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Abstract Lump solutions are one of important solutions to partial differential
equations, both linear and nonlinear. This paper aims to show that a Hietarinta-
type fourth-order nonlinear term can create lump solutions with second-order
linear dispersive terms. The key is a Hirota bilinear form. Lump solutions
are constructed via symbolic computations with Maple, and specific reductions
of the resulting lump solutions are made. Two illustrative examples of the
generalized Hietarinta-type nonlinear equations and their lumps are presented,
together with three-dimensional plots and density plots of the lump solutions.
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1 Introduction

Soliton solutions to integrable equations are analytic and usually exponentially
localized in space and time [1,46]. The Hirota bilinear method [3,15] is
among the most effective approaches to soliton solutions. Suppose that P is a
polynomial in x, y, and t. Then a Hirota bilinear differential equation in (2+1)-
dimensions can be defined by

P(D%D?th)f'f:Oa

where D, D,, and D, are Hirota’s bilinear derivatives [15]. An associated
partial differential equation (PDE) with a dependent variable u is often
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determined by some logarithmic transformation of

u=2(og f)z, u=2(l0ogf)rz-

Within the Hirota bilinear formulation, an N-soliton solution (see, e.g., [14]) is

presented via
N
f=Y exp (Z ki + ZMiMj%j)v
i=1

p=0,1 i<j
where u—o0,1 18 the sum over all possibilities for p1, po, ..., pn taking either 0
or 1, and the wave variables and the phase shifts are given by
S =kizr+Liy—wt+&o, 1<i<N,

and
7P(kil — kj,li — lj,wj — wi)

P(k; + k‘j, I + lj,OJj + wi)’
respectively. Here, the wave numbers k;,[; and the frequencies w;, 1 <17 < N,
need to satisfy the associated dispersion relations

et =

1<i<j<N,

P(kzi,li,—wi):(), 1<’L<N,

but the phases shifts &9, 1 <7 < N, are arbitrary constants.

It has been shown recently that lump solutions to integrable equations are
remarkably varied, which can describe diverse wave phenomena. Lumps are
rational solutions, which are analytic and localized in all directions in space
(see, e.g., [42,43,51]), and they can also be derived from computing long wave
limits of soliton equations (see, e.g., [49]). The KPI equation has abundant
lump solutions (see, e.g., [27]), and its special lump solutions are constructed
from its soliton solutions [44]. Other integrable equations which possess lump
solutions contain the three-dimensional three-wave resonant interaction [18],
the Davey-Stewartson II equation [49], the Ishimori-I equation [17], the BKP
equation [11,59], and the KP equation with a self-consistent source [63].
Furthermore, nonintegrable equations can possess lump solutions, among which
are a few generalized KP, BKP, KP-Boussinesq, Sawada-Kotera, Calogero-
Bogoyavlenskii-Schiff and Bogoyavlensky-Konopelchenko equations in (2 + 1)-
dimensions [6,7,24,31,37,39,65]. The crucial step in finding lump solutions is to
construct positive quadratic function solutions to Hirota bilinear equations [42].
Then based on positive quadratic function solutions, the logarithmic
transformations yield lump solutions to nonlinear PDEs.

In this paper, we would like to discuss a generalized Hietarinta-type fourth-
order equation in (24 1)-dimensional dispersive waves and determine its diverse
lump solutions. The key is a Hirota bilinear form in the solution process (see,
e.g., [26,42,43]). The considered Hietarinta-type nonlinear equation contains
two fourth-order nonlinear terms and five second-order linear terms. Lump
solutions will be determined via symbolic computation with Maple. Two
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illustrative examples of the considered model equation will be made, together
with specific lump solutions and their three-dimensional plots and density plots.
Concluding remarks will be given finally in the last section.

2 A generalized Hietarinta-type equation

We would like to consider a generalized Hietarinta-type equation:

P(u) = a1(6ugtze + Ugzaa) + a2 (3ususy + 3ugivry + Uzt
+ V1Uyt + V2Uze + V3ULt T VaUzy + V5Uyy
—0, (2.1)

where v, = u, and the constants a1, ag, and ~;, 1 < ¢ < 5, are generally
arbitrary. The coefficient g corresponds to a Hietarinta-type nonlinear term
studied in [13]. We will see that this nonlinear term creates the complexity of
presenting lump solutions, and the corresponding constant term in the solution
of the associated Hirota bilinear equation is very complicated.

It is straightforward to check that through the logarithmic transformations

u=2(log f)z, v=2logf, (2.2)

the above generalized Hietarinta-type nonlinear equation (2.1) is linked with
the following Hirota bilinear equation:

B(f) = (a1 D} 4+ asD, D} + v1 Dy Dy + 72 D?
+’Y3Dath + 74D;tDy + 75D33)f ’ f
=0, (2.3)

where D, Dy, and D; are three Hirota bilinear derivatives. In fact, the
connection between the nonlinear and bilinear equations reads

),

when u, v, and f are determined by (2.2). The generalized Hietarinta-type
equation (2.3) contains two types of fourth-order derivative terms and five
second-order derivative terms. We will show that there exist abundant lump
solutions to the generalized Hietarinta-type equation (2.3).

If we take

P(u) = (

ap=m=7=0,

then the generalized Hietarinta-type equation (2.1) presents a reduced nonlinear
equation:

a2 (Bugtigy 4 3uaiVy + Ugirr) + Y3Uzt + Yalazy + Y5Uyy = 0,
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which possesses a Hirota bilinear form
(02D D} + 73D Dy + 14Dy Dy + 5 D;) f - f =0,

under (2.2), and an explicit lump solution in one case of this equation will be
presented later.
If we take
Yo =" =0,
then the generalized Hietarinta-type equation (2.1) gives another reduced non-
linear equation:

al(6uxu:c:r; + Uxxx:c) + a9 (3Ututt + Jugivy + U:L‘ttt) + YUyt + V2Uzz + Y3UL = 0,
whose Hirota bilinear form is given by
(a1 D3 + aaDy D} + 41Dy Dy + oD% 4+ 43D, Dy) f - f =0,

under (2.2). An example of lump solutions in one case of this equation will be
presented later as well.

3 Lump solutions via symbolic computation

In this section, we would like to compute lump solutions to the generalized
Hietarinta-type fourth-order nonlinear equation (2.1) via symbolic computa-
tions with Maple.

Using a general ansatz on lump solutions in (2+1)-dimensions [27], we start
to determine positive quadratic solutions

f= (a1 + agy + ast + a4)® + (a5z + agy + art + as)* + ao, (3.1)

to the corresponding Hirota bilinear equation (2.3). The task is to conduct
symbolic computations to determine the involved constant parameters a;, 1 <
1 <9.

A direct computation with a Maple code can determine a set of solutions
for the parameters:

by
a3 = — ,
’ (a2y1 + a1v3)? + (as71 + asy3)?
bo
ar = — (3.2)

(a2 + a173)? + (asm + asy3)?’
a1bs + aa(ba1 + bao + ba3)
q )
and all other a;’s are arbitrary. The involved seven constants of b;, by, 1 < i <
3, and ¢ are given by

b1 = [(afaz + 2 arasas — aza3)ye + a(a3 + ag)va + az(a3 + ag)ys)n

+ a1 (af + a?)y2 + a(ai + ad)va + (a1a3 + 2 azasag — arag)ys)ys,
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by = [(—a2ag + 2 ayasas + alag)ye + as(a3 + a2)ya + ag(a3 + a)vys)m
+ [as(af + a2)ye + ag(af + a2)ya + (—a3as + 2 arazae + asag)ys]7vs,
by = — 3(af + a3)'v3 — 12(af + a3)*(ara2 + asas) 1173 — 6(ai + a3)’p1in3
—12(a3 + a§)(af + a3)*(a1az + asag)yivs — 3(a3 + ag)*(af + a3)*1,
by1 = 3(a3 + a)*pay3yE + 3(a2® + a?)?(aras + asag) 173
+3(a3 + ad) (a1az + a5a6)p3737273 + 3(a3 + ag)*p1y17473
+ pav21373 + 3(a3 + ag)(a1az + asas)p3y17273,
biz = 3(a3 + ag)(af + ad)ps37ivs + 9(a3 + ag)*(af + a3)
- (a1a2 + asa) V17575 + 6(af + af)(araz + asas)p3y2y3747s
+6(a3 + ag) (af + ad)psn27a7s + 9(ad + a2)*paviysvs
+ 3(af + a?)(a1az + asas)p3 V17375,
baz = 3(a3 + ag)(af + a3)*(ara2 + asae)y374 + 3(a3 + ag)*(af + a3)* 117}
+3(af + a3)*p1y27371 + 9(a3 + a§) (af + a3)*(a1a2 + asas) 17273
+9(ai + a2)*(ara2 + asag)r3y37a + 3(aF + a3) P71
+3(ai + a2)"3ys + 3(ai + a3)*(araz + asag)117s,
(3.3)

and

q = (af + a3)(a1a6 — azas)?757s + 2(a1as2 + asae) (ar1a6 — azas) 17375
+ (a3 + ag)(aras — azaz)*¥iv3ys — (ai + a3)(ara6 — azas) 1737
+P57757 — (a3 + ag)(aras — azas) 777371
+(af + a3)(aras — a2a5)*yi 7273 + 2(araz + asap)(a1a6 — azas)*yi27s
+ (a3 + ag)(a1as — azas)*vi 72, (3.4)
where for brevity, we define five polynomials p;, 1 < i < 5, as follows:
pL = 3a%a% + a%ag + 4aiasasa6 + a%a% + 3a§ag,
p2 = (a1a2 — a1a6 + azas + asag)(araz + arag — asas + asag),
p3 = 3a1%a3 — atag + Sajazasas — aza? + 3aal,
p1 = 9ata3 — 6ata3a? + 9atag + 48a3adasas — 48a3arasal (3.5)
— 6a%a§a§ + 132a%a%a§a% — Ga%agaé — 48a1a§’a§a6
+48ayazaday + 9ajas — 6a3aza? + 9aiag,
ps = —2aja0a2 + 4ata3asas — 2atasal — 2a1a302 + dajasaal — 2a3a3ag.

The constant by, consists of terms involving 72 and ~2; the constant b2, V5;
and the constant by 3, 72- The above solutions for ag and a7 represent abundant
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dispersion relations in (2 + 1)-dimensional dispersive waves, and the solution
for ag exhibits a very complicated coefficient in quadratic solutions f to Hirota
bilinear equations, special reductions of which will be made in the nest section.
We point out that all the above expressions for the wave frequencies and the
constant term in (3.2)—(3.5) have been presented through direct simplifications
with Maple. To generate lump solutions, besides ag > 0 to guarantee the
analyticity of rational solutions, we require only one basic condition:

ajag — agas # 0,

which implies the localization of rational solutions in all spatial directions.

4 Specific reductions

41 Caseof vy =~ =0
We consider the case of

M=72=0 v=mu=7=1

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6UgUgy + Ugzzr) + Q2 (BUrtsr + BUgtVet + Ugttt)Ugt + Ugy + Uyy = 0,
where v, = u, and
(1D} + ayDy D} + Dy Dy + Do Dy + D2)f - f =0,
respectively. The reduced frequencies and constant coefficient are

B a%ag + ala% — ala% + agag + 2asa5a6
2 2
ay + aj

as = )

a%a(g — a%ag, + a%aﬁ + a5a(25 + 2a1a9a6
a% + ag
3(a? + a§)4a1 — bacio

(a? + a?)(ar1a6 — azas)?’

9

ag = —

where

by = 3(a3 + ag)[(a1 + a2)® + (as + ag)?|[alaz + (a3 + asas — ag)ai

+ agas(as + 4ag)a; — a%(a% — asag — a%)].

4.2 Caseofy1 =44 =0
We consider the case of

M=7%=0, 12=73=73=L
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The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

1 (6UzUzy + Ugpgra) + 2 (3ugtsr + 3ugtVie + Ugttt ) Uaa + Uzt + Uyy = 0,
where v, = u, and
(a1 Dy + asDy D} + D2 + DDy + D) f - f =0,
respectively. The reduced frequencies and constant coefficient are

_ a:{’ + alag + alag — alag + 2(12&5@6

az =

)
a? + ag
_ _a%ag, — a%ag) + a‘g + a5a% + 2a1a9a6
a = a? + a? ’
1 5
a 3(@% + a§)4a1 — b4a2
9= —

(a} + a?)(ar1a6 — azas)?’
where

by = ?)[afl1 + (a% + 20% — a%)a% + dasasaga; — a%(a% — ag — a%)]
(a1 — ag)? + (ag + as5)?][(a1 + ag)? + (a2 — as)?].

4.3 Caseof vo =~ =0
We consider the case of

Y2=7%=0, m=13=73=1L

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6Up Uy + Upgrz) + 2(3Ustss 4 BUgtVit + Ugsst ) Uyt + Ugt + Uyy = 0,
where v, = u, and
(a1Dj + 2Dy D} + DyDy + Do Dy + D) f - f =0,
respectively. The reduced frequencies and constant coefficient are

ala% — ala% + a% + 2asa5a6 + aga%

az = ,
’ (al + a2)2 + (05 + a6)2
0 — _ 2a1a2a6 — a3as + a3ag + asa + a}
’ (a1 + a2)? + (as + ag)? ’
bsaq + byao
ag —

[(a1 + a2)? + (a5 + ag)?](a1a6 — azas)?’
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where

6

2 2 1
by = — 3a§ — 12a]as — 18(@% + S a2 + S asag + 3 a%)al

3 3
— 12az(a3 + 3a2 + 2a5a6 + a2)al — 3[6as + 12a3a6 + (14a3 + 10a2)a?
3
+ (4agas + 4a3)as + (a3 + a2)?a] — 24a? (a% + B a2 + 2asa6 + a%)aga‘z’
— [12a8 + 36aga2 + (30a3 + 42a2)ai + 24ag(a3 + a2)ad
+ 6(a3 + a§)?a?)a? — 3[4al + 8agal + 4(a3 + af)as)azar
— 3as[al + 4agal + 2(a3 + 3a3)ai + dag(a3 + ad)as + (a3 + a?)?ad),
by = 3(a3 — a2)(a3 + a2)?a? + 3[dag(a3 + a2)?as + (a3 + a2)®|asay
— 3as[(a3 — a)(a3 + a§)’as — ag(a3 + ag)’].
44 Caseof 9 =~v5 =0
We consider the case of
Y2=7%=0, m=mp=m1=1

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6UpUgs + Ugzzz) + Q2 (3UpUss + BUagtVie + Ugtsr) Uyt + st + Ugy = 0,
where v, = u, and
(alDé + OéQDzD? + DyDt + Dth + Da:Dy)f : f = Oa

respectively. The reduced frequencies and constant coefficient are

a5 — _(af +ad)az + (a3 + ag)ax
(a1 + (12) (a5 + a6)2 ’

= (a1 + a?)as + (a3 + a)as
(a1 + az) (a5 + a6)2 ’

ag = 3{[(a1 + a2)2 + (a5 + a6)2]2a1 — (a% + a%)[(al + az)az + (a5 + ag)ag)az}
. (a% + ag)z{[(al + a2)2 + (a5 + aﬁ)z](alaﬁ — a2a5)2}_1.
4.5 Caseofy3 =74 =0
We consider the case of
B=71=0, N=rn=73=1

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6UzUpy + Ugzze) + 2(3usty + 3UgiVit + Upprr) Uyt + Uzy + Uyy = 0,
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where v, = u, and
(1D + 2Dy D} + DyDy + D2+ D) f - f =0,
respectively. The reduced frequencies and constant coefficient are

_a% + a%ag — agag + aga% + 2(11(15@6

az —
2 2 ’
as + ag
a% — a%aﬁ + a%aﬁ + a%aﬁ + 2a1a9a5
ar = — D) 2 ;
aj + ag
2 2\2/ .2 242
a 3(@1 + a5) (a2 + CLG) O[]_ - b4a2
9 — — y

(a3 + a?)(ar1a6 — azas)?

where ) )
by = 3(a1a2 + a5a6)[(a1 + aﬁ) + (GQ — a5) ]

[(ag — ag)? + (as + a5)2](a% + a3 + ag + a%).
4.6 Caseof v3 =75 =0
We consider the case of

B3=75=0 Yr=v=v=1

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6UzUpy + Ugzre) + 2 (BUsty + 3UgtVit + Upptr) Uyt + Uzg + Ugy = 0,
where v, = u, and
(1D} + asD,D} 4+ D,Dy + D2+ D,D,)f - f =0,
respectively. The reduced frequencies and constant coefficient are

(af — a2)ag + (a3 + a§)ar + 2a1a5a6

a3 = —
a2 + a2 ’
~ (a} —aP)ag + (a3 + a3)as + 2a1a2a5
ar = — P) 2 )
a5+ ag
2 2\2( 2 2\2
ag o _3(@1 + a5) (a2 + aﬁ) O[l - b4a2
- )

(a3 + a2)(ar1a6 — azas)?
where

by = 3[(a1 + a2)? + (as + ag)?|[(a1 + az)as + (as + ag)ag)(a? + a2)?.
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4.7 Caseof vy =~v5 =0

We consider the case of

Y=75=0, m=1r=7=L

The corresponding generalized Hietarinta-type nonlinear equation and bilinear
equation read

a1 (6UzUpg + Ugzre) + 2(3ustiy + 3UgtVit + Ugprr) Uyt + Ugy + Uy = 0,
where v, = u, and
(1D + a2 Dy D} + DyDy + Dy + Dy Dy) f - f =0,
respectively. The reduced frequencies and constant coefficient are

(a1 + az)a? + (a1 — a2)a? + 2aasa¢

ag = — ,
’ (a1 + a2)? + (a5 + ag)?
ay = — (as + aﬁ)ag + (a5 — aﬁ)a% + 2a1aza5
(a1 + a2)? + (as + ag)? ’
= 2 212 2., 2
ag = — 3{[(a1 + a2)* + (a5 + ag)*]°a1 — (a7 + a5)[ai(a1 + a2)

+ (15(CL5 + aﬁ)]ag}(a% + ag)z{[(al + a2)2 + (a5 + a6)2](a1a6 — a2a5)2}_1.

5 Two illustrative examples

Let us first choose
ap=m=7=0 aa=p=nu=r=1,
which leads to a specific generalized Hietarinta-type nonlinear equation
Bugty + Ut Vet + Uget + Ut + Ugy + Uyy = 0, (5.1)
where v, = u. This has a Hirota bilinear form
(DeD} + Dy Dy + Do Dy + D3)f - f =0,

under the logarithmic transformations in (2.2).
Based on the previous computation in Subsection 4.1, we know that there
are lump solutions if we guarantee

a:l)’ag + a?ag + (CL% — ag)(a% — a%) + a1(arag + azas + 4agag)as > 0,

so that ag > 0.
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Upon further taking
ap =3, ax=2, as=ag=1, as=-1, ag= -3,

the transformations in (2.2) with (3.1) present a pair of lump solutions to the
first specific generalized Hietarinta-type nonlinear equation (5.1):

4(—=5t + 10z + 5y + 6)
(=5t+3z+2y+ 12+ (-3t—az4+y—32+75

uyp =

Three three-dimensional plots and density plots of the lump solution u; at three
different times are made by using Maple in Figure 1.

Fig. 1 Profiles of u1 when ¢t = 0,10,20: 3d plots (top) and density plots (bottom)

Let us second choose
T=15=0 a=mw=mn=r=nn=1,
which leads to another specific generalized Hietarinta-type nonlinear equation
Ugzre + OUL UL + SUgtsr + UtV + Ugtpr + Uyt + Uge + Uge = 0, (5.2)
where v, = u. This has a Hirota bilinear form
(D3 + Do D} + DyDy + D3 + Do Dy) f - f =0,

under the logarithmic transformations in (2.2).
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Based on the previous computation in Subsection 4.7, we know that there
are lump solutions if we guarantee

[(a1 4 a2)® + (a5 + a)’]* — (a} + a3)[a1 (a1 + az) + as(as + ag)] < 0,

so that ag > 0.
Upon further taking

ay = —3, ag = 2, a4 = —2, as = —1, ag = 1, ag = 6,

the transformations in (2.2) with (3.1) present a pair of lump solutions to the
second specific generalized Hietarinta-type nonlinear equation (5.2):
4(=30t + 10z — Ty)
up = .
> 7 (8t =3z +2y — 2)2 + (6t — = + y + 6)2 + 8700

Similarly, three three-dimensional plots and density plots of the lump solution

I

ug at three different times are made through Maple in Figure 2.

0.064
0.04
0.024

-0.024
-0.04+

-0.06+

2000 1000

3 -1000-2000
x

% 0 o -2000
so0o 1000 0 —1000-2000 y o000 1000 O 1000
X X

Fig. 2 Profiles of uz when ¢ = 0,50,100: 3d plots (top) and density plots (bottom)

6 Concluding remarks

With Maple symbolic computation, we have shown that the Hietarinta-type
fourth-order nonlinear term can create lump solutions, together with second-
order dispersive terms. The resulting lump solutions were explicitly presented



Lump solutions to a generalized Hietarinta-type equation 447

in terms of the coefficients in the considered model equation. Our analysis
provides another example of nonlinear partial differential equations in dispersive
waves, which possess lump solutions. Specific reductions were also made and
two illustrative examples were given, together with their 3d plots and density
plots at three different times.

We point out that the adopted ansatz on lump solutions is increasingly
being used in computations of exact solutions (see, e.g., [4,5,16,57]), and all
such solutions obtained this way provide valuable insights into other solution
methods in soliton theory, which include the Wronskian technique (see, e.g.,
[40,56]), Darboux transformations (see, e.g., [58,61,68]), the generalized bilinear
approach (see, e.g., [25]), the multiple-wave expansion approach (see, e.g.,
[22,30]), the Riemann-Hilbert technique (see, e.g., [29]), symmetry reductions
(see, e.g., [9,23,48,54]), and symmetry constraints (see, e.g., [20,21,38] for the
continuous case and [8,35] for the discrete case).

We also mention that on one hand, various recent studies exhibit the
striking richness of lump solutions to both linear PDEs [30,33,34], and non-
linear PDEs in (2 + 1)-dimensions (see, e.g., [36,45,47,55,64,67], and [41] with
higher-order rational dispersion relations) and (3 + 1)-dimensions (see, e.g.,
[10,12,28,50,60,66]). Based on the Hirota bilinear form and the generalized
bilinear forms, some more generic formulations have also been presented for
lump solutions [2,42,43]. On the other hand, different classes of homoclinic
and heteroclinic interaction solutions between lumps and other kinds of
dispersive waves (see, e.g., [19,32,39,52,53,62]) have been generated for
integrable equations in (2 + 1)-dimensions.
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