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the (2+1)-dimensional Hirota-Satsuma-Ito equation. Bicklund transformation and corre-
sponding exponential function solutions are deduced by virtue of the Hirota bilinear form.
The lump solutions are constructed and the interaction phenomena between a lump wave

and multi-kink waves are discussed. The lump wave may turn up in different positions

MSC: and can be swallowed by multi-kink waves, which means that the collision is non-elastic.
35A25 Finally, the dynamical behavior of the interaction phenomena is numerically simulated.
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1. Introduction

Nonlinear evolution equations (NLEEs) play a crucial role in the areas of physics, chaos and engineering [1-6]. Searching
for exact solutions to NLEEs is of value and significance in the study of nonlinear dynamics [7-16]. Backlund transformations
(BTs) relate two solutions of same equations or different equations. Transformations between two different solutions of
an equation are generally called auto-BTs [17,18]. BTs have many forms, including bilinear form, Bell polynomials form,
Wabhlquist-Estabrook form and Painlevé form [19-25]. Many NLEEs have BTs, such as the Kuramoto-Sivashinsky equation
[26], the Kadomtsev-Petviashvili equation [27], a (3+1)-dimensional generalized KP equation [28], the (3+1)-dimensional
BKP equation [29]. The test function method combining many types of functions provides an approach for constructing
exact solutions to NLEEs. In Ref. [30], based on positive quadratic function solutions to a bilinear equation, lump solutions
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to the Kadomtsev-Petviashvili equation have been derived with symbolic computation. In Ref. [31], based on a rational-
cosh-cos type test function, the interaction phenomena among the lump waves, kink waves and periodic waves to the
(3+1)-dimensional Jimbo-Miwa equation have been studied.

Lump solutions, as a kind of rational solutions, are real, nonsingular, and algebraically decay in all directions [32-38].
Lump solutions can be widely used to describe the rogue wave in Bose-Einstein condensate [39], the freak wave in the ocean
[40] and the nonlinear localized wave in plasma [41]. Recently, with the development of nonlinear dynamics, abundant
interaction solutions between the lump and other solutions have attracted much attention, such as lump-kink and lump-
soliton solutions [42-47].

The Hirota-Satsuma (HS) equation

U — Uxe — 3UL; + 3ux/ urdx 4+ uy =0, (1)
X

with u = u(x, t) is firstly proposed by Hirota and Satsuma as a model equation describing the unidirectional propagation of
shallow water waves [48]. The dependent variable transformation u(x,t) = 2(Inf(x, t))xx yields the Hirota bilinear form of
Eq. (1)

(D«D; — DiD: + D})f - f = 0. )

The differential operator D [19] is defined by

d a\'[o N9 oa\"[a o\"
mphpBplaf. o) — | — — 2 = — _ ' v 7t
DDy DD (- 2) (8x a;«) <8y ay) <az az) (ar ar/) ooy 2086V 2O s

where nq, ny, n3, ny4 are nonnegative integers, while f(x, y, z, t) and g(x, y, z, t) are two functions.
The Hirota-Satsuma-Ito (HSI) equation [49]

Wi — Unxe — UL + 33Uy — Uy =0, Wy =—-uy,, Vx=-—l, (3)
enjoying the Hirota bilinear form

(DD + DyD; +aD?)f - f =0, (4)
is an integrable (2+1)-dimensional extension of Eq. (1), where « is a real nonzero constant and u(x,y,t) = 2(Inf(x, y, t))xx.

We extend the (2+1)-dimensional HSI equation into the following (3+1)-dimensional form

OWe — Pxee —3PPe + 3PV — Bqe =0, Wy=—py, Vx=-D, qx=Dz (5)
where 8 is a real nonzero constant. Setting p = uy in Eq. (5), we can obtain the (3+1)-dimensional Hirota-Satsuma-Ito-like
(HSIl) equation

OWr — Uexr — SUxllxe + 3UxVt — BGr =0, Wy = —lUyy, Ux=—Uy, (x= Uy, (6)
and its Hirota bilinear form

(D3D; + aDyD; + BD,Dy)f - f =0, (7)

under the transformation u(x,y,z,t) =2(Inf(x,y,z t))x. The (3+1)-dimensional HSIl equation is a new nonlinear wave
model. Different from the previous research, we combine rational functions with multi-cosh functions to construct a new
test function. Furthermore, assigning values to some variables, we directly obtain interaction solutions with symbolic com-
putation. The various interaction phenomena provide powerful support for the study of dynamical behavior of the nonlinear
waves.

The paper is organized as follows. Bdcklund transformation of the (3+1)-dimensional HSIl equation will be obtained.
Exponential function solutions will be derived by applying the corresponding bilinear Backlund transformation in Section 2.
The interaction phenomena between the lump and multi-kink waves will be studied based on the rational-multi-exp and
rational-multi-cosh type test functions in Section 3 and Section 4, respectively. Finally, some conclusions will be given in
Section 5.

2. Bilinear Bicklund transformation

We assume that the bilinear (3+1)-dimensional HSII equation has another solution g

(D{D¢ + aDyD: + BD;D;)g-g =0, (8)
and consider the following form
P = [(DD + aDyD: + BD:Dy)g - g1f* — & [(DiD¢ + aDyD: + BDzDe) f - f1. 9)

Using the exchange identities for the Hirota bilinear operators [19]:

[DxD:a - a]b? — a?[DyD;b - b] = 2Dx(D;a - b) - ba, (10)
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[D3Dya - alb? — a*[D3Dyb - b] = 3Dy(Dya - b) - (D?a-b) — Dy(D3a - b) - ab
+3Dy[(D2Dya - b) -ab + (Dya - b) - (D%a - b)], (11)

we transform Eq. (9) into the following form

P= [(D;%Dt +aDyD; + ,BDth)g'g]fZ —gZ[(D?(Dt +aDyD; + BD;D¢) f - f]
= [(DD:g - &) f* — & (DD:f - f)]+ [(«DyDcg - 8) f* — g*(DyD: f - f)] + [(BDDcg - 8) f* — 8> (BDD: f - f)]
=3D;(Dxg- f) - (D¥g- f) —De(D3g- f)-gf + 3D (D2Deg- f) - gf + (Deg- f) - (D2g- )]
+2aDi(Dyg- f) - gf +2pD(Dg - f) - gf
= 3D (Dxg- ) - [(DF + A1Dx)g - f1+3Dx(Deg- f) - [(D5 + A2Dp)g - f]
+De[ (=D + 20Dy + 3A36Dy + 28D;)g - f1-&f + 3Dl (DD + AsDy + AaDy)g - f1- &f
—3A3Dy[(Dx + AsD; + AeDi)g - f1- &f + Dz[(—3A4Dx + 3A3A5Dy)g - f1- &, (12)
where A;(1 < i < 6) are arbitrary constants.
Therefore, the decoupling of Eq. (12) gives rise to an alternative BT for Eq. (7) as
(Df +MDy)g- f =0,
(D2 + 22D)g- =0,
(—=D2 +2aDy +3A3A6Dy +28D,)g- f =0,
(DFD¢ + A3Dy + A4D;)g - f =0,
(Dx + AsD, + AgDr)g - f =0,
(—3)\,4Dx + 3)»3)»5Dy)g . f =0.

(13)

We choose f =1 as a solution to the bilinear (3+1)-dimensional HSII equation, which corresponds to the solution u =
2(Inf)x = 0 to the (3+1)-dimensional HSII equation. Solving Eq. (13), we have

Sx+ 118 =0,

S+ A28 =0,

—8xxx + 208y + 3A3)6gy + 268, =0,
8o + A3gy + Aag, =0,

x + Asgz + Aegt =0,

—3k4gx =+ 3A3k5gy =0.

We consider a class of exponential function solutions by taking g =1+ eef*+ly+mz=wt \where ¢ k,I,m and w are all
constants to be determined.
A direct computation with Maple tells

—p1 4+ Bma A
{k:—xsm+kgw, l:—%, Ay = Asil — AgW, Az:%, A3:( 131p1£ ) D Ag= ;1;2 }

where
p1 = —A3m3 £ 302 em?w — 3AsAZmw? + A3w3 + Bm,  py = AZm? — 2Ashemw + AZw?.
Therefore, the corresponding exponential function solution to Eq. (7) is as follows
g =1+ gel~rsm+hewx=ly+mz-wt as)
and

26 (= Asm + Agw)e(rsm+hew)x—Ghy+mz—wt

u=2(ng(x. .2, ) = 1+ ge(—hsm+dew)x—ELy+mz—we

: (16)

solves the (3+1)-dimensional HSII equation.
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Fig. 1. Plots of the lump solution with t =0 and z = 1: (a) 3-dimensional plot; (b) contour plot.

3. Interaction phenomena between a lump wave and a kink wave

We consider the following test function which is a combination of a positive quadratic function and exponential func-
tions
f — m2 + n2 + kgeklx+kzy+k3z+k4t + kmek5x+k5y+k7z+k3t + kuek1x+kzy+k3z+k4tek5x+ksy+k7z+kst +c, (17)

where
m = a1X + ayy + a3z + aat + as,
n = agX + a7y + agz + aot + dyp,

while g;(1 < i < 10),k;(1 <j < 11) and c are all constants.

Case 1

When the parameters satisfy kg = k19 = k11 = 0, f reduces to a positive quadratic function, the corresponding u = 2(Inf)x
degenerates into the lump solution. Substituting Eq. (17) into Eq. (7), and setting all the coefficients of x, y, z, t to zero, we
obtain the following relations of parameters

aga oa aa
{ﬂ1=—69 a ady _7},

—_, = — , dg =
ay } B i B

which need to satisfy ay8 # 0.
We take a selection of the parameters ¢ =1, =2, ap =2, a4=1, as=-1, ag=1, a;=1, ag=2, a;p=1 and
a1 =3 to plot the lump solution in Fig. 1. The corresponding solution to the bilinear (3+1)-dimensional HSIl equation
is
1 2
f:(t—2x+2y—z—l)2+<2t+x+y—§Z+1> +3, (18)
which yields the lump solution to the (3+1)-dimensional HSIl equation
2(10x — 6y + 32+ 6)

(t—2x+2y—z—-1)2+ Qt+x+y—1z+1)24+3’

u=2(Inf(x,y,z,t))x = (19)

Case 2

When the parameters satisfy kg = k1 = 0 or kig = k17 = 0, u = 2(Inf)x degenerates into the interaction solution between
a lump wave and a kink wave. When kg = k1; = 0, we consider the case of a4 = 1. With symbolic computation, we obtain
relations of the parameters

k2 + ak
{a1 = —l9ls, U3 = —a%x, ag = —0%7, k7 = —%, ks = 0},
which need to satisfy 8 # 0.
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Fig. 2. (a) The plot of u in Eq. (23). (b) The plot of u in Eq. (30).

For a special set of parameters ¢ =1, 8 =2, c=2, a =2, a5=1, ag=2, a; =1, ag=2, app=1, ks =1, kg =1 and
k1o = 1, we have

2
f= (—4x+2y—z+t+1)2+<2x+y—%z+2t+1) + e 42 (20)

and
2(—4 +eY2 4+ 40x — 12y 4+ 62)

u=2(nf(x,y,z,t))x = . 21
(nf(x.y.2.0)x (=4x+2y —z+t+1)2+ (2x+y— 1z +2t + 1)2 4 exty-2 42 (21)
For further simulating the propagation of the lump wave, we select
1 2
fl:(—4x+2y+t)2+<2x+y+§+2t> +2. (22)

Substituting the extreme point of u; = 2(Inf; (x,y,t))x into Eq. (21) with z =1, we have
2(e FF W 4 4V10)
u= 1By 11, V10 ’ (23)
4ye st
which represents the amplitude of the extreme point of u.

The lump wave generates from the kink wave and then separates from it (see Fig. 3). With the increase of the time ¢,
the amplitude of the kink wave remains constant. By observing the change of u in Eq. (23), we can find that the lump wave
always exists when t — +o0 and its amplitude remains constant (see Fig. 2(a)).

Case 3

When the parameters satisfy kqkigki; # 0, u=2(Inf), degenerates into the interaction solution between a lump wave
and a kink wave. Substituting Eq. (17) into Eq. (7), and setting all the coefficients of x,y,z,t to zero with kg =2, ki =1 and
ki1 = 1, we obtain the relations of the parameters in Appendix A. A selection of parameters o = % B=-1,¢c=-9, a=
-20, a4 =10, ag =2, a; =20, ag =34, a;p=0, k; =1, k; =2 and kg = —4 of the first case in Appendix A leads to

2
f= <_%x — 20y — 10z + 10r) + (2X 4 20y + 10z + 34t)% — 9 + X% 4 2e*+2+22 | p=H—22 (24)

and
2(eX% 4 2ex 2z 4. %x + 352y + 1762)
F .

The fusion process showed in Fig. 4 is different from the fission process in Fig. 3. The lump wave generates and gradually
approaches the turning point of the kink wave. Finally, the lump wave is swallowed by the kink wave (see Fig. 4).

u=2(nf(x,y,zt))x =

(25)
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Fig. 3. Plots of interaction phenomena between a lump wave and a kink wave for z=1 at times (a) t = —40, (b) t =1, (c) t = 18.
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Fig. 4. Plots of interaction phenomena between a lump wave and a kink wave for z= —1 at times (a) t = -1, (b) t =0, (c) t = 30.
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Fig. 5. Plots of interaction phenomena between a lump wave and two-kink waves for z=1 at times (a) t = -9, (b) t =0, (c) t =9.

4. Interaction phenomena between a lump wave and multi-kink waves

To obtain interaction solutions between a lump wave and multi-kink waves to the (3+1)-dimensional HSIl equation, we
suppose that f is expressed in the following form

N
f=ni+n3+) cosh(m) +c (26)
i=1
where
ny = X + axy + a3z + aat + as,
N, = dgX + a7y + asz + aqt + aq,
m; = b,-lx + b,‘zy + bBZ + bi4f + biSs
while a;(1 < j < 10),bj1, b3, b3, bia, bjs (1 < i < N) and c are all constants to be determined later.
Case 1
When N =1, u=2(Inf)y degenerates into the interaction solution between a lump wave and two-kink waves. Substi-
tuting Eq. (26) into Eq. (7), and setting all the coefficients of x,y,z,t and cosh(m;) to zero, we obtain two cases of solutions
in Appendix B. A suitable set of parameters ¢ =1, f=-1, a, =1, a4 =1, a5 =2, a5 =1, a; = % ag=1, a;p=2, by =
3. bz =1, b5 = § and ¢ = 2 of the first case in Appendix B leads to
5 3.3 2 1 9 1
f=(x+y+z+t+2)"+(x+ iy—i— §z+t+2> +cosh<§x+y+ §z+ §) + 2, (27)

and
u=2(Inf(x,y,z,t))x
~ 2(4x+y+z+ Lsinh(Ax +y+ 22+ 1))
S (XAYFZHEED2 X+ 3V 32+ 22+ cosh(Gx+Y+ 37+ 5) +2

(28)
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Fig. 6. Plots of interaction phenomena between a lump wave and two-kink waves for z=1 at times (a) t = —10, (b) t =1, (c) t = 20.

For further simulating the propagation of the lump wave, we assume

2

f2=3+(t—x+y+3)2+(t+x+%y+;). (29)

Substituting the extreme point of u; = 2(Inf, (x,y,t))x into Eq. (28) with z= 1, we have
1 7 13 _ V6

(30)
5+cosh<%t+% - ?)

u=

which represents the amplitude of the extreme point of u5.

In Fig. 5, the two kink waves are parallel and remain unchanged in location. The lump wave generates from one of
the kink waves and moves toward the other. Finally, the lump wave is gradually drowned or swallowed by the kink wave.
Fig. 2(b) shows the amplitude of the extreme point of u,. Since lim u= -1 and lim u =1, the results illustrate that the

t—>—o0 t—>+o00

lump wave can only move between two kink waves. The collision between a lump wave and two-kink waves is completely
non-elastic.

Case 2

When N =2, u=2(Inf)y degenerates into the interaction solution between a lump wave and two-kink waves. With
symbolic computation, when by4 = 1, we obtain four cases of solutions in Appendix C. For a set of parameters « = -1, 8 =
-2, ¢=1, a1 =30, ay, =20, as =2, a; =-20, ag =1, ayp =2, b]2 = %, b15 =-2, bz] =1, b22 = % and b25 =1 of the
first case in Appendix C, we have

f= (30x+ 20y — 10z 4 2)2 + (—20y + 10z + t +2)?> + 1 + cosh <x+%y+ %z+1)+cosh (%y— 4112+t_2)’
(31)

and

2(1800x + 1200y — 600z + 120 + sinh(x + 1y + 1z +1
u=2(Inf(x,y,z,t))x = ( + Y +f +sinh(x+ 3y + 52+ )). (32)




S.-J. Chen, W.-X. Ma and X. Lii/ Commun Nonlinear Sci Numer Simulat 83 (2020) 105135 9

_ ""' r"v‘
Ab';hlﬂﬂ:hhnmum

Y«'v«'vrm'rnv

2 " I I ’ m A'Amuuuu»

10 20 30 40

~40-30-20-10 0

= X - X i X

10 20 30

(a) (b)

Fig. 7. Plots of interaction phenomena between a lump wave and three-kink waves for z=1 at times (a) t = —20, (b) t =0, (c) t = 16.

In Fig. 6, there exist two crossed kinks. Unlike the mechanism of interaction in Fig. 5, the lump wave generates from
the intersection of two kink waves. From the dynamic property of the lump wave, it vanishes rapidly and the amplitude
changes greatly, which conforms to the properties of the rogue wave. This progress illustrates the appearance of a kind of
the rogue wave based on the interaction between lump wave and kink waves.

Case 3

When N =3, u=2(Inf)yx degenerates into the interaction solution between a lump wave and three-kink waves. We
consider the case of by =1 and derive three cases of parameters in Appendix D. When we choose ¢ =1, f=-1, c=
1, a =100, a4 =-1, a5 =90, a; =14, ag =1, a9 = 2, bn =1, b12 =2, b]s =2, b22 =1, b25 =1, b31 =2, b32 =1 and
bss = 1 of the first case, the solution of Eq. (7) is changed into

f =(80x + 100y + 100z — t + 90)? + (80X + 14y + 14z + t + 2)® + cosh(x + 2y + 3z +2)
+cosh(y+z+t+1)+cosh@x+y+9z+1)+1, (33)
and the solution to the (3+1)-dimensional HSII equation is

u=2(nf(x,y,z,t))x«
_ 2(25600x + 18240y + 18240z + 14720 + sinh(x + 2y 4+ 324 2) + 2sinh(2x +y + 92+ 1))
7 .
In Fig. 7, only one of the existing three kink waves maintains the position. Fig. 7(a)-(c) show two moving kink waves
merge into a line in the second quadrant, both second and fourth quadrants, the fourth quadrant, respectively. The lump

wave generates from the intersection of the kink waves. Finally, the lump wave is gradually drowned or swallowed by the
kink waves.

(34)

5. Conclusions

In this paper, Biacklund transformation of the (3+1)-dimensional HSIl equation has been derived. We have constructed
exponential function solutions from the known ones by applying the corresponding bilinear Backlund transformation. The
test function method provides us with an efficient and direct method to solve NLEEs. Based on two test functions, including
rational-multi-exp and rational-multi-cosh type test functions, we have discussed the interaction phenomena between the
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lump wave and multi-kink waves. Fig. 3 show that the lump wave generates from the kink wave and then separates from
it. By contrast, the lump wave generates and gradually approaches the turning point of the kink wave, and finally the lump
wave is swallowed by the kink wave in Fig. 4. Fig. 2(b) shows the amplitude of the extreme point of u,. Since lim;, ., u =
—1 and lim¢_, ;o u = 1, the results illustrate that the lump wave can only move between two kink waves in Fig. 5. Moreover,
the lump may occur in different positions. In Figs. 6 and 7, the lump wave generates from the intersection of kink waves.
Especially, two moving kink waves merge into a line in different quadrants over time in Fig. 7. The diverse interaction
phenomena might have great significance for the nonlinear waves in fluid mechanics. In the future, we aim to construct
exact solutions based on some new Bdcklund transformations. The interaction between multi-lump and other solutions of
NLEEs will also be further investigated. It is particularly pointed out that solving variable-coefficient equations is of great
significance.
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Appendix A
Case 1
agdg oa; aglyg Bag k3 + ak, aks
G=———"), 3= ——5—, 05 = — Ly =—"— k3=—"——=ks4=0, ks =0,k; =——>, kg =03%.
{ 1 Py 3 B 5 0 7 o 3 B 4 5 7 B 3
Case 2
aga aa aa k3 + ak —k3 + ok
{a] :—%, 3:—727 (15:07 agz—#, (110:07 k?’:_sz’ k4=0, k5=—k],k7=—7113 6, kg:O}.
Appendix B
Case 1
agdg od) oay b% +ab12
g =———,03=——F%,0g = ——F, b3 =———F—" b1y =0¢. (35)
{ a4 B B B
Case 2
Bag asay az (b3, + Bbi3)
=——,ay=—-,04=0,06=0,bp = ——-—"",b;yu=04. 36
{Ol G 2= g 6 12 Bas 14 (36)
Appendix C
Case 1
b b3, +ab
as = —%,04 =0,a5 =0,0a3 = —%,bu =0,b;3 = —Lﬁlz,bn =2 +,3 2 by = 0}~ (37)
Case 2
a aga agh —b3.a bxa
a:—&,m:—ie 9,a2=0,(13=0,b11=0,b13= 812,1)23: 21 7+‘B 2 8sb24=0 . (38)
asy ay ay ,3(17
Case 3
aga oa aa ab b3, + abyy
1= —%9703 = _727518 = —77,1711 =0,b3 = —Tu,bn = —stbM =0;. (39)
Case 4
aa a;a a,a aa asa ab b3, +aby
as = —72, ay = ——(7129,(16 = 7;27 ,ag = —77, ayg = 7(5127 ,b11=0,b13 = _71312 by = A ——= B vbag =07,

(40)
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Appendix D

Case 1
aga aa oa b3 +ab ab b3, +ab
{01 = —%49,03 = _727‘18 = —77,’313 = —“Tu,bm =0,by; =0,by3 = —TD,bB = —ﬂTﬂ,bm = 0}~
(41)
Case 2
_ Bag  aeag _ _ —azb3; + Bagby, _ _ _ aghy
{(X— @ ,a1 = s ,(12—0,(13—0,17]3— /3(17 ,b14—0,b2]—0,b23— @ .
—asb3 aghb
by = 9P FBAsb ol (42)
Ba;
Case 3
o 90 @0 @& g dsdy __b?l—i—ozb]z b — 0
3= g M= e= g =— g o = = by = === b = 0,
ab b3, +ab
ba1 =0, by3 =—Tzz,b33 =—3lTB2,b34=0 . (43)
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