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1 | INTRODUCTION

There are many interesting methods to explore exact solutions of nonlinear wave equations, including the Hirota's
bilinear method,! the Lie symmetry method® and the Riemann-Hilbert approach.5® As is well known, the Hirota's
bilinear method historically developed is pretty powerful in constructing soliton solutions for integrable and noninte-
grable nonlinear equations by perturbation.!? Soliton solutions, generated from combinations of multiple exponential
waves on the basis of Hirota bilinear forms, could be expressed as Wronskian or Grammian determinants. Typical
nonlinear equations, such as the Korteweg-de Vries (KdV) equation, the Kadomtsev-Petviashvili (KP) equation, and
the Jimbo-Miwa equation, possess Wronskian or Grammian determinant solutions.»* For some higher-dimensional
soliton equations, there exist Pfaffian solutions complementing Wronskian and Grammian determinant solutions,!>-16
due to Pfaffians generalized determinants. Soliton solutions of the B-type Kadomtsev-Petviashvili (BKP) equation were
expressed in terms of Pfaffians with odd weight variables by Hirota.?

Adding to the diversity of solitons, N-wave resonant solutions, which are linear combinations of exponential traveling
waves, were presented by the linear superposition principle. In previous studies,'®!° a sufficient and necessary criterion
for the existence of N-wave resonant solutions to Hirota bilinear equations was established, and an algorithm was also
discussed about constructing Hirota bilinear equations possessing N-wave resonant solutions of linear combinations of
exponential waves. A few examples with N-wave resonant solutions satisfying and not satisfying the dispersion relation
were furnished in previous studies.?0-?
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The BKP hierarchy, the KP hierarchy of the B-type, was proposed by Date, Jimbo, Kashiwara, and Miwa.?® The first two
bilinear forms can be written as follows:

[(D3s —D3)D_; +3D3]z - 7 =0, 1.1

(DS — 5D;D3 — 5D% + 9D, Ds)r - T = 0, (1.2)
where the Hirota bilinear differential operators are defined by
D' D2 f - g = (0x, — 0x)™ (O, — Ox)"™ f (X1, X2)Z (X}, X)) |t =, =,

with n; and n, being arbitrary nonnegative integers.! Here 7 is a function of the variables x;, k = 1,2,3, ... and Dy = Dy, .
We first consider a 2N x 2N skew-symmetric matrix A = (a;;)1<i j<on. The Pfaffian Pf(A) of A is defined conventionally
as follows:!

la a3 ... ain
Pf(A) = _ azz ... az 2N
A = (a1, a2, ... ,a2n) = . :
A2N-12N
= Z sgn(a)ailiza,-3i4 aimilim, (1.3)
(o2

where the summation is taken over all permutations

(12 ..2N
i iy ... by
with
ih <ip,iz3 <igy ... ,lono1 <IN, i1 <i3 < ... <iyn-1,

and sgn(c) = +1 means the parity of the permutations ¢. For instance, when N = 1, 2, the Pfaffians can be written as

Pf(A) = (o1, @) = a1z,
(1.4)
Pf(A) = (a1, a2, a3, a4) = A12034 — Q13024 + A14023.

It is known that Pfaffian identities are similar to the Jacobi identity for determinants. The fundamental Pfaffian identity
is127
(a,az,0a3,a4,1,2, ... ,2N)(1,2, ... ,2N) = (a1,a,,1,2, ... ,2N)(as,a4,1,2, ... ,2N)
—(ai,as3,1,2, ... ,2N)(ay,a4,1,2, ... ,2N) (1.5)
+(ai,a4,1,2, ... ,2N)(ay,a3,1,2, ... ,2N).

Hirota has shown that the BKP equations in bilinear forms reduce to the identity of Pfaffians and that the = function of
the BKP Equations (1.1) and (1.2) is written by the Pfaffian form?’

X
7 = Pf(ajjh<icj<on, aij = Cjj +/ Dy fi0) fi(0)dx, i,j=1,2, ... ,2N, (1.6)
where the constants are skew-symmetric ¢;; = —c;; and all fi(x) satisfy the following linear differential equations:

9 -9 =-1,1,3,5 1.7
6_xnfi(x)_@fi(x)’ n=-1,1,5>5, ..., 1.7)



CHENG AND MA Wl LEY 751

with each f; having the boundary condition f; > 0 as x —» —oco fori = 1,2, ... ,2N and % fi(x) being defined by
-1

aifxx) = / fi)dx. (1.8)
X-1

In the presented paper, we would like to investigate a universal property of Hirota differential operators and apply it to
construct of Hirota bilinear equations possessing Pfaffian formulations in (2+1)-dimensions, based on the bilinear BKP
hierarchy. Moreover, we will show that for those extended Hirota bilinear equations, there exist N-wave resonant solutions
formulated by linear combinations of exponential functions in terms of the linear superposition principle and compute
illustrative examples to shed light on the presented results. Finally, a few concluding remarks will be given.

2 | CONSTRUCTION METHOD FOR EXTENDED BILINEAR BKP EQUATIONS

Firstly, let us characterize a universal property of the D-operator which plays a key role in constructing extended
(2+1)-dimensional bilinear BKP equations.

Lemma 2.1. Iffunctions fi,i=1,2, ... ,2N of the variables (x, y, t) in the Pfaffian form (1.6) satisfy
ayfi = (a—lax,1 + alax1 + (130x3 et a2m—1ax2m,1)fi

X
=a_, / fidx + (@10 + 302 + ... + a0 N fi, (2.1a)

ofi = (b—lax,1 + blax1 + b3ax3 + ...+ b2n—lax2n,l)fi

P
= b_1/ fldx + (blax + b30£ + ... + b2n_1af"_1)fi, (Zlb)
where m, n are nonnegative integers and a;, az, ... ,a, and by, by, ..., b, are arbitrary constants, then the Pfaffian t
defined by (1.6) yields
DﬁD?T T = (a_lD_l + a1D1 + ... + a2m_1D2m_1)p(b_1D_1 + b1D1 + ... + b2n_1D2n_1)qT - T, (22)

where Dy = Dy, .
Proof. From the Pfaffian definition, we first write the Pfaffian = as follows:
=12, ... ,2N) = (), (i,)) = aj;. (2.3)

Under the conditions (2.1a) and (2.1b), the differentials of the elements (i, ), (1 <i <j < 2N) are expressed as

d .. . f afl afl af ()zm_lfi
5(1,])= <fl xj f,> < —fi- fia—xj> + ... + a1 [ij

1 dx_

2m1 m—1-r r r £ p2m=1-r ¢
LA Z( 1)’<a2 OSSR f’)], (2.42)

a 2m—1 ox2m—1-r axr ox’ ox2m-1-r

g,. . f afl afl df' 02~ 1fl
a(l’J) <fz f) < fi— fia—xj> + ... + b [d Tl fi

0x_1 ax_
921 n-l1 n—1-r £ ' f. r g A2n=1-r ¢
fj+ Z( 1)r <az ! flaf.l_afla fJ)] (2.4b)

d 2n—-1 ax2n—1—r ox" ox’ ax2n—1—r
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Thus, we have

9. . o . . o . . a . .

— (@@, j)=a @) +ai—0 )+ ... +aama (@ j), (2.52)
oy 0x_1 0x; 0Xam-1

0 ) 0 0

—(@{,j))=b_1—C@,j)+b1—(,j veo +bap1——(, ). 2.5b
at(l J) 1ax_1(l D+ 10x1(l D+ ... +by 1ax2n_1(l J) (2.5b)

Applying the differential rules for Pfaffians introduced in previous studies,’»?”?® then we can get the following
derivatives for = with respect to the variables y and t:

or

()_y = (a_10x71 + alaxl + ... + aZm_laxmfl)r, (263.)
ot
E = (b_la)L1 + bldxl + ... + bzn_lax%l)r. (26b)
Next, let us suppose that
m
A
(G +a+ ... +an)' = Z Yo Hai‘, (2.7)
Ayt A Ay=n i=1
r=12,...Ch 4
2=0,12,...
where y,,,r = 1,2, ... ,C“m +n_1> are expansion coefficients. By using the definition of the D-operator and the

conditions (2.6b) and (2.6a), we have

DﬁD?T T = (ay - ay')p(a[ - aﬂ)qT(x, Y, t)T(xs y/s ﬂ)ly’:y,t’:l

= [ac1(0c, = 0 )+ @1(9y, — 0x) + ... +aon1(Ox,,, — )]

m—1
X[bo1(0x , = 0 )+ b1(dx, = 9) + ... +bon1(0x,,, — 0 )] '7(x. 3, DT, y, D)=

P
Cm+p m

Z }’er[azi—l(ale;l - ax;[_l )]121'71

r=1 i=0
A_1+A1+ . Higm_1=p
39i_1=0.1.2, ..

c

n+q

n
X Z yqsl.j![bZJ—l(axz/—l - ax;j,l)]wzﬁl 7(x, y, DT, Vs D)lx=x

s=1
w_1+o1+ ... twyy_1=q
©3j_1=01%,..

P
Cm+p m

= Z Ver(azi_lDzl-_l)/le

r= i=0
A-1H+A1+. oy =p
Jpi_1=0.L.2...

q
Cn+q

n
X Z ?’qSH(sz—lDzj—ﬂwz”l (X, y, )T, y, Ol =x

s=1 Jj=0
w_j+o1+ ... +oy,_1=q
wj_1=0.1.2,...

=(@-1D1+a1D;1+ ... + a2m_1D2m_1)p(b_1D_1 +bDi+ ... + b2n_1D2n_1)qT - T. (28)

It means that the property holds.
In what follows, we will furnish extended (2+1)-dimensional BKP equations using the identity of Pfaffians and
Lemma 2.1 described above. For clarity, we give two propositions as follows.
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Proposition 2.1. Let a group of functions f; = fi(x,y,1),i = 1,2, ... 2N, satisfy the following linear differential

equations:
ofi afi . 0f
=a. dx+a1— +a s 2.9a
Y 1 / fi ™ W (2.92)
ofi ofi , Ofi
— =b, dx+b—+b . 2.9b
o / fi 1 ey (2.9b)
Then the Pfaffian tn = Pf(a;)1<i<j<on defined by (1.6) solves the following bilinear equation
(¢1Dy + ¢2D3Dy, + ¢3D3D; + ¢aDyDy + ¢sDy Dy + ¢6D,D; + ¢;D; + ¢sD; + ¢oD})7 - 7 = 0, (2.10)
with
1 = a_lalbg - a_1a3b1b3 + aib_lbl - a1a3b_1b3, C = a3b_1b3 - a_lbg,
C3 = a_1a3b3 - agb_l, Cy = —a_1b1b3 + 2a1b_1b3 - a3b_1b1,
Cy = — a_1a1b3 + 2a_1a3b1 — a1a3b_1, Ce = a_1b3 + a3b_1, (211)

Cy; = 3ailb§ + a_1a1b1b3 - 6a_1a3b_1b3 - a_1a3bf - a%b_1b3

+ ajasb_1b; + 3a§b2_1, cg = —b_1b3, cog = —a_jas,

where a_;, a;, as, b_;, b; and bz are arbitrary constants but a_;bz —azb_; # 0.

Proof. Using the linear differential Equations (2.9a) and (2.9b) and Lemma 2.1, then the Pfaffian 7 = Pf(a;;)1<i<j<on

defined by (1.6) yields

Substituting the above results into the left-side of Equation (2.10), a direct computation leads to

Dir -t =Dt 7, DiDyt -7t =D}(a_1D_1 + a1D1 + a3D3)7 - 7,

DiDlT T = Di’(b—lD—l + b1D1 + b3D3)T - T,

Dny‘L' T = Dl(a_lD_l + a1D1 + a3D3)T - T,

DyDtT -t =(a-1D_1 +a1D1 + a3D3)(b_1D_1 + b1D1 + b3D3)T T

(¢1D} + &2D3D, + ¢;DiD; + ¢4DyDy + ¢sDyDy

+¢6DyD; + ¢;Df + ¢sD; + coDP)7 - T

= [(Cl + ca; + Cgbl)DAIt + (Cza_l + C3b_1)DiD_1 + (c2a3 + C3b3)D§D3

+(c4a_1 + ¢sb_1 + cga_1b1 + csa1b_1 + 2csa_iaq + 2cob_1b1)D1D_;

+(cea_1bs + cgazb_1 + 2cga_1a3 + 2cob_1b3)D_1D;

+(cs4a3 + cs5bs + csa1bs + cgazby + 2cgaas + 2cob1b3)D1 D5
2 2 2 2 2\ 12

+(c6a_1b_1 +csa”; + Cgb_l)D_l + (c6a3b3 + cgas + Cgbs)D3

+(c4aq + csby + cga1by + 7 + Cga% + Cgb%)Dﬂ TT

= (a-1bs — asb_1)*[(Ds = D})D_; + 3D31z - T = 0,

(2.12)

where we have applied the conditions (2.11) and the Pfaffian identity of the BKP Equation (1.1). Therefore, this shows
that = defined by (1.6) solves the (2+1)-dimensional bilinear Equation (2.10).

O
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If we take a; = a3 = 0in (2.9), then Equation (2.10) is given by
(¢2DiDy + ¢4DxDy + ¢sDyDy + ¢;D% + csD2)z - 7 = 0, (2.13)

with
G = —a—1b§,04 = —a_1b1b3,c6 =a_ib3,c7 = 3a31b§, cg = —b_1b;, (2.14)

and the other ¢;'s are zero. A direct computation leads to

c csC c c
a= __77 -1 = 7 5 bl __47b3 = __27 (215)
3¢C6 Cs Co

where c,c6c7 # 0. In particular, if c; = 1, the Hirota bilinear Equation (2.13), which is similar to the (2 + 1)-dimensional
bilinear Ito equation investigated in Du and Lou,? has the following sufficient conditions on the Pfaffian form solution

defined by (1.6):

fi c 0 cieg [* c4 0 103

_1= 7/ fidx, fl 78/ fidx __4i__ fl, (2.16)
dt 306 —

where cgc7 # 0. Similarly, the followmg bilinear equation
(D3D; + ¢sDxDy + ¢sDyD; + ¢;D3 + coD})7 - 7 =0 (2.17)

possesses a Pfaffian form solution as follows:

3
afl_C7(-'9/ fidx _2%_16 fi aflz / fidx (2.18)

dy 3¢ ce 0X  Cg 0x3’

where cgc; # 0.
When a_; = a; = b; = 0, the combined bilinear Equation (2.10) reduces to

(¢2D3Dy + ¢;DiD; + ¢sDyDy + ¢;D7 + ¢sD3)7 - 7 = 0, (2.19)
with
¢y =azb_1bs,c3 = —a§b_1, C6 = azb_q,c; = 3a§b2_1, cg = —b_ibs,

and the other ¢;'s are zero. A similar direct computation provides us with a set of sufficient conditions on the Pfaffian form
solution for the bilinear Equation (2.19):

ofi 0 fi afl 020 fi
— =3 / fidx (2.20)

dy  ce ox3’ o 0X3°
where c3cec; #0, ¢; = 3¢ and ¢;¢6 = C3C5.
We also note that in this proposition, if a_; = b3 = 1 and a; = a3 = b_; = b; = 0, then Equation (2.10) becomes the
bilinear BKP Equation (1.1).

Proposition 2.2. Let a group of functions f; = fi(x,y,t),i = 1,2, ... 2N, satisfy the following linear differential
equations:
Oi _ g0ty 0 Ot O,

+a

= , 2.21a
dy  ox | Coxd | Coxd (2.212)

; . 3 5
%zb%+baf’+bafl

2.21b
ot lox ox3 xS ( )
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Then the Pfaffian tn = Pf(a;j)1<i<j<on defined by (1.6) solves the following bilinear equation

(pDS + ¢1 D} + ¢2D3D,, + ¢3D; Dy + ¢4DxD), + ¢sDy Dy

+c6DyD; + ;D7 + ¢csD3 + coDH)7 - 7 = 0, (2.22)

with
¢1 = 5(a1bs — asby)(aszbs — asbs), c; = —5bs(aszbs — asbs),

¢3 = 5as(asbs — asbs), ¢s = 10a;b2 — 9a3bsbs — 10asb; bs + 9asbs,

¢s = —10a;asbs + 9a3bs — 9asasbs + 10azby, ¢ = 10asbs,

¢7 = =5(a1bs — asby)” + 9(a1bs — asby)(asbs — asbs),

cs = —5b2, ¢g = —5az, p = (asbs — asbs)?, (2.23)

where aj, as, as, by, bs, and bs are arbitrary constants but asbs — asbz # 0.

Proof. By Lemma 2.1, we have
Dg‘r-rzD?T-T, Dir-r:D‘l‘T-r,

DDyt -7 =D3}(a1Dy + asD; + asDs)z - 7,
DDt -7 = D3}(biD1 + bsDs + bsDs)7 - 7,
D?,T -t =(a;Dy + a;D; + asDs)’t - 7,

Similarly, substituting the above results into the left-side of Equation (2.22), we obtain

(pDS + ¢1D§ + ¢2D3D), + ¢3D3D; + ¢4DDy, + ¢csDyD;
+ ¢6DyD; + ¢;D} + csD? + coDH)7 - T

= [pD¢ + (c1 + c2a1 + c3b1)D} + (c2a3 + ¢3b3)D; D3 + (c2as + ¢3b5)D3Ds
+ (c4a3 + ¢csbs + cga1bs + csasb; + 2cgaias + 2¢ob1b3)D1 D3 (2.24)
+ (c4as + csbs + cga1bs + cgasbi + 2cgaias + 2cob1bs)D1Ds
+ (coa3bs + coasbs + 2c5a3as + 2¢9b3bs)D3Ds + (coasbs + csaj + cob3)D3
+(c4a1 + csby + coa1by + csaj + cob? + ¢7)D; + (ceasbs + csaz + cob)DI| 7 - 7

= (asbs — asb3)*(D$ — 5D;D; — 5D; + 9D Ds)t - 7 = 0,

where we have applied the conditions (2.23) and the Pfaffian identity of the BKP equation (1.2). Therefore, this shows
that z defined by (1.6) solves the (2+1)-dimensional bilinear equation (2.22). O

Let us set a; = as = 0in (2.21), then Equation (2.22) can be rewritten as

(DS + ¢;D3Dy + c4DyDy, + ¢sDyDy; + ¢;D; + csD3)7 - 7 = 0, (2.25)
with 9 9
5 3 9 1 5
G=——,0=——"—,05=—,07=——,03 = ——, 2.26
2 s 4 a3b5 5 bS 7 bS 8 Clg ( )

and the other ¢;'s are zero. Through direct computations, we have the Pfaffian form solution of the Hirota bilinear
Equation (2.25) defined by (1.6) with

ofi L 59 ofi L _edfi S 8fi 90 (2.27)
dy c, 0x3 ot Ccs 0X  CyCs5 0x3 5 0X°
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where c;¢5 #0 and ¢ = —5cs.
Moreover, if we take a; = as = by = b; = 0and a3 = bs = 1, then Equation (2.22) transforms into the (2+1)-dimensional
bilinear BKP Equation (1.2).

3 | RESONANT SOLUTIONS AND APPLICATIONS

As we know, Hirota bilinear equations may possess linear subspaces of solutions. The linear superposition principle pre-
sented by Ma and Fan plays a vital role in constructing linear combination solutions of exponential waves to Hirota
bilinear equations,'®!° particularly higher-dimensional bilinear equations. In this section, we would like to present
N-wave resonant solutions by means of Pfaffian solutions for the above extended bilinear BKP equations.

Let us first describe the linear superposition principle for constructing exponential wave function solutions.!1?

Theorem 3.1 (Linear superposition principle). Let N-wave variables
m=kixi+kyxo+ ... +kyixm, 1 <i <N, (3.1)
where k; ; are constants and a Hirota bilinear equation, denoted by
P(Dy,. Dy, ... ,\Dy)f - f =0, (3.2)
where P is an even polynomial in the indicated variables satisfying
Plkii—kij, ... ;kmi—knm;)=0,1<i#j<N, (3.3)

then any linear combination of the exponential waves e"i,1 < i < N, solves the bilinear Equation (3.2) and f'is called an
N-wave resonant solution to Equation (3.2).

Theorem 3.1 has been proven in previous studies'®!® For the bilinear Equation (2.10), the corresponding polynomial
reads:

P(x, y, 1) = c1x* + cx3y 4 c3x3t 4 c4xy 4 csxt 4 coyt + cx% + cgy? + oz, (3.4)
where ¢;,1 <i<9, are defined by (2.11). Associated with Equation (2.10), let us take ¢;; = 1 and consider solutions to the
system (2.9) of the form

fi= efi, & =kix+ (a_lkl.‘l +ar1k; + agk?)y + (b_lki_l + bik; + b3k?)t, (35)

fj = e‘ff, fj = —ij — (a_lkj_l + alkj + agkf.)y - (b_lkj_l + blkj + b3kJ3-)t, (36)

where k; and k;, i #j are arbitrary constants. Then we can obtain one-soliton solutions of Equation (2.10)

ki+kj
.. 1 i+é; 7
T=(,Jj)= Al (3.7)

i J
Substituting the above solutions into (2.10), we have

(¢1D§ + &2D3D, + ¢;DiD; + ¢4DxDy + ¢sDyD; + c6D,D; + ¢;D2

ki+k; ki +k; 38
+ 3D} + ¢oD}) <1 L — kj e¢f+ff> : (1 + k—k’eff+§f'> =0, oo

i j

i J
where ¢;, 1 <i<9, are defined by (2.11). By using the properties for bilinear derivatives introduced in Hirota!

D'DYf -1=0"0}f, D]'Dge - e =0,
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then the identity (3.8) yields

P (ki =K (@1l + ik + ask?) = @ 1k;! + @ik, + aske),
(3.9)
(bak;" + buki + bsk?) = (b1k;" + bik; + bikd) ) = 0

where the polynomia P(x, y, t) is defined by (3.4). Based on the linear superposition principle in Theorem 3.1, we find that
the Hirota bilinear Equation (2.10) corresponding to the polynomial (3.4) has the following N-wave resonant solution

N
— Zgiekixﬂa,lklfl+alk,-+a3kl.3)y+(b,1ki’1+b1ki+b3ki3)l’ (3.10)

i=1

where the ¢;'s, k;'s, and a_y,a;,a3,b_1,b1,bs are arbitrary constants but a_;b; —azb_; #0. Similarly, the bilinear
equation (2.22) possesses the following resonant multiple wave solution expressed as

N
= Zgl_ekix+(alki+a3ki3+a5ki5)y+(b1k,-+b3k3+b5kl.5)t’ (3.11)

i=1

where the €;'s, k;'s, and a1, as, as, b1, b3, b5 are arbitrary constants but a;bs — asbs #0.
In the following, three application examples will be provided to illustrate the Hirota bilinear equations possessing their
particular Pfaffian and N-wave resonant solutions.

Example 1. The (2+1)-dimensional generalized Hirota-Satsuma-Ito (HSI) equation
Let us first consider the (2+1)-dimensional generalized HSI equation®®

gHSI = Uy + Uror + 6U U + 3Ulyy — UV + Pl + Uy + alye = 0, (312)
[Vx =—Uu, ‘

where the constant a # 0, but the constant f is arbitrary. Under the typical transformation u = 2(In 7)., this equation
is mapped into

(D} + DD} + BD/Dy + D;Dy + aD})7 - 7 = 0. (3.13)

Following expression (2.18), a set of sufficient conditions, which makes the Pfaffian determinant a solution to the
above bilinear equation (3.13), can be expressed as follows:

_ 3
afl /fl L aafl 9 _ /fl (3.14)
X3

Also, the (2+1)-dimensional equation gHSI (3.12) has the following N-wave solution:
N ag-1 3 -1
Uu=2(n7)g, v = Zeiekix+(5kf Pk )y" " (3.15)
i=1

where the ¢;'s and k;'s are arbitrary constants.

Example 2. The (2+1)-dimensional fourth-order nonlinear equation
The second example is a special fourth-order nonlinear equation in (2+1)-dimensions?! as follows:

a
a[3(UxU)x + Usexe] + BI3(Uxly)x + Unry] + Euy, + Uy + Uy, =0, (3.16)
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where the constants « and g satisfy af # 0. Via the dependent variable transformation u = 2(In 7),, this equation is
written as

<aD§D, + BD;D, + %DyDt + D% + Di) 7-7=0. (3.17)

Based on the sufficient conditions (2.20) in Proposition 2.1, the corresponding Pfaffian form solution reads as

afi 2’ fi afl / ﬁ2 2 fi
gt 3.18
3y el fidx+ ——7 (3.18)
In the meantime, we can obtain the resonant multiple wave solutions u to Equation (3.16) as
N 2
Ay P
u=20n7) 7=y e (k- ) (3.19)
i=1
where the ¢;'s and k;'s are arbitrary constants.
Example 3. The (2+1)-dimensional fifth-order KdV equation
As the third example, we consider the following (2+1)-dimensional fifth-order KdV equation3?
36U = —Usoor — 15Ul )x — 45U Uy + SUyyy + 15uu, + 1Sux/ uydx + 5 / u,,dx, (3.20)

which was first proposed by Konopelchenko and Dubovsky.3*3* This equation has a bilinear form under the
logarithmic transformation u = 2(In 7)y:

(36DyD; + DS — 5D3D, — 5D3)7 - 7 = 0, (3.21)
for which there exists a set of sufficient conditions on the Pfaffian form solution defined by (1.6) with

o _Oh ofi _ 10,

=2 2 . 3.22
dy ox3 oJdt 4 0ox° (322)
In addition, the following N-wave resonant solution can be determined
N 1
3 5
u=20n7)g, = ) e T (3.23)

i=1

where the ¢;'s and k;'s are arbitrary constants.

4 | CONCLUDING REMARKS

In summary, by means of a universal property of Hirota differential operators and the fundamental Pfaffian identity, we
built Hirota bilinear equations in (2+1)-dimensions that possess the Pfaffian form solutions. The resulting sufficient con-
ditions on Pfaffian formulas show us the N-wave resonant solutions of linear combinations of exponential waves that the
consided Hirota bilinear equations carry. Applications were made for the (2+1)-dimensional generalized HSI equation,
the special fourth-order (2+1)-dimensional nonlinear equation, and the fifth-order KdV equation, thereby presenting
their particular Pfaffian and multiple wave solutions.

We also remark that N-wave solutions formed by linear combinations of hyperbolic and trigonometric functions can
be obtained for the considered Hirota bilinear equations, since the solutions of the BKP hierarchy are expressed in terms
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mixed-type function solutions like complexiton solutions:

and

faffians with odd weight variables. As an example, the (2+1)-dimensional fifth-order KdV equation has the following
16,23

N

Uu=2(n7)y, 7= Z [Ei cosh (kix + kfy + %kft) + A;cos (kix - kfy + %kft)] ,

i=1

N
v= Y [ersinh (e + kEy+ 35t ) + disin (ki = ky + 3Kt |
i=1

where the € s, 4: s, and k; s are arbitrary constants.

Additionally, we remark that we only considered some specific Hirota bilinear equations possessing Pfaffian and N-wave
resonant solutions. There should exist more interesting problems which need to be discussed. We expect to investigate
integrable properties®>3¢ and high-order lump solutions®~* to the presented Hirota bilinear equations in our future
works.
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