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Abstract

This work investigates dispersion-driven lump wave structures within a generalized (2+1)-
dimensional Calogero—Bogoyavlenskii—Schiff-like framework. By employing a generalized
bilinear form of the governing equation, we construct positive quadratic function solutions
via symbolic computation, which in turn generate lump wave structures. The analysis shows
that the stationary points of the quadratic function align along a straight trajectory in the
spatial plane and propagate with constant velocity, where the lump amplitude vanishes. The
emergence of these lump waves results from the interplay of eight nonlinear terms and four
dispersion terms in the model.

Keywords Generalized bilinear form - Lump wave - Symbolic computation - Nonlinearity -
Dispersion

1 Introduction

Closed-form exact solutions play a central role in mathematical physics and engineering, as
they not only yield fundamental insights but also provide systematic frameworks for tackling
complex nonlinear phenomena. However, deriving such solutions remains a highly nontrivial
task, motivating extensive efforts to either obtain explicit expressions or to characterize the
precise conditions under which they exist.

Within soliton theory and the study of integrable models, a wide variety of wave structures,
including solitons, rogue waves, and lump waves, have been constructed through symbolic
computation and analytical techniques. These localized and dispersive waveforms emerge

X Wen-Xiu Ma
mawx @cas.usf.edu

Li Cheng

jhchengli@126.com

Normal College, Jinhua University of Vocational Technology, Jinhua 321007, Zhejiang, China
Department of Mathematics, Zhejiang Normal University, Jinhua 321004, Zhejiang, China

Research Center of Astrophysics and Cosmology, Khazar University, 41 Mehseti Street, Baku
1096, Azerbaijan

4 Department of Mathematics and Statistics, University of South Florida, Tampa 33620-5700, USA

Material Science Innovation and Modelling, North-West University, Private Bag X2046, Mmabatho
2735, Mafikeng Campus, South Africa

Published online: 23 January 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10773-025-06235-8&domain=pdf

20 Page2of12 International Journal of Theoretical Physics (2026) 65:20

from the delicate balance between nonlinearity and dispersion, and their explicit construction
continues to be a central theme in exploring wave dynamics across physical and engineering
applications.

In applied sciences, dipole and quadrupole solitons in photonic Moiré lattices have
been analyzed based on a perturbed nonlinear Schrodinger equation [1]. The integration
of deep-learning prediction with ultrafast optical setups holds great potential for advancing
the application of ultrafast optical lasers in optical communication and information stor-
age [2]. Studies have shown that incorporating common dye molecules absorbing in the
near-ultraviolet and blue spectral regions enhances optical transparency at adjacent longer
wavelengths [3]. Furthermore, a passive mode-locked fiber laser has been reported, within
the framework of a nonlinear Schrodinger equation model, to achieve simultaneous single-
wavelength tuning and multi-wavelength spacing tuning based on the split-step Fourier
method [4].

Two fundamental techniques in soliton theory and the study of integrable systems are the
Hirota bilinear method [5] and the inverse scattering transform (IST) [6]. The Hirota method
offers a direct and systematic framework for constructing exact solutions, such as solitons and
lump waves, particularly in nonlinear dispersive equations of higher dimensions, including
(2 + 1)- and (3 + 1)-dimensional models [7-11]. By contrast, the IST serves as a nonlinear
analogue of the Fourier transform, specifically adapted to integrable equations. It provides
a powerful tool for addressing initial-value problems through associated Lax pairs [12], as
well as for analyzing the long-time asymptotic behavior of dispersive waves, even in regimes
without solitons [13].

Let x, y represent spatial variables and ¢ denote time. For a given polynomial P (x, y, t),
a Hirota bilinear differential equation in (2+1)-dimensions can be formulated as

P(Dyx, Dy, D) f - f =0, ()
where Dy, Dy and D, are Hirota’s bilinear operators [5], defined by

0] a a 0] a 0
DYDYDIff = (a‘@)m(@—@)ll(g—g)kf(x7 v f &y 1)

x=x,y'=y,t'=t’

with m, n, k > 0. Through Bell polynomial theory, nonlinear PDEs for a scalar field u can
often be derived from bilinear forms via logarithmic derivative transformations (see, e.g.,
[14]):

u= IB(IH f)XXv ﬂ(ll’l f)yyv ﬂ(ln f)xya ﬂ(ln f)xv ,B(ln f)y! (2)

where B # 0. Hirota’s method enables the construction of N-soliton solutions in the expo-
nential superposition form (see, e.g., [7, 15]):

N
f= Z exp(Z Aini + Z}»i)\jcij)v &)

2=0,1 i=1 i<j

where the sum runs over all binary combinations A1, A2, --- , Ay € {0, 1}. The phase shifts

¢;j and wave phases n; are specified by

_P(a)j —wi, ki —kj, li —1j)
P(wj +wi, ki +kj, li +1;)’

exp(cij) = where 1 <i < j <N, 4)

and
ni =kix +1;y —wit +n;0, wherel <i < N. 5)
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The key constraint ensuring solvability is the dispersion relation:
P(—wi, ki, 1;) =0, wherel <i < N. (6)

Thus, the central problem reduces to verifying that a function of the form (3) indeed solves (1)
under the conditions (6). A systematic algorithm for this verification, with explicit examples
in (1+1)- and (2+1)-dimensions, is detailed in [15, 16].

Beyond solitons, other explicit coherent structures arise in bilinear formulations. Lump
waves and rogue waves, for instance, are rationally localized in space while vanishing at infin-
ity in all directions [17, 18]. The Kadomtsev-Petviashvili I (KPI) equation is well known to
support diverse families of lump solutions [8], some of which emerge as long-wave limits of
multi-soliton configurations [19]. These rationally localized structures are not limited to inte-
grable models: lump-type solutions also appear in nonintegrable KP, BKP, KP-Boussinesq
and generalized KdV-type extensions [20, 21], generalized Bogoyavlensky-Konopelchenko
equations [22, 23], and even in higher-dimensional linear wave systems via linear superpo-
sition [24, 25].

A widely used approach for deriving lump solutions is the sum-of-squares ansatz, where a
positive quadratic function is substituted into the bilinear equation [8, 17]. Through logarith-
mic derivative transformations, such quadratic forms give rise to lump solutions in diverse
nonlinear wave models. In this study, we apply this method to a (2+1)-dimensional general-
ized Calogero-Bogoyavlenskii-Schiff-like (gCBS-like) equation that includes eight nonlinear
terms and four distinct dispersive contributions. These nonlinear and dispersive effects jointly
serve as the balancing mechanisms sustaining the lump structures. By employing symbolic
computation in a computer algebra system, we obtain explicit lump solutions and investigate
the stationary points of the underlying quadratic function, which shed light on the associated
wave dynamics. We conclude with a discussion of the results and suggest possible directions
for further research.

2 A Generalized CBS-like Model

It is well known that Hirota bilinear derivatives can be extended to describe differential terms
of all orders. Our analysis begins with a generalized class of bilinear differential operators,
as put forward in [26]:

k
D?-XD;,.VDp»tf f
0 0 0 0 0 0

= (g +“pg)m(5 +0‘pa*y,)n(5 +0‘p§)kf(x’ YL Y O sy D
where
af = (=1y®, k=r(k)modp, 0 <r(k) < p. )
For instance, when p = 3, the cyclic pattern is
oz3=—l,a%:a%:l,a?:—l,a?:a?:l,~~~. )
For p =5, one obtains
as = —1, a52:1, ag:—l, aé:a?:l, ozg:—l, aZ:l, a?:—l, ag:agozl, cee
(10)
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Similarly, for p = 7, the sequence reads

a7 = —1, a%:l, a%:—l, a;‘:l, a?:—l, 0(,?:0(;:1,

(1)
8 _ 9 _ 10 _ 11 _ 12 _ 13 _ 14 _
;==L ag=1a;,=-1,a; =1, 05" =~1, a;7 =a5" =1, ---

Setting p = 3, we propose a generalized Calogero-Bogoyavlenskii-Schift-like (gCBS-
like) bilinear equation:

FocBs-ike (f)
= (Dg,xD&y +01D3,D3y +02D3,D3, +03D3 D3y + U4D§,y)f - f
=203 fxx fxy T o1(fix [ = fi fx) Fo2(fiy [ = fi fy) + o3(fay [ — [ fy)
+ou(foyf — fH1=0, (12)

where D3, D3 y and D3 ; denote the generalized bilinear derivatives, and o; for 1 <i <4
are arbitrary constants. This formulation generalizes the CBS equation from the case p = 2
(see, e.g., [27]). By redefining the dependent variable as

u=2(1Inf)x, v=2(In f),, (13)

we obtain the associated nonlinear gCBS-like model equation:

9, 3 5 3 3, 3, 9
PocBs-like (4, V) := gu Uy + gy + 7V + 7UxY + 74 vy + sty
3 3
—I—EMXXuy + Euxuxy + O1Usx + 02Upy + 03Uy + O4uyy =0, (14)

subject to v, = u,. This new model contains eight nonlinear terms and four dispersion terms.
Special cases illustrate its structure. For 01 = 04 = 1 with all other coefficients vanishing,

the generalized equation (14) reduces to a CBS-like form:

9 5

3, 3 3, 3, 9 3 3
gu uxv—l—gu ”y"‘z“”mv"‘Z”xv"‘Z” uxy—l-zuuxuy—l—iu“uy—l—iuxuxy—i—utx—l—uyy =0.

For 07 = 04 = 1 with all other coefficients vanishing, we obtain another CBS-like equation:

9, 33 3 3, 3, 9 3 3
gu uxv—i—gu ”y"‘Z””xxv"'Z”x”"'Z“ uxy—l—zuuxuy—i—iuxxuy—i—Euxuxy—i—uty—l—uyy =0,

again with v, = u,.
Finally, the connection between the bilinear and nonlinear forms is exact:

FocBs-tike (f)
ﬁ]x'
Hence, u and v defined by (13) solve the nonlinear model (14) whenever f satisfies the
bilinear equation (12).

This new model raises natural questions concerning its integrability properties, particularly
whether it admits lump solutions, a hallmark of integrable systems. In the next section, we
investigate this issue with emphasis on lump structures shaped by the dispersion terms.

PycBs-ike (1, v) = [ 15)

3 Lump Waves Governed by Dispersion

We now proceed to construct lump wave solutions of the gCBS-like model equation (14)
by performing symbolic computations on its associated generalized bilinear form (12). In
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particular, we demonstrate that the inclusion of all four dispersion terms is essential for
the emergence of lump-type solutions. Furthermore, we analyze the stationary points of the
resulting quadratic function to gain insight into their spatial characteristics.

3.1 Construction of Lump Solutions Via the Sum-of-Squares Ansatz

The sum-of-squares ansatz provides a systematic approach for constructing lump solutions
of higher-dimensional nonlinear evolution equations [8]. The method begins by expressing
the dependent variable as a logarithmic derivative of a positive quadratic function. Typically,
this quadratic form takes the sum-of-squares structure:

f=E +E +ag, &l =a1x +ary +ast +ay, & = asx +agy +art +ag, (16

ensuring the rational solution in all spatial directions. The parameters a1, a; and as, ag rep-
resent two pairs of wave numbers, az and a; denote the frequencies of the two underlying
travelling waves, and a4, ag, and ag correspond to translation-invariant properties. Substitut-
ing this ansatz into the generalized bilinear equation (12) reduces the problem to determining
the nine parameters a; through an algebraic system. This framework provides a foundation
for generating general lump wave structures of lower order in (2+1)-dimensional settings
[17], with symbolic computation used to determine the coefficients.

Solving the resulting system symbolically yields explicit expressions for the frequency
and constant parameters:

1
(101 + @202)? + (a501 + a02)?

2 2
az = [az(al + a5)o103

+(a1a5 — ajag + 2arasag)oioy
+a1(a3 + a})oro3 + ar (a3 + a)oro4), (17)

1
(101 + @202)* + (a501 + a02)?

2 2
ay = [aﬁ(al + az)oy03

+QRajazag — a%as + asaé)alm
+as(a3 + ad)oros + ag(a3 + 03)0204], (18)

and

~3(aaz + asag)(a? + a2)’oy + 6(af + a?)(ar1ar + asae)*os
(a1a6 — azas)? (0104 — 0203)

_3(a1a2 + a5a6)(a% + a%)(a% + aé)az2

(a1a6 — azras)?o1(0104 — 0203)

ag =

19)

All remaining parameters can be chosen freely. Here, a3 and a7 encode the dispersion relations
of the (2+1)-dimensional nonlinear dispersive system, indicating that variations in dispersion,
whether positive or negative, can cause solitons to propagate with different group velocities
(see also [28]). Meanwhile, a9 depends on the wave numbers and plays a crucial role in
shaping the lump structure (see also [29-31]). Higher-order dispersion relations have been
previously studied in the KP hierarchy [32], and related dynamical behaviors have been
explored in various generalized KP-type models (see, e.g., [33, 34]). All expressions, (17),
(18) and (19), are simplified using symbolic computation.
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For well-defined solutions, the following conditions on dispersion coefficients and wave
numbers must hold:

o1(0104 — 0203) # 0, (20
and
ajag — azas # 0. 21
These conditions imply
(@101 + @202)* + (aso1 + ago2)” # 0, (22)

ensuring the well-posedness of a3 and a7. Furthermore, the determinant condition (21) guar-
antees
at +at#0, a3 +a #0, (23)

which in turn ensures the spatial localization of the solutions u and v defined via the log-
arithmic derivative transformations (13). That is, # and v decay to zero as x2 +y2 > oo,
confirming their localization.

A sufficient condition for the positivity of f is:
o1 02

<0, <0, ajar + asag > 0, 24)
0104 — 0203 0104 — 0203

or o1 o
> 0, <0, a1ar + asag < 0, (25)
0104 — 0203 0104 — 0203

which ensures that ag > 0 according to (19). Consequently, f defined in (16) is positive and
the corresponding solutions # and v are analytic throughout the domain of x, y and ¢.

In summary, under the two conditions (21) and (20), the resulting solutions # and v
constitute a well-defined, rationally localized lump wave solution of the gCBS-like model.

3.2 Evolution of Stationary Points

We now determine the stationary points of the quadratic function f defined in (16). These
points satisfy the system

fx(-x(t)7 y(t)5 t) = 07 fy(x(t)v )’(t)7 t) = 0
Since f is quadratic in x and y, this reduces to the linear system:
aié) +asér =0, a6 + ass2 =0,

where &; and &, are defined as in (16). Assuming the non-degeneracy condition (21), we
obtain
§l=aix +ay+azt+as =0, & =asx +agy +ast +ag =0, (26)

where, by the second partial derivative test, the quadratic function f attains a local minimum
at any fixed time ¢. Solving this system for x and y as functions of ¢ gives the trajectory of
stationary points:

X(1) = (@3 + a2) (0104 — 0203) axag — a4ag 27
(a101 + a202)* + (aso1 +a602)?  aias — aras’
2, 2 2., 2
ay +az)ojoz + 2(a1az + asag)o104 + (a5 + az)oro ayjag — aqa
y(z):(' 5)0103 + 2(a1a2 + asag)o104 + (a) 6)24t_18 405 28)

(a101 + a202)? + (aso1 + as02)? ajag — aras’
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Fig. 1 3d-plots of u with 7 = 0 (left), f = 3 (middle) and ¢ = 5 (right)

3 5
ol 04
3
‘o0 o 5
79 02
= 1 1

Fig.4 3d-plots of v with r = 0 (left), r = 3 (middle) and r = 5 (right)
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Fig.5 x curves of v with ¢ = 0 (left), r = 5 (middle) and r = 8 (right)

These expressions describe the motion of the stationary points over time. They lie along
a straight line, which we refer to as the characteristic trajectory, along which both spatial
coordinates advance at constant velocities. On this trajectory, the lump waves u and v vanish,
while remaining rationally localized in the surrounding space. These expressions describe
the trajectory of stationary points at any fixed time ¢.

Figures 1,2, 3,4, 5 and 6 present 3d and 2d visualizations of the lump waves u = 2(In f),
and v = 2(In f),, calculated using the parameter sets given below:

(71:—2, (72:1, 0’3:3, 0'4:5,

and
ar=-—1, ap = -2, ag = -3, as = -2, ag =2, ag = —3.

4 Concluding Remarks

We have analyzed a (2+1)-dimensional generalized Calogero-Bogoyavlenskii-Schiff-like
(gCBS-like) model and derived its lump wave solutions through symbolic computation using
computer algebra systems. The resulting lump wave is localized and vanishes along a char-
acteristic trajectory determined by the stationary points of the associated quadratic function.

Lump waves arise in a broad spectrum of physical and mathematical contexts, reflecting
their versatility and the inherent complexity of modeling nonlinear dispersive phenomena.
Previous studies have explored lump solutions in linear wave models [24, 25] as well as in
nonlinear, nonintegrable models in both (2+1)-dimensions [35-41] and (3+1)-dimensions

-04

Fig.6 y curves of v with # = 0 (left), r = 8 (middle) and ¢ = 12 (right)
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[33, 42-44]. The construction of lump waves frequently employs Hirota bilinear forms and
their generalizations, which provide efficient tools for systematically analyzing such localized
structures [17].

Moreover, lump waves display rich interactions with other coherent structures in (2+1)-
dimensional integrable models, including homoclinic and heteroclinic waves [45-47].
Meanwhile, N-soliton solutions and integrability properties have been extensively inves-
tigated in both local and nonlocal integrable systems using Riemann-Hilbert methods and
bi-Hamiltonian structures [48—54]. The existence, dynamics, and interactions of lump waves
in (2+1)-dimensional generalizations of integrable systems, whether standard or general-
ized bilinear, scalar or multi-component, remain open and compelling directions for further
research (see, e.g., [55-62]).

In summary, the study of lump waves offers valuable insight into nonlinear dispersive
dynamics and may inform applications in physical and engineering systems where localized,
coherent, and energy-concentrated structures play a critical role.

Acknowledgements The work was supported in part by National Natural Science Foundation of China
(12271488 and 11975145) and the Ministry of Science and Technology of China (G2021016032L and
G2023016011L).

Author Contributions L. made the computations and reviewed the manuscript. WX wrote the main manuscript
text, made the computations, and reviewed the manuscript

Funding Open access funding provided by North-West University.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Ethical Approval Not applicable.
Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Mou, D.S., Si, Z.Z., Qiu, W.X., Dai, C.Q.: Optical soliton formation and dynamic characteristics in
photonic Moiré lattices. Opt. Laser Technol. 181(B), 111774 (2025)

2. Si, Z.Z., Wang, D.L., Zhu, B.W., Ju, Z.T., Wang, X.P,, Liu, W., Malomed, B.A., Wang, Y.Y., Dai, C.Q.:
Deep learning for dynamic modeling and coded information storage of vector-soliton pulsations in mode-
locked fiber lasers. Laser Photon. Rev. 18(12), 2400097 (2024)

3. Ou, Z.H., et al.: Achieving optical transparency in live animals with absorbing molecules. Science
385(6713), eadm6869 (2024)

4. Si, Z.Z.,Dai, C.Q., Liu, W.: Tunable three-wavelength fiber laser and transient switching between three-
wavelength soliton and g-switched mode-locked states. Chin. Phys. Lett. 41(2), 020502 (2024)

5. Hirota, R.: The Direct Method in Soliton Theory. Cambridge University Press, New York (2004)

@ Springer


http://creativecommons.org/licenses/by/4.0/

20

Page 10 of 12 International Journal of Theoretical Physics (2026) 65:20

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

Ablowitz, M.J., Segur, H.: Solitons and the Inverse Scattering Transform. SIAM, Philadelphia (1981)
Hirota, R.: Exact solution of the Korteweg-de Vries equation for multiple collisions of solitons. Phys.
Rev. Lett. 27(18), 1192-1194 (1971)

Ma, W.X.: Lump solutions to the Kadomtsev-Petviashvili equation. Phys. Lett. A 379(36), 1975-1978
(2015)

Liu, J.G., Zhou, L., He, Y.: Multiple soliton solutions for the new (2+1)-dimensional Korteweg-de Vries
equation by multiple exp-function method. Appl. Math. Lett. 80, 71-78 (2018)

Manafian, J.: Novel solitary wave solutions for the (3+1)-dimensional extended Jimbo-Miwa equations.
Comput. Math. Appl. 76(5), 1246-1260 (2018)

. Chu, J.Y., Liu, Y.Q., Ma, W.X.: Integrability and multiple-rogue and multi-soliton wave solutions of the

(3+1)-dimensional Hirota-Satsuma-Ito equation. Mod. Phys. Lett. B 39(21), 2550060 (2025)

Zakharov, V.E., Shabat, A.B.: A scheme for integrating the nonlinear equations of mathematical physics
by the method of the inverse scattering problem I. Funct. Anal. Appl. 8(3), 226-235 (1974)

Ablowitz, M.J., Newell, A.C.: The decay of the continuous spectrum for solutions of the Korteweg-de
Vries equation. J. Math. Phys. 14(9), 1277-1284 (1973)

Ma, W.X.: Bilinear equations and resonant solutions characterized by Bell polynomials. Rep. Math. Phys.
72(1), 41-56 (2013)

. Ma, W.X.: N-soliton solutions and the Hirota conditions in (2+1)-dimensions. Opt. Quantum Electron.

52(12), 511 (2020)

Ma, W.X.: N-soliton solutions and the Hirota conditions in (1+1)-dimensions. Int. J. Nonlinear Sci.
Numer. Simul. 23, 123-133 (2022)

Ma, W.X., Zhou, Y.: Lump solutions to nonlinear partial differential equations via Hirota bilinear forms.
J. Differ. Equ. 264(4), 2633-2659 (2018)

Tan, W., Dai, H.P,, Dai, Z.D., Zhong, W.Y.: Emergence and space-time structure of lump solution to the
(2+1)-dimensional generalized KP equation. Pramana - J. Phys. 89(5), 77 (2017)

Manakov, S.V., Zakharov, V.E., Bordag, L.A., Matveeyv, V.B.: Two-dimensional solitons of the Kadomtsev-
Petviashvili equation and their interaction. Phys. Lett. A 63(3), 205-206 (1977)

Ma, W.X., Qin, Z.Y., Lii, X.: Lump solutions to dimensionally reduced p-gKP and p-gBKP equations.
Nonlinear Dyn. 84(2), 923-931 (2016)

Cheng, L., Ma, W.X., Zhang, Y., Ge, J.Y.: Integrability and lump solutions to an extended (2+1)-
dimensional KdV equation. Eur. Phys. J. Plus 137(8), 902 (2022)

Chen, S.T., Ma, W.X.: Lump solutions to a generalized Bogoyavlensky-Konopelchenko equation. Front.
Math. China 13(3), 525-534 (2018)

Cheng, C.D., Tian, B., Ma, Y.X., Zhou, T.Y., Shen, Y.: Pfaffian, breather, and hybrid solutions for a (2+1)-
dimensional generalized nonlinear system in fluid mechanics and plasma physics. Phys. Fluids 34(11),
115132 (2022)

Ma, W.X.: Lump and interaction solutions to linear PDEs in (2+1)-dimensions via symbolic computation.
Mod. Phys. Lett. B 33(36), 1950457 (2019)

Ma, W.X.: Lump and interaction solutions of linear PDEs in (3+1)-dimensions. East Asian J. Appl. Math.
9(1), 185-194 (2019)

Ma, W.X.: Generalized bilinear differential equations. Stud. Nonlinear Sci. 2(4), 140 (2011)

Chen, S.T., Ma, W.X.: Lump solutions of a generalized Calogero-Bogoyavlenskii-Schiff equation. Com-
put. Math. Appl. 76(7), 1680 (2018)

Si, Z.Z., Wang, Y.Y., Dai, C.Q.: Switching, explosion, and chaos of multi-wavelength soliton states in
ultrafast fiber lasers. Sci. China Phys. Mech. Astron. 67(7), 274211 (2024)

Ma, W.X., Bai, Y.S., Adjiri, A.: Nonlinearity-managed lump waves in a spatial symmetric HSI model.
Eur. Phys. J. Plus 136(2), 240 (2021)

Ma, W.X., Batwa, S., Manukure, S.: Dispersion-managed lump waves in a spatial symmetric KP model.
East Asian J. Appl. Math. 13(2), 246-256 (2023)

Ma, W.X.: Lump waves and their dynamics of a spatial symmetric generalized KP model. Rom. Rep.
Phys. 76(3), 108 (2024)

Ma, W.X., Zhang, L.Q.: Lump solutions with higher-order rational dispersion relations. Pramana - J.
Phys. 94(1), 43 (2020)

Sun, Y., Tian, B., Xie, X.Y., Chai, J., Yin, H.M.: Rogue waves and lump solitons for a (3+1)-dimensional
B-type Kadomtsev-Petviashvili equation in fluid dynamics. Wave Random Complex. 28(3), 544-552
(2018)

Liu, M.M,, Yu, J.P., Ma, W.X., Khalique, C.M., Sun, Y.L.: Dynamic analysis of lump solutions based
on the dimensionally reduced generalized Hirota bilinear KP-Boussinesq equation. Mod. Phys. Lett. B
37(9), 2250203 (2023)

@ Springer



International Journal of Theoretical Physics (2026) 65:20 Page110f12 20

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Manukure, S., Zhou, Y., Ma, W.X.: Lump solutions to a (2+1)-dimensional extended KP equation. Comput.
Math. Appl. 75(7), 2414-2419 (2018)

Ren, B., Ma, W.X., Yu, J.: Characteristics and interactions of solitary and lump waves of a (2+1)-
dimensional coupled nonlinear partial differential equation. Nonlinear Dyn. 96(1), 717-727 (2019)

Yu, J.P., Sun, Y.L.: Study of lump solutions to dimensionally reduced generalized KP equations. Nonlinear
Dyn. 87(4), 2755-2763 (2017)

Ma, W.X., Zhang, Y., Tang, Y.N.: Symbolic computation of lump solutions to a combined equation
involving three types of nonlinear terms. East Asian J. Appl. Math. 10(4), 732-745 (2020)

Cheng, L., Zhang, Y., Ma, W.X., Ge, J.Y.: Wronskian and lump wave solutions to an extended second KP
equation. Math. Comput. Simul. 187, 720-731 (2021)

Ma, H.C,, Yue, S.P,, Gao, Y.D., Deng, A.P.: Lump solution, breather soliton and more soliton solutions
for a (2+1)-dimensional generalized Benjamin-Ono equation. Qual. Theory Dyn. Syst. 22(2), 72 (2023)
Ma, W.X.: Lump waves in a spatial symmetric nonlinear dispersive wave model in (2+1)-dimensions.
Mathematics 11(22), 4664 (2023)

Ma, W.X.: Lump-type solutions to the (3+1)-dimensional Jimbo-Miwa equation. Int. J. Nonlinear Sci.
Numer. Simulat. 17(7-8), 355-359 (2016)

Zhou, Y., Zhang, X.J., Zhang, C., Jia, J.J., Ma, W.X.: New lump solutions to a (3+1)-dimensional gener-
alized Calogero-Bogoyavlenskii-Schiff equation. Appl. Math. Lett. 141, 108598 (2023)

Mandal, U.K., Dutta, S., Ma, W.X_, Das, A.: Integrability aspects, Wronskian solution, Grammian solution,
lump and lump-multi-kink solutions of an extended (3+1)-dimensional Bogoyavlensky-Konopelchenko
equation. Eur. Phys. J. Plus 140(5), 389 (2025)

Yao,R.X.,Li, Y., Lou, S.Y.: A new set and new relations of multiple soliton solutions of (2+1)-dimensional
Sawada-Kotera equation. Commun. Nonlinear Sci. Numer. Simul. 99, 105820 (2021)

Kofane, T.C., Fokou, M., Mohamadou, A., Yomba, E.: Lump solutions and interaction phenomenon to
the third-order nonlinear evolution equation. Eur. Phys. J. Plus 132(11), 465 (2017)

Yasmin, H., Alshehry, A.S., Ganie, A.H., Mahnashi, A.M., Shah, R.: Perturbed Gerdjikov-Ivanov equa-
tion: Soliton solutions via Bécklund transformation. Optik 298, 171576 (2024)

Ma, W.X.: Soliton solutions to constrained nonlocal integrable nonlinear Schrodinger hierarchies of type
(-A, 1). Int. J. Geom. Methods Mod. Phys. 20(6), 2350098 (2023)

Ablowitz, M.J., Musslimani, Z.H.: Integrable nonlocal nonlinear equations. Stud. Appl. Math. 139(1),
7-59 (2017)

Ma, W.X.: A combined derivative nonlinear Schrodinger soliton hierarchy. Rep. Math. Phys. 93(3), 313—
325 (2024)

Ma, W.X.: A combined integrable hierarchy with four potentials and its recursion operator and bi-
Hamiltonian structure. Indian J. Phys. 99(3), 1063—-1069 (2025)

Ji, J.L., Zhu, Z.N.: On a nonlocal modified Korteweg-de Vries equation: Integrability, Darboux transfor-
mation and soliton solutions. Commun. Nonlinear Sci. Numer. Simul. 42, 699-708 (2017)

Liu, Y.Q., Zhang, W.X., Ma, W.X.: Riemann-Hilbert problems and soliton solutions for a generalized
coupled Sasa-Satsuma equation. Commun. Nonlinear Sci. Numer. Simul. 118, 107052 (2023)

Giirses, M., Pekcan, A.: Nonlocal nonlinear Schrodinger equations and their soliton solutions. J. Math.
Phys. 59(5), 051501 (2018)

Ma, W.X.: A soliton hierarchy derived from a fourth-order matrix spectral problem possessing four fields.
Chaos, Solitons Fractals 195, 116309 (2025)

Ma, W.X.: An application of dual group reductions to the AKNS integrable mKdV model. Mod. Phys.
Lett. B 39(35), 2550233 (2025)

Ma, W.X.: Integrable matrix modified Korteweg-de Vries equations derived from reducing AKNS Lax
pairs. Rom. J. Phys. 70(7-8), 110 (2025)

Song, C.Q., Xiao, D.M., Zhu, Z.N.: Solitons and dynamics for a general integrable nonlocal coupled
nonlinear Schrodinger equation. Commun. Nonlinear Sci. Numer. Simul. 45, 13-28 (2017)

Gao, X.Y.: Open-ocean shallow-water dynamics via a (2+1)-dimensional generalized variable-coefficient
Hirota-Satsuma-Ito system: Oceanic auto-Bécklund transformation and oceanic solitons. China Ocean
Eng. 39(3), 541-547 (2025)

Ma, W.X., Zhong, Y.D.: A 4 x 4 matrix spectral problem involving four potentials and its combined
integrable hierarchy. Axioms 14(8), 594 (2025)

Ma, W.X.: Matrix mKdV integrable hierarchies via two identical group reductions. Mathematics 13(9),
1438 (2025)

@ Springer



20 Page12o0f12 International Journal of Theoretical Physics (2026) 65:20

62. Ma, W.X.: Reduced matrix integrable hierarchies via group reduction involving off-diagonal block matri-
ces. Commun. Theoret. Phys. 78(1), 015001 (2026)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Lump Structures and Their Dynamics in a Generalized Calogero[Please insert \PrerenderUnicode{â��} into preamble]Bogoyavlenskii[Please insert \PrerenderUnicode{â��} into preamble]Schiff-Like Wave Model
	Abstract
	1 Introduction
	2 A Generalized CBS-like Model
	3 Lump Waves Governed by Dispersion
	3.1 Construction of Lump Solutions Via the Sum-of-Squares Ansatz
	3.2 Evolution of Stationary Points

	4 Concluding Remarks
	Acknowledgements
	References


