.
(1.2) and the Eq. (1.3) (cKP3-4)

ut = a(6uux + uxxx − 3wy)

+b(2wux − zy + uxxy + 4uuy),

uy = wx , uyy = zxx , (1.4)

has been systematically considered by Lou recently
[33]. Lou named Eq. (1.4) as the cKP3-4 equation in
Ref. [33]. Clearly, the cKP3-4 equation will be reduced
back to an equivalent form of the standard KdV equa-
tion (1.1) when y = x , so the system (1.4) is also an
extension of the KdV equation in (2 + 1)-dimensions.
The Lax pair, the dual Lax pair and multiple soliton
solutions were written down directly by Lou [33], upon
observing that a linear combination in a soliton hierar-
chy is still integrable.

Besides, the KdV equation has some other general-
ized forms in (2+1)-dimensions, including the (2+1)-
dimensional generalized breaking soliton equation

ut + auxxx + buxxy + 3ae

b
uux

+2euvx + euxv = 0, uy = vx , (1.5)

which was first proposed by Xu [34]. This general-
ized equation passes the Painlevé test and possesses
some integrable properties, such as N -soliton solu-
tions, bilinear Bäcklund transformations, Lax pairs and
infinitely many conservation laws [34]. Infinitely many
nonlocal symmetries and similarity reductions were
also discussed for the equivalent form of Eq. (1.5) in
Ref. [35].

Motivated by the abovementioned results, we would
like to extend the cKP3-4 equation (1.4) and the (2+1)-
dimensional generalized breaking soliton Eq. (1.5) to
a new one which still has many significant properties:

a(6αuux + uxxx + 3γ vxy) + b(uxxy + 2αuxvx

+4αuuy + γ vyy) + cut + dux = 0, vxx = uy,

(1.6)

where a, b, c, d, α and γ are real constant coefficients,
which satisfy cα(a2 + b2) �= 0 to guarantee the non-
linearity of Eq. (1.6). Obviously, taking

α = 1, γ = c = −1, d = 0, vx = w (1.7)

and

α = e

2b
, γ = 0, c = 1, d = 0, (1.8)

in Eq. (1.6) gives Eqs. (1.4) and (1.5), respectively. Set-
ting a = γ = 0, α = 2, b = 1, c = 4, d �= 0,
and making use of the potential u = ϕx , we see that
Eq. (1.6) reduces to the following dissipative (2 + 1)-
dimensional Ablowitz–Kaup–Newell–Segur (AKNS)
equation:

4ϕxt + ϕxxxy + 4ϕxxϕy + 8ϕxϕxy + dϕxx = 0. (1.9)

The bilinear Bäcklund transformation, Lax pair, infin-
itely many conservation laws and various exact solu-
tions for Eq. (1.9) were investigated in Refs. [36,37].

To sum up, the system (1.6) includes a great num-
ber of significant integrable equations as its special
cases. It is known that integrable equations play amajor
role in modeling complex physical phenomena due to
their interesting integrability. For instance, if the coef-
ficient d = 0, Eq. (1.9) is just the AKNS equation
[38], which is one of the important integrable model
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equations for the propagation of long waves in non-
linear dispersive systems. Moreover, since the dissi-
pation will inevitably occur when the shallow water
waves come across damping, the dissipative (2 + 1)-
dimensional AKNS equation is widely used to charac-
terize the (2+1)-dimensional interaction of waves with
dissipative effect in various branches of science espe-
cially in fluid mechanics [39]. According to the phys-
ical properties of the integrable equations mentioned
above, the extended (2 + 1)-dimensional KdV equa-
tion (1.6) may be described as the interaction of two-
dimensional shallow water waves in nonlinear disper-
sive systems. Therefore, we may trust that the discus-
sion of Eq. (1.6) is beneficial to explain diverse physical
phenomena in many areas of nonlinear science.

We consider the logarithmic transformations

u = 2

α
(ln f )xx + u0

α
, v = 2

α
(ln f )y, (1.10)

where u0 is a real parameter. Under the transforma-
tions (1.10), the extended form (1.6) is translated into
a trilinear form

a( f 2 fxxxxx + 2 f fxx fxxx − 5 f fx fxxxx

−6 f 2xx fx + 8 fxxx f
2
x + 3γ f 2 fxyy

−3γ f fx fyy − 6γ f fy fxy + 6γ fx f
2
y

+6u0 f
2 fxxx − 18u0 f fx fxx + 12u0 f

3
x )

+b( f 2 fxxxxy − f fxxxx fy + 2 f fxx fxxy

−4 f fx fxxxy + 4 fx fxxx fy

−2 f 2xx fy − 4 fxx fx fxy + 4 f 2x fxxy + γ f 2 fyyy

+2γ f 3y − 3γ f fy fyy

+4u0 f
2 fxxy − 4u0 f fxx fy − 8u0 f fx fxy

+8u0 f
2
x fy) + c( f 2 fxxt

− f fxx ft − 2 f fx fxt + 2 f 2x ft )

+d( f 2 fxxx − 3 f fx fxx + 2 f 3x ) = 0. (1.11)

It seems that the trilinear equation (1.11) cannot be
directly bilinearized. But we have the following so-
called quadrilinear representation of Eq. (1.11) [8,40,
41]:

Dx

[(
3aD4

x + 9aγ D2
y + 2bD3

x Dy

+3cDx Dt + 3dD2
x + 18au0D

2
x

)
f · f

]
· f 2

+Dy

[(
bD4

x + 3bγ D2
y

+12bu0D
2
x

)
f · f

]
· f 2 = 0, (1.12)

where the D-operator is defined by

Dn1
x1 D

n2
x2 f · g

= (∂x1 − ∂x ′
1
)n1(∂x2 − ∂x ′

2
)n2

f (x1, x2)g(x
′
1, x

′
2)|x ′

1=x1,x ′
2=x2 , (1.13)

with n1 and n2 being arbitrary nonnegative integers
[18].

The purpose of this paper is to furnish a Wronskian
formulation to the extended (2 + 1)-dimensional KdV
equation (1.6) by employing Wronskian identities of
the bilinear KP hierarchy, thereby presenting its N -
soliton solutions. This paper is structured as follows. In
Sect. 2, by using two helpful properties associated with
Hirota differential operators, a general Wronskian for-
mulation will be constructed. Furthermore, N -soliton
solutions and soliton molecules will be generated from
the obtained Wronskian formulation in Sects. 3 and 4,
respectively. Conclusions and remarks will be given in
the last section.

2 A new Wronskian structure

The Wronskian technique is a valid method to estab-
lish exact solutions for Hirota bilinear forms. To this
end, we adopt the following helpful notation defined
by Freeman and Nimmo [24,25]:

W (φ1, φ2, . . . , φN ) =

∣∣∣∣∣∣∣∣∣∣

φ1 φ
(1)
1 · · · φ

(N−1)
1

φ2 φ
(1)
2 · · · φ

(N−1)
2

...
...

...
...

φN φ
(1)
N · · · φ

(N−1)
N

∣∣∣∣∣∣∣∣∣∣
, (2.1a)

where φ
( j)
i = ∂ jφi

∂x j
, i, j ≥ 1. It can often be written

in the compact form as follows:

W = |φ, φ(1), . . . , φ(N−1)|
= |0, 1, . . . , N − 1| = |̂N − 1|, (2.1b)

where φ(l) denotes the column vector (φ
(l)
1 , φ

(l)
2 , . . . ,

φ
(l)
N )T .
As we know, the first two equations of the KP hier-

archy [42] can be written in Hirota bilinear form as

(D4
1 − 4D1D3 + 3D2

2) f · f = 0, (2.2a)

[(D3
1 + 2D3)D2 − 3D1D4] f · f = 0, (2.2b)

where f is a function of the variables x j , j =
1, 2, 3, . . . , and Dj ≡ Dx j . Note that the first member
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(2.2a) just becomes the typical bilinear KP equation,
upon setting (x1, x2, x3) = (x, y, t). If the Wronskian
entries φi = φi (x1, x2, x3, . . .) (1 ≤ i ≤ N ) satisfy
that

∂x j φi = ∂ jφi

∂x j
, j = 1, 2, 3, . . . , (2.3)

then f = fN = |̂N − 1| defined by the Wronskian
determinant (2.1) solves the bilinear equations (2.2a)
and (2.2b) [18,43]. Sato et al. showed that the KP
hierarchy equations in bilinear forms reduce to the
Plücker relations for determinants when the function
f is expressed by the Wronskian [18,44]. For exam-
ple, under the conditions (2.3), the first member (2.2a)
in the KP hierarchy yields the following identity

(D4
1 − 4D1D3 + 3D2

2)|̂N − 1| · |̂N − 1|
= 24(|̂N − 1||̂N − 3, N , N + 1|

−|̂N − 2, N ||̂N − 3, N − 1, N + 1|
+|̂N − 2, N + 1||̂N − 3, N − 1, N |) ≡ 0, (2.4)

which is nothing but the Plücker relation.
To present Wronskian solutions, we first give two

useful properties associated with Hirota differential
operators.

Lemma 2.1 If the Wronskian entries φi = φi (x, y, t),
1 ≤ i ≤ N , in the Wronskian determinant (2.1) satisfy
the expressions (2.3) and the following conditions:

∂yφi = (a1∂x + a2∂
2
x + · · · + am∂mx )φi

≡ (a1∂x1 + a2∂x2 + · · · + am∂xm )φi , (2.5a)

∂tφi = (b1∂x + b2∂
2
x + · · · + bn∂

n
x )φi

≡ (b1∂x1 + b2∂x2 + · · · + bn∂xn )φi , (2.5b)

where m, n are nonnegative integers, and a1, a2, . . . ,
am, b1, b2, . . . , bn are arbitrary constants, then f =
fN = |̂N − 1| defined by the Wronskian determinant
(2.1) possesses the following property:

Dp
y D

q
t f · f

= (a1D1 + a2D2 + · · · + amDm)p

(b1D1 + b2D2 + · · · + bnDn)
q f · f, (2.6)

with p, q are nonnegative integers and D j ≡ Dx j .
Here the Hirota’s bilinear operators Dx j , j = 1, 2, 3,
. . . , are defined by the expression (1.13).

Lemma 2.2 Suppose the Wronskian entries φi =
φi (x, y, t), 1 ≤ i ≤ N , in the Wronskian determi-
nant (2.1) satisfy the expressions (2.3) and

N∑
j=1

λi jφ j = (c1∂x + c2∂
2
x + · · · + cm∂mx )φi

≡ (c1∂x1 + c2∂x2 + · · · + cm∂xm )φi , (2.7)

where c1, c2, . . . , cm are arbitrary constants and the
coefficient matrix A = (λi j )1≤i, j≤N is an arbitrary
real constant matrix. Then we have

Dk(c1D1 + c2D2 + · · · + cmDm) f · f = 0, (2.8)

where the function f is expressed by the Wronskian
determinant (2.1) and Dk = Dxk . Here the Hirota’s
bilinear operators Dxk , k = 1, 2, 3, . . . , are defined
by the expression (1.13).

Lemmas 2.1 and 2.2 have been proved in Ref. [45]. We
onlymake a supplement to the proof of Lemma 2.1 (see
the “Appendix” for details).

In the following, we present a well-known example
to shed light on applications of Lemma 2.2. It is known
that the KdV equation (1.1) is mapped into the bilinear
form

(Dx Dt + D4
x ) f · f = 0, (2.9)

by thedependent variable transformationu=2(ln f )xx .
For the convenience of later discussions, we can rescale
the coordinates and rewrite Eq. (2.9) as follows:

(D4
1 − 4D1D3) f · f = 0, (2.10)

where D1 and D3 stand for Dx and Dt , respectively.
In the KP hierarchy, the bilinear KP equation (2.2a) is
reduced to the bilinear KdV equation (2.10) if one takes
D2 = 0, which is the “2-reduction” of the KP equation
[46]. Assume that the function f = |̂N − 1| is defined
by theWronskian determinant (2.1) and theWronskian
entries φi satisfy the following linear conditions

φi,xx =
N∑
j=1

λi jφ j , (2.11a)

φi,t = φi,xxx , 1 ≤ i ≤ N , (2.11b)

where theλi j ’s are arbitrary constants. Using the condi-
tion (2.11a) and Lemma 2.2 gives D2

2 f · f = 0. Then
applying the conditions in (2.11) and the Wronskian
identity (2.4), we can deduce that

(D4
1 − 4D1D3)|̂N − 1| · |̂N − 1|

= [
(D4

1 − 4D1D3 + 3D2
2) − 3D2

2

]|̂N − 1| · |̂N − 1| = 0.

(2.12)

This shows that the Wronskian determinant f =
|̂N − 1| solves the bilinear KdV equation (2.10).

According to the above results, we now give a set
of sufficient conditions, under which the Wronskian
determinant solves the trilinear equation (1.11).
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Theorem 2.1 Assume that a set of functions φi =
φi (x, y, t), 1 ≤ i ≤ N , satisfies the following com-
bined linear conditions:

φi,xx =
N∑
j=1

λi jφ j , (2.13a)

φi,y = r1φi,x , (2.13b)

φi,t = r2φi,x + r3φi,xxx , (2.13c)

with

r2 = −γ r21 (3a + br1)

c
− d + 4bu0r1 + 6au0

c
,

r3 = −4

c
(a + br1), (2.13d)

where r1 �= 0 is a free parameter and the coefficient
matrix A = (λi j )1≤i, j≤N is an arbitrary real constant

matrix. Then f = fN = |̂N − 1| defined by the Wron-
skian determinant (2.1) solves the trilinear equation
(1.11).

Proof We introduce an auxiliary independent vari-
able z, so that the quadrilinear representation (1.12)
becomes

Dx

[(
3aD4

x + 9aγ D2
y + 2bD3

x Dy + 3cDx Dt + 3dD2
x

+18au0D
2
x − DyDz

)
f · f

]
· f 2

+Dy

[(
bD4

x + 3bγ D2
y + 12bu0D

2
x

+Dx Dz
)
f · f

]
· f 2 = 0. (2.14)

Suppose that the Wronskian entries φi , 1 ≤ i ≤ N ,
satisfy

φi,z = r4φi,x + r5φi,xxx ,

r4 = −3bγ r21 − 12bu0, r5 = −4b. (2.15)

We utilize the conditions (2.13) and Lemma 2.1, and
then the function f = fN = |̂N − 1| defined by the
Wronskian determinant (2.1) yields

D4
x f · f = D4

1 f · f, D2
y f · f = r21D

2
1 f · f,

D3
x Dy = r1D

4
1 f · f,

Dx Dt = D1(r2D1 + r3D3) f · f,

DyDz = r1D1(r4D1 + r5D3), Dx Dz

= D1(r4D1 + r5D3) f · f.

Now, we can compute that
(
3aD4

x + 9aγ D2
y + 2bD3

x Dy + 3cDx Dt

+3dD2
x + 18au0D

2
x − DyDz

)
f · f

= [
3aD4

1 + 9aγ r21D
2
1 + 2br1D

4
1

+3cD1(r2D1 + r3D3)

+3dD2
1 + 18au0D

2
1 − r1D1(r4D1 + r5D3)

]
f · f

= [
(3a + 2br1)D

4
1 + (9aγ r21

+3cr2 − r1r4 + 3d + 18au0)D
2
1

+(3cr3 − r1r5)D1D3
]
f · f

= (3a + 2br1)
[
D4
1 − 4D1D3

]
f · f = 0, (2.16)

and
(
bD4

x + 3bγ D2
y + 12bu0D

2
x + Dx Dz

)
f · f

= [
bD4

1 + 3bγ r21D
2
1 + 12bu0D

2
1

+D1(r4D1 + r5D3)
]
f · f

= [
bD4

1 + (3bγ r21 + 12bu0 + r4)D
2
1 + r5D1D3

]
f · f

= b
[
D4
1 − 4D1D3

]
f · f = 0, (2.17)

where the conditions (2.13), (2.15) and the Wronskian
identity (2.12) of the KdV equation have been applied.
It follows further that

Dx

[(
3aD4

x + 9aγ D2
y + 2bD3

x Dy + 3cDx Dt

+3dD2
x + 18au0D

2
x

)|̂N − 1| · |̂N − 1|
]

· |̂N − 1|2

+Dy

[(
bD4

x + 3bγ D2
y

+12bu0D
2
x

)|̂N − 1| · |̂N − 1|
]

· |̂N − 1|2 = 0.

(2.18)

Therefore, this shows that f = |̂N − 1| solves the
bilinear trilinear equation (1.11).

Subsequently, three application examples will be
given to illustrate the Wronskian sufficient conditions
of Theorem 2.1.

Case 1 The cKP3-4 equation
The case of a2 + b2 �= 0, α = 1, γ = c = −1 and

d = u0 = 0 presents

Dx

[(
3aD4

x − 9aD2
y + 2bD3

x Dy − 3Dx Dt
)
f · f

]
· f 2

+Dy

[(
bD4

x − 3bD2
y

)
f · f

]
· f 2 = 0, (2.19)

which is mapped into the cKP3-4 equation (1.4) [33],
under the logarithmic derivative transformations

u = 2(ln f )xx , w = 2(ln f )xy, z = 2(ln f )yy . (2.20)

A set of sufficient conditions, which makes the Wron-
skian determinant a solution to the quadrilinear equa-
tion (2.19), can be expressed as
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φi,xx =
N∑
j=1

λi jφ j , (2.21a)

φi,y = r1φi,x , (2.21b)

φi,t = −r21 (3a+br1)φi,x+4(a + br1)φi,xxx ,

(2.21c)

where r1 �= 0 is a free parameter and the λi j ’s are
arbitrary constants.

Case 2 The (2 + 1)-dimensional DJKM equation
The case of α = b = 1, c = −2, γ = −1 and

a = d = u0 = 0 yields

Dx

[(
2D3

x Dy − 6Dx Dt
)
f · f

]
· f 2

+Dy

[(
D4
x − 3D2

y

)
f · f

]
· f 2 = 0, (2.22)

which is equivalent to the (2 + 1)-dimensional Date–
Jimbo–Kashiwara–Miwa (DJKM) equation [5,47,48]:

ψxxxxy + 4ψxxyψx + 2ψxxxψy + 6ψxyψxx

−ψyyy − 2ψxxt = 0, (2.23)

under the dependent variable transformation ψ =
2(ln f )x . Note that Eq. (1.3) can be transformed into
an equivalent form of the (2 + 1)-dimensional DJKM
equation (2.23) by the potential u = ψx . Based on
the presented results in Theorem 2.1, the correspond-
ing sufficient conditions for theWronskian determinant
f = |̂N − 1| read as

φi,xx =
N∑
j=1

λi jφ j , (2.24a)

φi,y = r1φi,x , (2.24b)

φi,t = −1

2
r31φi,x + 2r1φi,xxx , (2.24c)

where r1 �= 0 is a free parameter and the λi j ’s are arbi-
trary constants. It is worth mentioning that the above
sufficient conditions for the Wronskian determinant
are different from the ones presented previous studies
[49,50].

Case 3 The dissipative (2 + 1)-dimensional AKNS
equation

The case of α = 2, b = 1, c = 4, d �= 0 and a =
γ = u0 = 0 gives

Dx

[(
2D3

x Dy + 12Dx Dt + 3dD2
x

)
f · f

]

· f 2 + Dy
(
D4
x f · f

) · f 2 = 0. (2.25)

which becomes the dissipative (2 + 1)-dimensional
AKNS equation (1.9) [36,37], through the dependent
variable transformation ϕ = (ln f )x . According to
Theorem 2.1, for Eq. (1.9), a set of sufficient conditions
for the Wronskian solution f = |̂N − 1| is

φi,xx =
N∑
j=1

λi jφ j , (2.26a)

φi,y = r1φi,x , (2.26b)

φi,t = −d

4
φi,x − r1φi,xxx , (2.26c)

where r1 is an arbitrary nonzero constant and the λi j ’s
are arbitrary constants.

3 N-soliton solutions

The Wronskian technique is a direct and comprehen-
sive tool to construct N -soliton solutions to nonlinear
integrable equations [26]. Assume that the coefficient
matrix A in (2.13a) has the following form:

A =

⎛
⎜⎜⎜⎝

k21 0
k22

. . .

0 k2N

⎞
⎟⎟⎟⎠

N×N

, (3.1)

where 0 < k1 < k2 < · · · < kN are arbitrary con-
stants. Substituting the above special matrix into the
Wronskian conditions (2.13)and (2.15), and solving the
conditions (2.13) and (2.15), we obtain a general choice
for φi , which is

φi = eξi + (−1)i+1e−ξi ,

ξi = ki x + r1ki y + (r2ki + r3k
3
i )t + (r4ki + r5k

3
i )z + ξ0i ,

(3.2)

where ξ0i ’s are arbitrary constants, and rk, 2 ≤ k ≤ 5,
are defined by (2.13d) and (2.15). We only need to
consider

ξi = ki x + r1ki y + (r2ki + r3k
3
i )t + ξ0i , 1 ≤ i ≤ N ,

(3.3)

since the auxiliary parameter z can be absorbed in the
the auxiliary parameters ξ0i . For the trilinear equation
(1.11), N -soliton solutions associated with the Wron-
skian determinant can be written as:

f = fN = W (φ1, φ2, . . . , φN ),

=
∣∣∣eξi + (−1)i+1e−ξi , ki

(
eξi + (−1)i+2e−ξi

)
, . . . ,
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kN−1
i

(
eξi + (−1)i+Ne−ξi

)∣∣∣, (3.4)

where ξi , 1 ≤ i ≤ N , are defined by the expression
(3.3). Via the same way presented in [51], we get

fN = (−1)
N (N−1)

2

N∏
1≤i<l

(ki − kl)e
−∑N

i=1 ξi
∑

μ=0,1

N∏
1≤i<l

(kl − ki
kl + ki

)−μi−μl
e
∑N

i=1 2μi ξi+∑N
1≤i<l μiμl Ail ,

(3.5)

where
∑

μ=0,1 stands for the summation over all pos-
sible combinations of μi = 0, 1, i = 1, 2, . . . , N , and
the phase shifts are determined by

eAil =
(kl − ki
kl + ki

)2
. (3.6)

When 0 < k1 < k2 · · · < kN , we have
N∏

1≤i<l

(kl − ki
kl + ki

)−μi−μl = e− 1
2

∑N
i=1

∑N
l=1,l �=i μi Ail .

(3.7)

Thus, an N -soliton solution of Eq. (1.11) can be rewrit-
ten as

fN = (−1)
N (N−1)

2

N∏
1≤i<l

(ki − kl)e
−∑N

i=1 ξi

∑
μ=0,1

e
∑N

i=1 μiηi+∑N
1≤i<l μiμl Ail , (3.8)

if we put

2ξi − 1

2

N∑
l=1,l �=i

Ail → ηi . (3.9)

Omitting the factor (−1)
N (N−1)

2
∏N

1≤i<l(ki−kl)e−∑N
i=1 ξi

and taking the logarithmic transformations (1.10), we
can easily determine the following N -soliton solution
to the extended KdV equation (1.6):

u = 2

α
(ln f )xx + u0

α
,

v = 2

α
(ln f )y,

f = fN =
∑

μ=0,1

e
∑N

i=1 μiηi+∑N
1≤i<l μiμl Ail , (3.10)

where ηi = 2ki x + 2r1ki y+ 2(r2ki + r3k3i )t + ξ0i , and
rk, 1 ≤ k ≤ 3, are defined by the condition (2.13d).
Besides, if we introduce new parameters as follows:

Ki = 2ki , Li = 2r1ki , Wi = 2(r2ki + r3k
3
i ), (3.11)

then the dispersion relation of the trilinear equation
(1.11) reads as

Wi = − a

cKi
(3γ L2

i + K 4
i ) − bLi

cK 2
i

(γ L2
i + K 4

i )

− (d + 6au0)Ki + 4bu0Li

c
, (3.12)

which shows higher-order dispersion relations, com-
pared with the KdV equation and the KP equation.

For Eq. (1.6), a special two-soliton framework of u
generated by the expression (3.10) with the parameter
selections

α = b = 1, c = −2, γ = −1, a = d = u0 = 0,

N = 2, k1 = 1, k2 = 3, r1 = 0.5, ξ01 = 1, ξ02 = 3,

(3.13)

is plotted in Figs. 1 and 2. Figure 1 depicts the propa-
gation of the two-soliton solution (3.10) for the field u
with the parameter choices (3.13) at several time steps.
We can see that two line soliton waves are parallel to
each other due to 2k1/2k2 = 2r1k1/2r1k2 in the (x, y)-
plane, and they have different amplitudes and widths.
The tall and thin wave is behind the short and fat wave
at the beginning of the propagation. After a while, the
tall wave catches up with the short wave and collides,
since the tall wave with high amplitude moves faster
than the other. Figure 2 shows the evolution of two
solitary waves, one of which is a line soliton in the
(x, t)-plane. From Figs. 1 and 2, it is easy to observe
that the interaction between two solitons is elastic with-
out changing their original shapes and velocities before
and after the interaction.

Figures 3 and 4 display the propagation of a special
three-soliton solution for the field u determined by the
expression (3.10) with the parameter selections

α = b = 1, c = −2, γ = −1,

a = d = u0 = 0, N = 3,

k1 = 1, k2 = 3, k3 = −2, r1 = 0.5, ξ01 = 2,

ξ02 = 3, ξ03 = 1. (3.14)

The development of three solitons is the same as above.

4 Soliton molecule solutions

Very recently, soliton molecules as bound states have
attracted more and more attention from scholars in
some fields such as Bose–Einstein condensates, wave
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Fig. 1 Three-dimensional plots and density plots of u determined by the N -soliton solution (3.10) with (2.13d) and (3.13) when t = −1
in (a) and (d), t = 0 in (b) and (e), and t = 1 in (c) and (f), respectively

guides and nonlinear optics. Many kinds of theoret-
ical or experimental approaches have been proposed
to search for soliton molecules [52,53]. In particu-
lar, a velocity resonance mechanism was introduced
to explore soliton molecules of (1 + 1)-dimensional
nonlinear evolution equations by Lou [54,55]. It was
further found that the velocity resonance mechanism
can be widely used to find soliton molecules in higher-
dimensional systems including the cKP3-4 equation
[33]. In this section, we would like to study soliton
molecules, which will be generated from the previous
Wronskian N -soliton solutions to Eq. (1.6).

Based on the sufficient conditions (2.13), it is obvi-
ous that under a selection of r1 = −a/b, the N -soliton
solution (3.10) reads as

u = 2

α
(ln f )xx + u0

α
,

v = 2

α
(ln f )y, f = fN

=
∑

μ=0,1

e
∑N

i=1 μiηi+∑N
1≤i<l μiμl Ail , (4.1)

where

ηi = Ki x + Li y + Wi t + ξ0i ,

Li = −a

b
Ki ,

Wi = −
(
2γ a3

cb2
+ 2au0 + d

c

)
Ki , e

Ail

=
(Kl − Ki

Kl + Ki

)2
, (4.2)

with Ki and ξ0i being arbitrarily prescribed constants.
We can further find that the following soliton resonant
condition:
Ki

K j
= Li

L j
= Wi

Wj
, Ki �= ±K j , (4.3)

is satisfied, based on the expression (4.2). Thus, within
the velocity resonance mechanism formulation, the
solution (4.1) with (4.2) just presents a kind of soli-
ton molecule solutions.
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Fig. 2 Three-dimensional plots and density plots of u determined by the N -soliton solution (3.10) with (2.13d) and (3.13) when
y = −12 in (a) and (d), y = 0 in (b) and (e), and y = 12 in (c) and (f), respectively

Particularly, setting

α = 2, a = b = c = 1, γ = d = 0, u0 = 4, (4.4)

we obtain a generalized breaking soliton equation as
follows:

ut + uxxx + uxxy + 12uux + 8uuy

+4uxvx = 0, vxx = uy, (4.5)

which has a Hirota bilinear form

Dx

[(
3D4

x + 2D3
x Dy + 3Dx Dt + 72D2

x

)
f · f

]
· f 2

+Dy

[(
D4
x + 48D2

x

)
f · f

]
· f 2 = 0, (4.6)

under the logarithmic transformation u = (ln f )xx +
2, v = (ln f )y . Making use of the solution (4.1) with
(4.2), we can present the following soliton molecule
solution to Eq. (4.5):

u = (ln f )xx + 2,

v = (ln f )y,

f =
∑

μ=0,1

e
∑N

i=1 μiηi+∑N
1≤i<l μiμl Ail , (4.7)

where

ηi = Ki (x − y − 8t) + ξ0i , eAil =
(Kl − Ki

Kl + Ki

)2
,

with Ki and ξ0i being arbitrary constants. To exhibit
some characteristic properties of solitonmolecule solu-
tions, three density plots of the above solution (4.7)with
specific parameters are made in Fig. 5.

In addition, we can present a special set of suffi-
cient conditions, which guarantees that the Wronskian
determinant solves the trilinear equation (1.11).

Theorem 4.1 Suppose that a group of functions φi =
φi (x, y, t), 1 ≤ i ≤ N , satisfies the two sets of condi-
tions

φi,y = −a

b
φi,x , (4.8a)

φi,t = −
(
2γ a3

cb2
+ 2au0 + d

c

)
φi,x , (4.8b)

where the parameters a and b are two nonzero con-
stants. Then f = fN = |̂N − 1| defined by the Wron-
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Fig. 3 Three-dimensional plots and density plots of u determined by the N -soliton solution (3.10) with (2.13d) and (3.14) when t = −1
in (a) and (d), t = 0 in (b) and (e), and t = 2 in (c) and (f), respectively

skian determinant (2.1) solves the trilinear equation
(1.11).

Proof Under the conditions (4.8), we can obtain var-
ious derivatives of the Wronskian determinant f =
fN = |̂N − 1| with respect to the variables x, y, z as
follows:

fy = −a

b
fx , ft = −

(
2γ a3

cb2
+ 2au0 + d

c

)
fx ,

fxy = −a

b
fxx ,

fyy = a2

b2
fxx , fxyy = a2

b2
fxxx ,

fxt = −
(
2γ a3

cb2
+ 2au0 + d

c

)
fxx , . . . .

Substituting the above derivatives into the left side of
the trilinear equation (1.11), we find that Eq. (1.11)
holds following a direct observation. This shows that
f = fN = |̂N − 1| solves the trilinear equation (1.11).

5 Concluding remarks

Themain goal of the paper is to investigate an extended
(2 + 1)-dimensional KdV equation and its N -soliton
solutions through the improved Wronskian technique.
By introducing an auxiliary parameter, we have pre-
sented a set of sufficient conditions, consisting of sys-
tems of combined linear partial differential equations,
whichmake theWronskian determinant to be a solution
to the resulting trilinear equation. TheWronskian iden-
tity of the bilinear KP equation and two universal prop-
erties of Hirota differential operators have played vital
roles in exploringWronskian solution structures. Other
illustrative examples of sufficient conditions have also
been presented for the cKP3-4 equation, the (2 + 1)-
dimensionalDJKMequation and the dissipative (2+1)-
dimensional AKNS equation. Lastly, solitonmolecules
have been generated through the presented Wronskian
N -soliton solutions when the coefficients a and b
are two nonzero constants for Eq. (1.6). The obtained

123



Wronskian N -soliton solutions to a generalized KdV equation 1711

Fig. 4 Three-dimensional plots and density plots of u determined by the N -soliton solution (3.10) with (2.13d) and (3.14) when y = −9
in (a) and (d), y = 0 in (b) and (e), and y = 6 in (c) and (f), respectively

Fig. 5 aTwo-solitonmolecule profile of the solutionu expressed
by Eq. (4.7) with parameters: N = 2, K1 = 1

3 , K2 = 1
2 , ξ01 =

0, ξ02 = −15, y = 0. b Three-soliton molecule profile of the
solution u expressed by Eq. (4.7) with parameters: N = 3, K1 =

1
3 , K2 = 1

2 , K3 = 1
4 , ξ01 = 0, ξ02 = −15, ξ03 = 12, y = 0.

c Four-soliton molecule profile of the solution u expressed by
Eq. (4.7) with parameters: N = 4, K1 = 1

3 , K2 = 1
2 , K3 =

1
4 , K4 = 1

5 , ξ01 = 0, ξ02 = −15, ξ03 = 12, ξ04 = −15, y = 0
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results amend the existing studies on those equations
and enrich solution structures of higher-dimensional
integrable equations.

We point out that Eq. (1.6) has a class of traveling
wave solutions with an arbitrary function:

u = 2

α
(ln h(η))xx + u0

α
,

v = 2

α
(ln h(η))y, η = x − a

b
y

−(
2γ a3

cb2
+ 2au0 + d

c
)t + η0,

where the coefficients a and b are two nonzero con-
stants, h is an arbitrary function and η0 is an arbi-
trary constant. Thus, even if the parameter γ = 0,
the extended equation (1.6) may possess more solu-
tion structures including the missing D’Alembert-type
waves [33] and various lump-type solutions [56]. Such
solutions are very helpful to the study of complex non-
linear phenomena in fluid dynamics, oceanic dynamics,
nonlinear optics and other fields.

We also remark that there should exist other kinds
of sufficient conditions for Wronskian solutions to
the resulting trilinear equation with the coefficient
γ �= 0. The N -soliton solution generated from the
Wronskian formulation is of (1+1)-dimension, owing
to the dimensional reduction in the sufficient condi-
tions. However, the considered generalized (2 + 1)-
dimensional KdV equation should have general N -
soliton solutions, since its several integrable proper-
ties have been explored. It would be particularly inter-
esting to check if the Hirota N -soliton conditions
hold for the introduced trilinear equation and if there
exist Wronskian formulations for soliton solutions to
variable-coefficient generalizations of integrable equa-
tions [57,58]. Furthermore, it has become an increas-
ingly interesting research topic to investigate diverse
hybrid solutions, including the mixed breather-soliton
molecule solutions, the mixed lump-soliton molecule
solutions [59,60] and the mixed lump-kink N -M-
soliton solutions [15,61,62]. It is hoped thatmore novel
hybrid-type solutions could be explored for Eq. (1.6) in
future works.
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Appendix

The proof of Lemma 2.1 is as follows:

Proof By applying the conditions (2.5) and differen-
tial rules for determinants as defined in [18], we have
the following derivatives of theWronskian determinant
f = fN = |̂N − 1|:
∂ f

∂y
= (a1∂x + a2∂

2
x + · · · + am∂mx ) f (A.1a)

≡ (a1∂x1 + a2∂x2 + · · · + am∂xm ) f, (A.1b)
∂ f

∂t
= (b1∂x + b2∂

2
x + · · · + bn∂

n
x ) f (A.1c)

≡ (b1∂x1 + b2∂x2 + · · · + bn∂xn ) f. (A.1d)

Let us next suppose that

(a1 + a2 + · · · + am)n =
∑

λ1 + λ2 + · · · + λm = n
r = 1, 2, . . . ,Cnm+n−1

λi ∈ {0, 1, 2, . . .}

δnr

m∏
i=1

aλi
i ,

(A.2)

where δnr , r = 1, 2, . . . ,Cn
m+n−1, are expansion coef-

ficients. Using the definition of D-operators and the
above conditions (A.1), we further get

Dp
y D

q
t f · f

= (∂y − ∂y′)p(∂t − ∂t ′)
q

× f (x, y, t) f (x, y′, t ′)|y′=y,t ′=t

= [
a1(∂x1 − ∂x ′

1
) + a2(∂x2 − ∂x ′

2
)

+ · · · + am(∂xm − ∂x ′
m
)
]p

×[
b1(∂x1 − ∂x ′

1
) + b2(∂x2 − ∂x ′

2
) + · · ·

+bn(∂xn − ∂x ′
n
)
]q

f (x, y, t) f (x ′, y, t)|x ′=x

=
Cp
m+p−1∑
r = 1

λ1 + λ2 + · · · + λm = p
λi ∈ {0, 1, 2, . . . , p}

δpr

m∏
i=1

[ai (∂xi − ∂x ′
i
)]λi

×
Cq
n+q−1∑
s = 1

ω1 + ω2 + · · · + ωn = q
ω j ∈ {0, 1, 2, . . . , q}

δqs

n∏
j=1

[b j (∂x j − ∂x ′
j
)]ω j
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× f (x, y, t) f (x ′, y, t)|x ′=x

=
Cp
m+p−1∑
r = 1

λ1 + λ2 + · · · + λm = p
λi ∈ {0, 1, 2, . . . , p}

δpr

m∏
i=1

(ai Di )
λi

×
Cq
n+q−1∑
s = 1

ω1 + ω2 + · · · + ωn = q
ω j ∈ {0, 1, 2, . . . , q}

δqs

n∏
j=1

(b j D j )
ω j

× f (x, y, t) f (x ′, y, t)|x ′=x

= (a1D1 + a2D2 + · · · + amDm)p(b1D1

+b2D2 + · · · + bnDn)
q f · f. (A.3)

It means that Lemma 2.1 holds.
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