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a b s t r a c t 

In this paper, a (3 + 1)-dimensional Hirota-Satsuma-Ito-like equation is introduced based on 

the (2 + 1)-dimensional Hirota-Satsuma-Ito equation. Bäcklund transformation and corre- 

sponding exponential function solutions are deduced by virtue of the Hirota bilinear form. 

The lump solutions are constructed and the interaction phenomena between a lump wave 

and multi-kink waves are discussed. The lump wave may turn up in different positions 

and can be swallowed by multi-kink waves, which means that the collision is non-elastic. 

Finally, the dynamical behavior of the interaction phenomena is numerically simulated. 

© 2019 Elsevier B.V. All rights reserved. 

 

 

 

 

 

 

 

 

1. Introduction 

Nonlinear evolution equations (NLEEs) play a crucial role in the areas of physics, chaos and engineering [1–6] . Searching

for exact solutions to NLEEs is of value and significance in the study of nonlinear dynamics [7–16] . Bäcklund transformations

(BTs) relate two solutions of same equations or different equations. Transformations between two different solutions of

an equation are generally called auto-BTs [17,18] . BTs have many forms, including bilinear form, Bell polynomials form,

Wahlquist-Estabrook form and Painlevé form [19–25] . Many NLEEs have BTs, such as the Kuramoto-Sivashinsky equation

[26] , the Kadomtsev-Petviashvili equation [27] , a (3 + 1)-dimensional generalized KP equation [28] , the (3 + 1)-dimensional

BKP equation [29] . The test function method combining many types of functions provides an approach for constructing

exact solutions to NLEEs. In Ref. [30] , based on positive quadratic function solutions to a bilinear equation, lump solutions
∗ Corresponding author. 
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to the Kadomtsev-Petviashvili equation have been derived with symbolic computation. In Ref. [31] , based on a rational-

cosh-cos type test function, the interaction phenomena among the lump waves, kink waves and periodic waves to the

(3 + 1)-dimensional Jimbo-Miwa equation have been studied. 

Lump solutions, as a kind of rational solutions, are real, nonsingular, and algebraically decay in all directions [32–38] .

Lump solutions can be widely used to describe the rogue wave in Bose-Einstein condensate [39] , the freak wave in the ocean

[40] and the nonlinear localized wave in plasma [41] . Recently, with the development of nonlinear dynamics, abundant

interaction solutions between the lump and other solutions have attracted much attention, such as lump-kink and lump-

soliton solutions [42–47] . 

The Hirota-Satsuma (HS) equation 

u t − u xxt − 3 uu t + 3 u x 

∫ ∞ 

x 

u t dx + u x = 0 , (1) 

with u = u (x, t) is firstly proposed by Hirota and Satsuma as a model equation describing the unidirectional propagation of

shallow water waves [48] . The dependent variable transformation u (x, t) = 2( ln f (x, t)) xx yields the Hirota bilinear form of

Eq. (1) 

(D x D t − D 

3 
x D t + D 

2 
x ) f · f = 0 . (2) 

The differential operator D [19] is defined by 

D 

n 1 
x D 

n 2 
y D 

n 3 
z D 

n 4 
t ( f · g) = 

(
∂ 

∂x 
− ∂ 

∂x ′ 

)n 1 (
∂ 

∂y 
− ∂ 

∂y ′ 

)n 2 (
∂ 

∂z 
− ∂ 

∂z ′ 

)n 3 (
∂ 

∂t 
− ∂ 

∂t ′ 

)n 4 

f (x, y, z, t) g(x ′ , y ′ , z ′ , t ′ ) 
∣∣∣

x ′ = x,y ′ = y,z ′ = z,t ′ = t,

where n 1 , n 2 , n 3 , n 4 are nonnegative integers, while f ( x, y, z, t ) and g ( x, y, z, t ) are two functions. 

The Hirota-Satsuma-Ito (HSI) equation [49] 

w t − u xxt − 3 uu t + 3 u x v t − αu x = 0 , w x = −u y , v x = −u, (3) 

enjoying the Hirota bilinear form 

(D 

3 
x D t + D y D t + αD 

2 
x ) f · f = 0 , (4) 

is an integrable (2 + 1)-dimensional extension of Eq. (1) , where α is a real nonzero constant and u (x, y, t) = 2( ln f (x, y, t)) xx . 

We extend the (2 + 1)-dimensional HSI equation into the following (3 + 1)-dimensional form 

αw t − p xxt − 3 pp t + 3 p x v t − βq t = 0 , w x = −p y , v x = −p, q x = p z , (5) 

where β is a real nonzero constant. Setting p = u x in Eq. (5) , we can obtain the (3 + 1)-dimensional Hirota-Satsuma-Ito-like

(HSIl) equation 

αw t − u xxxt − 3 u x u xt + 3 u xx v t − βq t = 0 , w x = −u xy , v x = −u x , q x = u xz , (6) 

and its Hirota bilinear form 

(D 

3 
x D t + αD y D t + βD z D t ) f · f = 0 , (7) 

under the transformation u (x, y, z, t) = 2( ln f (x, y, z, t)) x . The (3 + 1)-dimensional HSIl equation is a new nonlinear wave

model. Different from the previous research, we combine rational functions with multi-cosh functions to construct a new

test function. Furthermore, assigning values to some variables, we directly obtain interaction solutions with symbolic com-

putation. The various interaction phenomena provide powerful support for the study of dynamical behavior of the nonlinear

waves. 

The paper is organized as follows. Bäcklund transformation of the (3 + 1)-dimensional HSIl equation will be obtained.

Exponential function solutions will be derived by applying the corresponding bilinear Bäcklund transformation in Section 2 .

The interaction phenomena between the lump and multi-kink waves will be studied based on the rational-multi-exp and

rational-multi-cosh type test functions in Section 3 and Section 4 , respectively. Finally, some conclusions will be given in

Section 5 . 

2. Bilinear Bäcklund transformation 

We assume that the bilinear (3 + 1)-dimensional HSIl equation has another solution g 

(D 

3 
x D t + αD y D t + βD z D t ) g · g = 0 , (8) 

and consider the following form 

P = [(D 

3 
x D t + αD y D t + βD z D t ) g · g] f 2 − g 2 [(D 

3 
x D t + αD y D t + βD z D t ) f · f ] . (9) 

Using the exchange identities for the Hirota bilinear operators [19] : 

[ D x D t a · a ] b 2 − a 2 [ D x D t b · b] = 2 D x (D t a · b) · ba, (10)
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[ D 

3 
x D y a · a ] b 2 − a 2 [ D 

3 
x D y b · b] = 3 D y (D x a · b) · (D 

2 
x a · b) − D y (D 

3 
x a · b) · ab 

+3 D x [(D 

2 
x D y a · b) · ab + (D y a · b) · (D 

2 
x a · b)] , (11)

we transform Eq. (9) into the following form 

P = [(D 

3 
x D t + αD y D t + βD z D t ) g · g] f 2 − g 2 [(D 

3 
x D t + αD y D t + βD z D t ) f · f ] 

= [(D 

3 
x D t g · g) f 2 − g 2 (D 

3 
x D t f · f )] + [(αD y D t g · g) f 2 − g 2 (αD y D t f · f )] + [(βD z D t g · g) f 2 − g 2 (βD z D t f · f )] 

= 3 D t (D x g · f ) · (D 

2 
x g · f ) − D t (D 

3 
x g · f ) · g f + 3 D x [(D 

2 
x D t g · f ) · g f + (D t g · f ) · (D 

2 
x g · f )] 

+ 2 αD t (D y g · f ) · g f + 2 βD t (D z g · f ) · g f 

= 3 D t (D x g · f ) · [(D 

2 
x + λ1 D x ) g · f ] + 3 D x (D t g · f ) · [(D 

2 
x + λ2 D t ) g · f ] 

+ D t [(−D 

3 
x + 2 αD y + 3 λ3 λ6 D y + 2 βD z ) g · f ] · g f + 3 D x [(D 

2 
x D t + λ3 D y + λ4 D z ) g · f ] · g f 

− 3 λ3 D y [(D x + λ5 D z + λ6 D t ) g · f ] · g f + D z [(−3 λ4 D x + 3 λ3 λ5 D y ) g · f ] · g f, (12)

where λi (1 ≤ i ≤ 6) are arbitrary constants. 

Therefore, the decoupling of Eq. (12) gives rise to an alternative BT for Eq. (7) as 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

(D 

2 
x + λ1 D x ) g · f = 0 , 

(D 

2 
x + λ2 D t ) g · f = 0 , 

(−D 

3 
x + 2 αD y + 3 λ3 λ6 D y + 2 βD z ) g · f = 0 , 

(D 

2 
x D t + λ3 D y + λ4 D z ) g · f = 0 , 

(D x + λ5 D z + λ6 D t ) g · f = 0 , 

(−3 λ4 D x + 3 λ3 λ5 D y ) g · f = 0 . 

(13)

We choose f = 1 as a solution to the bilinear (3 + 1)-dimensional HSIl equation, which corresponds to the solution u =
2( ln f ) x = 0 to the (3 + 1)-dimensional HSIl equation. Solving Eq. (13) , we have 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

g xx + λ1 g x = 0 , 

g xx + λ2 g t = 0 , 

−g xxx + 2 αg y + 3 λ3 λ6 g y + 2 βg z = 0 , 

g xxt + λ3 g y + λ4 g z = 0 , 

g x + λ5 g z + λ6 g t = 0 , 

−3 λ4 g x + 3 λ3 λ5 g y = 0 . 

(14)

We consider a class of exponential function solutions by taking g = 1 + εe kx + ly + mz−wt , where ɛ , k , l , m and w are all

constants to be determined. 

A direct computation with Maple tells 

{
k = −λ5 m + λ6 w, l = − p 1 

α
, λ1 = λ5 m − λ6 w, λ2 = 

p 2 
w 

, λ3 = 

(−p 1 + βm ) α

p 1 λ6 

, λ4 = 

λ5 p 2 
λ6 

}
, 

where 

p 1 = −λ3 
5 m 

3 + 3 λ2 
5 λ6 m 

2 w − 3 λ5 λ
2 
6 mw 

2 + λ3 
6 w 

3 + βm, p 2 = λ2 
5 m 

2 − 2 λ5 λ6 mw + λ2 
6 w 

2 . 

Therefore, the corresponding exponential function solution to Eq. (7) is as follows 

g = 1 + εe (−λ5 m + λ6 w ) x − p 1 
α y + mz−wt , (15)

and 

u = 2( ln g(x, y, z, t)) x = 

2 ε(−λ5 m + λ6 w ) e (−λ5 m + λ6 w ) x − p 1 
α y + mz−wt 

1 + εe (−λ5 m + λ6 w ) x − p 1 
α y + mz−wt 

, (16)

solves the (3 + 1)-dimensional HSIl equation. 
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Fig. 1. Plots of the lump solution with t = 0 and z = 1 : (a) 3-dimensional plot; (b) contour plot. 

 

 

 

 

 

 

3. Interaction phenomena between a lump wave and a kink wave 

We consider the following test function which is a combination of a positive quadratic function and exponential func-

tions 

f = m 

2 + n 

2 + k 9 e 
k 1 x + k 2 y + k 3 z+ k 4 t + k 10 e 

k 5 x + k 6 y + k 7 z+ k 8 t + k 11 e 
k 1 x + k 2 y + k 3 z+ k 4 t e k 5 x + k 6 y + k 7 z+ k 8 t + c, (17) 

where 

m = a 1 x + a 2 y + a 3 z + a 4 t + a 5 , 

n = a 6 x + a 7 y + a 8 z + a 9 t + a 10 , 

while a i (1 ≤ i ≤ 10), k j (1 ≤ j ≤ 11) and c are all constants. 

Case 1 

When the parameters satisfy k 9 = k 10 = k 11 = 0 , f reduces to a positive quadratic function, the corresponding u = 2( ln f ) x 
degenerates into the lump solution. Substituting Eq. (17) into Eq. (7) , and setting all the coefficients of x, y, z, t to zero, we

obtain the following relations of parameters {
a 1 = −a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 8 = −αa 7 

β

}
, 

which need to satisfy a 4 β � = 0. 

We take a selection of the parameters α = 1 , β = 2 , a 2 = 2 , a 4 = 1 , a 5 = −1 , a 6 = 1 , a 7 = 1 , a 9 = 2 , a 10 = 1 and

a 11 = 3 to plot the lump solution in Fig. 1 . The corresponding solution to the bilinear (3 + 1)-dimensional HSIl equation

is 

f = (t − 2 x + 2 y − z − 1) 2 + 

(
2 t + x + y − 1 

2 

z + 1 

)2 

+ 3 , (18) 

which yields the lump solution to the (3 + 1)-dimensional HSIl equation 

u = 2( ln f (x, y, z, t)) x = 

2(10 x − 6 y + 3 z + 6) 

(t − 2 x + 2 y − z − 1) 2 + (2 t + x + y − 1 
2 

z + 1) 2 + 3 

. (19) 

Case 2 

When the parameters satisfy k 9 = k 11 = 0 or k 10 = k 11 = 0 , u = 2( ln f ) x degenerates into the interaction solution between

a lump wave and a kink wave. When k 9 = k 11 = 0 , we consider the case of a 4 = 1 . With symbolic computation, we obtain

relations of the parameters {
a 1 = −a 9 a 6 , a 3 = −a 2 α

β
, a 8 = −αa 7 

β
, k 7 = −k 3 5 + αk 6 

β
, k 8 = 0 

}
, 

which need to satisfy β � = 0. 
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Fig. 2. (a) The plot of u in Eq. (23) . (b) The plot of u in Eq. (30) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

For a special set of parameters α = 1 , β = 2 , c = 2 , a 2 = 2 , a 5 = 1 , a 6 = 2 , a 7 = 1 , a 9 = 2 , a 10 = 1 , k 5 = 1 , k 6 = 1 and

k 10 = 1 , we have 

f = (−4 x + 2 y − z + t + 1) 2 + 

(
2 x + y − 1 

2 

z + 2 t + 1 

)2 

+ e x + y −z + 2 , (20)

and 

u = 2( ln f (x, y, z, t)) x = 

2(−4 + e x + y −z + 40 x − 12 y + 6 z) 

(−4 x + 2 y − z + t + 1) 2 + (2 x + y − 1 
2 

z + 2 t + 1) 2 + e x + y −z + 2 

. (21)

For further simulating the propagation of the lump wave, we select 

f 1 = (−4 x + 2 y + t) 2 + 

(
2 x + y + 

1 

2 

+ 2 t 

)2 

+ 2 . (22)

Substituting the extreme point of u 1 = 2( ln f 1 (x, y, t)) x into Eq. (21) with z = 1 , we have 

u = 

2(e −
13 
8 t− 11 

8 + 
√ 

10 
10 + 4 

√ 

10 ) 

4 + e −
13 
8 t− 11 

8 + 
√ 

10 
10 

, (23)

which represents the amplitude of the extreme point of u 1 . 

The lump wave generates from the kink wave and then separates from it (see Fig. 3 ). With the increase of the time t ,

the amplitude of the kink wave remains constant. By observing the change of u in Eq. (23) , we can find that the lump wave

always exists when t → + ∞ and its amplitude remains constant (see Fig. 2 (a)). 

Case 3 

When the parameters satisfy k 9 k 10 k 11 � = 0, u = 2( ln f ) x degenerates into the interaction solution between a lump wave

and a kink wave. Substituting Eq. (17) into Eq. (7) , and setting all the coefficients of x , y , z , t to zero with k 9 = 2 , k 10 = 1 and

k 11 = 1 , we obtain the relations of the parameters in Appendix A. A selection of parameters α = 

1 
2 , β = −1 , c = −9 , a 2 =

−20 , a 4 = 10 , a 6 = 2 , a 7 = 20 , a 9 = 34 , a 10 = 0 , k 1 = 1 , k 2 = 2 and k 6 = −4 of the first case in Appendix A leads to 

f = 

(
−34 

5 

x − 20 y − 10 z + 10 t 

)2 

+ (2 x + 20 y + 10 z + 34 t) 2 − 9 + e x −2 y + 2 e x +2 y +2 z + e −4 y −2 z , (24)

and 

u = 2( ln f (x, y, z, t)) x = 

2(e x −2 y + 2 e x +2 y +2 z + 

2512 
25 

x + 352 y + 176 z) 

f 
. (25)

The fusion process showed in Fig. 4 is different from the fission process in Fig. 3 . The lump wave generates and gradually

approaches the turning point of the kink wave. Finally, the lump wave is swallowed by the kink wave (see Fig. 4 ). 
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Fig. 3. Plots of interaction phenomena between a lump wave and a kink wave for z = 1 at times (a) t = −40 , (b) t = 1 , (c) t = 18 . 

Fig. 4. Plots of interaction phenomena between a lump wave and a kink wave for z = −1 at times (a) t = −1 , (b) t = 0 , (c) t = 30 . 
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Fig. 5. Plots of interaction phenomena between a lump wave and two-kink waves for z = 1 at times (a) t = −9 , (b) t = 0 , (c) t = 9 . 

 

 

 

 

 

 

 

4. Interaction phenomena between a lump wave and multi-kink waves 

To obtain interaction solutions between a lump wave and multi-kink waves to the (3 + 1)-dimensional HSIl equation, we

suppose that f is expressed in the following form 

f = n 

2 
1 + n 

2 
2 + 

N ∑ 

i =1 

cosh (m i ) + c, (26)

where 

n 1 = a 1 x + a 2 y + a 3 z + a 4 t + a 5 , 

n 2 = a 6 x + a 7 y + a 8 z + a 9 t + a 10 , 

m i = b i 1 x + b i 2 y + b i 3 z + b i 4 t + b i 5 , 

while a j (1 ≤ j ≤ 10), b i 1 , b i 2 , b i 3 , b i 4 , b i 5 (1 ≤ i ≤ N ) and c are all constants to be determined later. 

Case 1 

When N = 1 , u = 2( ln f ) x degenerates into the interaction solution between a lump wave and two-kink waves. Substi-

tuting Eq. (26) into Eq. (7) , and setting all the coefficients of x , y , z , t and cosh ( m i ) to zero, we obtain two cases of solutions

in Appendix B. A suitable set of parameters α = 1 , β = −1 , a 2 = 1 , a 4 = 1 , a 5 = 2 , a 6 = 1 , a 7 = 

3 
2 , a 9 = 1 , a 10 = 2 , b 11 =

1 
2 , b 12 = 1 , b 15 = 

1 
3 and c = 2 of the first case in Appendix B leads to 

f = (−x + y + z + t + 2) 2 + 

(
x + 

3 

2 

y + 

3 

2 

z + t + 2 

)2 

+ cosh 

(
1 

2 

x + y + 

9 

8 

z + 

1 

3 

)
+ 2 , (27)

and 

u = 2( ln f (x, y, z, t)) x 

= 

2(4 x + y + z + 

1 
2 

sinh ( 1 
2 

x + y + 

9 
8 

z + 

1 
3 
)) 

(−x + y + z + t + 2) 2 + (x + 

3 y + 

3 z + t + 2) 2 + cosh ( 1 x + y + 

9 z + 

1 ) + 2 

. (28)

2 2 2 8 3 
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Fig. 6. Plots of interaction phenomena between a lump wave and two-kink waves for z = 1 at times (a) t = −10 , (b) t = 1 , (c) t = 20 . 

 

 

 

 

 

 

 

For further simulating the propagation of the lump wave, we assume 

f 2 = 3 + (t − x + y + 3) 2 + 

(
t + x + 

3 

2 

y + 

7 

2 

)2 

. (29) 

Substituting the extreme point of u 2 = 2( ln f 2 (x, y, t)) x into Eq. (28) with z = 1 , we have 

u = 

2 

(
2 

√ 

6 − 1 
2 

sinh 

(
7 

10 
t + 

113 
120 

−
√ 

6 
4 

))

5 + cosh 

(
7 

10 
t + 

113 
120 

−
√ 

6 
4 

) , (30) 

which represents the amplitude of the extreme point of u 2 . 

In Fig. 5 , the two kink waves are parallel and remain unchanged in location. The lump wave generates from one of

the kink waves and moves toward the other. Finally, the lump wave is gradually drowned or swallowed by the kink wave.

Fig. 2 (b) shows the amplitude of the extreme point of u 2 . Since lim 

t→−∞ 

u = −1 and lim 

t→ + ∞ 

u = 1 , the results illustrate that the

lump wave can only move between two kink waves. The collision between a lump wave and two-kink waves is completely

non-elastic. 

Case 2 

When N = 2 , u = 2( ln f ) x degenerates into the interaction solution between a lump wave and two-kink waves. With

symbolic computation, when b 14 = 1 , we obtain four cases of solutions in Appendix C. For a set of parameters α = −1 , β =
−2 , c = 1 , a 1 = 30 , a 2 = 20 , a 5 = 2 , a 7 = −20 , a 9 = 1 , a 10 = 2 , b 12 = 

1 
2 , b 15 = −2 , b 21 = 1 , b 22 = 

1 
3 and b 25 = 1 of the

first case in Appendix C, we have 

f = (30 x + 20 y − 10 z + 2) 2 + (−20 y + 10 z + t + 2) 2 + 1 + cosh 

(
x + 

1 

3 

y + 

1 

3 

z + 1 

)
+ cosh 

(
1 

2 

y − 1 

4 

z + t − 2 

)
, 

(31) 

and 

u = 2( ln f (x, y, z, t)) x = 

2(1800 x + 1200 y − 600 z + 120 + sinh (x + 

1 
3 

y + 

1 
3 

z + 1)) 

f 
. (32) 
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Fig. 7. Plots of interaction phenomena between a lump wave and three-kink waves for z = 1 at times (a) t = −20 , (b) t = 0 , (c) t = 16 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Fig. 6 , there exist two crossed kinks. Unlike the mechanism of interaction in Fig. 5 , the lump wave generates from

the intersection of two kink waves. From the dynamic property of the lump wave, it vanishes rapidly and the amplitude

changes greatly, which conforms to the properties of the rogue wave. This progress illustrates the appearance of a kind of

the rogue wave based on the interaction between lump wave and kink waves. 

Case 3 

When N = 3 , u = 2( ln f ) x degenerates into the interaction solution between a lump wave and three-kink waves. We

consider the case of b 24 = 1 and derive three cases of parameters in Appendix D. When we choose α = 1 , β = −1 , c =
1 , a 2 = 100 , a 4 = −1 , a 5 = 90 , a 7 = 14 , a 9 = 1 , a 10 = 2 , b 11 = 1 , b 12 = 2 , b 15 = 2 , b 22 = 1 , b 25 = 1 , b 31 = 2 , b 32 = 1 and

b 35 = 1 of the first case, the solution of Eq. (7) is changed into 

f = (80 x + 100 y + 100 z − t + 90) 2 + (80 x + 14 y + 14 z + t + 2) 2 + cosh (x + 2 y + 3 z + 2) 

+ cosh (y + z + t + 1) + cosh (2 x + y + 9 z + 1) + 1 , (33)

and the solution to the (3 + 1)-dimensional HSIl equation is 

u = 2( ln f (x, y, z, t)) x 

= 

2(25600 x + 18240 y + 18240 z + 14720 + sinh (x + 2 y + 3 z + 2) + 2 sinh (2 x + y + 9 z + 1)) 

f 
. (34)

In Fig. 7 , only one of the existing three kink waves maintains the position. Fig. 7 (a)–(c) show two moving kink waves

merge into a line in the second quadrant, both second and fourth quadrants, the fourth quadrant, respectively. The lump

wave generates from the intersection of the kink waves. Finally, the lump wave is gradually drowned or swallowed by the

kink waves. 

5. Conclusions 

In this paper, Bäcklund transformation of the (3 + 1)-dimensional HSIl equation has been derived. We have constructed

exponential function solutions from the known ones by applying the corresponding bilinear Bäcklund transformation. The

test function method provides us with an efficient and direct method to solve NLEEs. Based on two test functions, including

rational-multi-exp and rational-multi-cosh type test functions, we have discussed the interaction phenomena between the
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lump wave and multi-kink waves. Fig. 3 show that the lump wave generates from the kink wave and then separates from

it. By contrast, the lump wave generates and gradually approaches the turning point of the kink wave, and finally the lump

wave is swallowed by the kink wave in Fig. 4 . Fig. 2 (b) shows the amplitude of the extreme point of u 2 . Since lim t→−∞ 

u =
−1 and lim t→ + ∞ 

u = 1 , the results illustrate that the lump wave can only move between two kink waves in Fig. 5 . Moreover,

the lump may occur in different positions. In Figs. 6 and 7 , the lump wave generates from the intersection of kink waves.

Especially, two moving kink waves merge into a line in different quadrants over time in Fig. 7 . The diverse interaction

phenomena might have great significance for the nonlinear waves in fluid mechanics. In the future, we aim to construct

exact solutions based on some new Bäcklund transformations. The interaction between multi-lump and other solutions of

NLEEs will also be further investigated. It is particularly pointed out that solving variable-coefficient equations is of great

significance. 
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Appendix A 

Case 1 {
a 1 = −a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 5 = −a 9 a 10 

a 4 
, a 7 = −βa 8 

α
, k 3 = −k 3 1 + αk 2 

β
, k 4 = 0 , k 5 = 0 , k 7 = −αk 6 

β
, k 8 = 0 

}
. 

Case 2 {
a 1 = − a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 5 = 0 , a 8 = −αa 7 

β
, a 10 = 0 , k 3 = − k 3 1 + αk 2 

β
, k 4 = 0 , k 5 = −k 1 , k 7 = −−k 3 1 + αk 6 

β
, k 8 = 0 

}
. 

Appendix B 

Case 1 {
a 1 = −a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 8 = −αa 7 

β
, b 13 = −b 3 11 + αb 12 

β
, b 14 = 0 

}
. (35) 

Case 2 {
α = −βa 8 

a 7 
, a 2 = 

a 3 a 7 
a 8 

, a 4 = 0 , a 6 = 0 , b 12 = 

a 7 (b 3 11 + βb 13 ) 

βa 8 
, b 14 = 0 

}
. (36) 

Appendix C 

Case 1 {
a 3 = −αa 2 

β
, a 4 = 0 , a 6 = 0 , a 8 = −αa 7 

β
, b 11 = 0 , b 13 = −αb 12 

β
, b 23 = −b 3 21 + αb 22 

β
, b 24 = 0 

}
. (37) 

Case 2 {
α = −βa 8 

a 7 
, a 1 = −a 6 a 9 

a 4 
, a 2 = 0 , a 3 = 0 , b 11 = 0 , b 13 = 

a 8 b 12 

a 7 
, b 23 = 

−b 3 21 a 7 + βb 22 a 8 

βa 7 
, b 24 = 0 

}
. (38) 

Case 3 {
a 1 = −a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 8 = −αa 7 

β
, b 11 = 0 , b 13 = −αb 12 

β
, b 23 = −b 3 21 + αb 22 

β
, b 24 = 0 

}
. (39) 

Case 4 {
a 3 = −αa 2 

β
, a 4 = −a 7 a 9 

a 2 
, a 6 = 

a 1 a 7 
a 2 

, a 8 = −αa 7 
β

, a 10 = 

a 5 a 7 
a 2 

, b 11 = 0 , b 13 = −αb 12 

β
, b 23 = −b 3 21 + αb 22 

β
, b 24 = 0 

}
. 
(40) 

https://doi.org/10.13039/501100012226
https://doi.org/10.13039/501100011002
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Appendix D 

Case 1 {
a 1 = −a 6 a 9 

a 4 
, a 3 = −αa 2 

β
, a 8 = −αa 7 

β
, b 13 = −b 3 11 + αb 12 

β
, b 14 = 0 , b 21 = 0 , b 23 = −αb 22 

β
, b 33 = −b 3 31 + αb 32 

β
, b 34 = 0 

}
.

(41)

Case 2 {
α = −βa 8 

a 7 
, a 1 = −a 6 a 9 

a 4 
, a 2 = 0 , a 3 = 0 , b 13 = 

−a 7 b 
3 
11 + βa 8 b 12 

βa 7 
, b 14 = 0 , b 21 = 0 , b 23 = 

a 8 b 22 

a 7 
, 

b 33 = 

−a 7 b 
3 
31 + βa 8 b 32 

βa 7 
, b 34 = 0 

}
. (42)

Case 3 {
a 3 = −αa 2 

β
, a 4 = −a 7 a 9 

a 2 
, a 6 = 

a 1 a 7 
a 2 

, a 8 = −αa 7 
β

, a 10 = 

a 5 a 7 
a 2 

, b 13 = −b 3 11 + αb 12 

β
, b 14 = 0 , 

b 21 = 0 , b 23 = −αb 22 

β
, b 33 = −b 3 31 + αb 32 

β
, b 34 = 0 

}
. (43)
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