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Abstract

The nonlinear Schrodinger equation (NLSE) is one of the most important physical model
in optical fiber theory for explaining changes in optical soliton growth. Due to the large
range of opportunities for ultrafast signal routing systems and brief pulses of light in com-
munications, optical soliton transmission in nonlinear fibers is currently a topic of signifi-
cant interest for researchers. In this article, we study the dynamics of the generalised unsta-
ble NLSE which specified the time evolution of perturbations in barely steady or unstable
media. A set of efficient analytical approaches are implemented to develop various inter-
esting travelling wave structures such as bright, dark, singular, optical, bell shaped and
periodic solitons solutions. Additionally, the stability of the obtained results is validated.
Finally, the modulation instability of the governing model has also been investigated to
present change effects that occurs as a result of the irregular refractive indices in an optical
fiber, leading to distinct behaviour patterns. The methods as reported are applicable in clar-
ity, effectiveness, and simplicity, establishing their applicability to various sets of dynamic
and static nonlinear equations concerning evolutionary phenomena in computational phys-
ics, as well as other practical domains and numerous areas of research.

Keywords The nonlinear Schrodinger equation - Stability analysis - Modulation
instability - Optical solitons

1 Introduction

Some floating wave solutions were computed using compositional programmes including
Mathematica and Matlab (Hassan 2020). Several effective methodologies have been devel-
oped for the study of dynamical strictures, including the exp(—y(¢)) method (Lakestani
and Manafian 2018), the unified method (Osman et al. 2018), the Jacobi elliptic expansion
method (Tarla et al. 2022), the generalized exponential rational function method (Ghan-
bari and Gomez-Aguilar 2019), the Sardar sub-equation method (Ibrahim et al. 2023),
the modified Khater method (Rezazadeh et al. 2019), the F-expansion method (Ali Akbar
and Ali 2017), the He’s semi-inverse method (Kohl et al. 2020), the Riccati equation
method (Mohammed et al. 2022), the Sine-Gordon expansion method (Kundu et al. 2021),
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homogeneous balance method (Yang et al. 2020), the Darboux transformation method (Shi
et al. 2023), the trial equation method (Gepreel et al. 2019), the auxiliary equation method
(Rezazadeh et al. 2019), the Sine-Cosine method (Yao et al. 2022), the the Hirota bilinear
method (Hoque and Alshammari 2020), and the homogeneous balance method (Igbal et al.
2021). The nonlinear Schrodinger equation (NLSE) which have the anomalous dispersal
phase can be written as

iv, + %vxx+rzv|v|2 =0, i=vV-1, (D)

where v(x, f) is a complex function that demonstrates the profile of the soliton. The form of
normal dispersal phase is described as

. 1 2

iy = SV + z,0[0|” = 0. )
The NLSE plays a vital role and importance in the area of optical fibers for the transmis-
sion of signals (Souleymanou et al. 2023). The governing model is a special form of NLSE
which comes along the displacement of used variables. Further the integrable generalize
form of NLSE can be write as

iv, + v, + 20[v]* =20 = 0. 3)

In Igbal et al. (2022), implemented the the exponential rational function method while the
extended simple equation method is utilized, while the trial equation method is used for
obtaining the wave solution (Abbagari et al. 2021; Houwe et al. 2023). In this work, we
utilize the more modified form of Eq. (3) name as the generalized nonlinear Schrodinger
equation (Akinyemi et al. 2022) is considered by employing a variety of efficient analyti-
cal techniques namely the (g—;) expansion method (Arshed and Sadia 2018), the modi-
fied extended fan hyperbolic function method (Alam and Jiang 2021) and the polynomial
expansion method (Huang 2006) to construct various new soliton solutions for the general-
ized unstable NLSE, which reads

iv, + 7,0, + To0[0]* + 730 = 0, i=vV-1, 4)

where 7,, 7, and 75 are constants. The methods used in this work have great significant
importance to study the dynamics of various complex models describing many physical
phenomenon. Such techniques provide an easy and strong mathematical approach to deal
with nonlinear dynamical structures more efficiently that occur in engineering disciplines,
theoretical physics, and contemporary fields (Akinyemi et al. 2023). The solutions obtain
are exclusive and novel; according to our knowledge the techniques applied in this paper
has not implemented in past which conclude that the results are unique.

The framework of this article can be organized as follows: In order to compute the
pulse solution of the generalized unstable nonlinear Schrodinger equation, three distinct
techniques are employed. These techniques include the (%) expansion method, the modi-
fied extended fan hyperbolic function method, and the polynomial expansion method. The
proposed methods and their applications are discussed in Sects. 2 and 3 respectively. Fur-
thermore, Sects. 3 and 4 address the topics of stability and modulation instability (MI),
respectively. In Sect. 5, a concise depiction of the graphical representation of the solutions
is presented. Finally, in Sect. 6, the paper culminates with a summary of the findings and
conclusions.
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2 Description of the methods

Consider the NPDE in the form

1]

G(v, Dps Dy Dy Dy Vs Uy ) =0, )

XX
where v is a function of x and ¢. By taking the transformation of the form
U(X, t) = D(C)’ g =ax —pt, (6)

where a and p denote constants. An ODE is obtained by using (6) in (5)
p(o,0/, 0", 0", ) =0, )

where ’ denotes derivative of v.

G .
2.1 The ( = ) expansion method
The following is a concise overview of the key steps involved in the process:

Step 1: The solution to Eq. (7) can be represented as

< GO\ GO\
HO= ot 2, lc"(G<c)2> +""<G(c)2> ] ®

where n represents a real variable and ¢, ¢; and o; are the unknowns, also y({) meets

¥'(©) =p+qw (), (€))
where p, g are real constants and

G'©)
GCP = y(d).

Case 1: If pg > 0, accordingly, we acquire solution as

\/g (Aysin (¢£4/pq) + A, cos (¢4/p))
Ay cos (§4/pq) — A, sin ($4/pq) .

Case 2: If pg < 0, the solution can be obtained as

ViIpal (4, sinh (2¢v/Ipgl ) + 4, cosh (26 /Ipal ) + 4, )
a(A, sinh (20 /pal ) + A, cosh (20 /pal ) = 4,)

Case 3: For g # 0 and p = 0, the solution is obtained as

w(l) =

w()=-
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© 4
yiE)=——"""7.
a(Ag +A,)

Step 2: By substituting Eqgs. (8) and (9) into Eq. (7) and equating the resulting
expression to zero, we obtain multiple mathematical equations by collecting the
common value of y({).

Step 3: Therefore to properly attain Eq. (4)’s accurate wave solutions, it is necessary
to evaluate the entire set of equations in the final stage by combining the quantities
derived from the responses of Eqgs. (9) and (8).

2.2 The modified extended tan hyperbolic function technique
The following is a concise overview of the key steps involved in the process:

Step 1: The solution to Eq. (7) can be represented as

d.

o) = ag+ ;aiw ©+ ; T (10)

where n represents a real variable and a,), a;, d; are the unknowns, also y () satisfies

w' Q)= b+y(), (11)
where b is a real constant.

Case 1: If b < 0, accordingly, we acquire solution as
w(©) == V=btanh (V=bt).
w(©) =— V=bcoth (\/—_bg)
Case 2: If b > 0, the solution is obtained as
w(©) =Vbtan (\/Z;C),
w(© = - Vbeot (Vit).

Case 3: For b = 0, we acquire solution as

1

w(©) &
Step 2: By incorporating Eqs. (10) and (11) into Eq. (7) and equating the resulting
expression to zero, we obtain a set of multiple mathematical equations that share the
common value of y({).
Step 3: In order to obtain accurate wave solutions of Eq. (4), one needs to evaluate
the entire set of equations in the final stage by combining the quantities found with
the Eq. (10) and to the Eq. (11) response.
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2.3 The polynomial expansion method
The following is a concise overview of the key steps involved in the process:

Step 1: The solution to Eq. (7) can be represented as

n n

o) = Y ay (@)™ + Y, dy(©) +dy, (12)
i=1

i=1

where n expresses a real variable and a;, d; are the unknowns, also y(¢) meets

') = By +r+w(), (13)

such that the real constants are labeled as f and y. The equation defined above provides
various types of solutions based on the following conditions.

Case 1: If f =0, y =0, accordingly, we acquire solution as

1
v =-2.
¢
Case 2: For § # 0, y =0, we acquire solution as
B

y()=- m-

where A is an integration constant.
Case3: If f=0, y #0, y > 0, accordingly, we acquire solution as

w () =y tan (1/¥¢).
w(0) =— /=y cot (1/7¢).

Case4: If f =0, y #0, y <0, consequently, the solution is obtained as

w(8) = — /=7 tanh (1/=7¢),
w (&) =y/=y coth (1/=7¢).

Case 5: Ify #0, p # 0, then solution is acquired as

o0 — A5, (01)
T A G
where A, is an integration constant and 6; and 6, are the roots of the equation
8%+ p6+v,ie.,
5 _p+Vpr-4q 5 _p—VPP-4q
1= 5 2= T
2 2

Step 2: Placing Egs. (12) and (13) to (7) and if, we placed all of them to zero, we
acquire multiple mathematical equations by gathering the same value of y({).
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Step 3: Therefore to properly attain Eq. (4) accurate wave solutions, one evaluates the
entire set of equations in the final stage by combining the quantities found with the Eq.
(12) and to the Eq. (13) response.

3 Traveling wave solutions

The primary objective is to obtain accurate traveling pulse solutions for Eq. (4) using a
variety of approaches. We assessed the transformation accordingly

D(x’ t) = U(g)eigb’ ¢ = p2t + X, C =X = plt’ (14)

An ODE is obtained by using given transformation Eq. (14) into the Eq. (4), which gives
both real and imaginaryparts

(a7t () + (05 (—7;) — py + T3)0() + 7,0° () = 0, (15)
and

Qrya 0 + py)0' (&) = 0. (16)

. . G .
3.1 Applications of the ( & ) expansion method

By employing a homogeneous balancing approach, we achieve the balancing number
n = 1. It is observed that Eq. (15) possesses a solution in the form

o
w(©)

by adding Eq. (17) with Eq. (9) into Eq. (15), we obtain the following outcomes for the
equations in mathematical forms:

o(§) =co+ () + 17)

Za%clqzrl + c?rz =0,
Zafpzalrl + 6?1‘2 =0,

2
@

3
CoTy — Copy + 6¢1¢401 Ty + cuTy +¢o73 = 0,
—agal‘rl + 36‘(2)611'2 + 3610'121'2 + Zaqualrl —po;+oy73=0,

2 2 2 =
ye1Ty + 2a7¢1pgTy — ¢ py + 3017y + 3¢1¢yTy + ¢y 73 = 0.

By examining these frameworks, one might come to this conclusion:

Family 1:
iV2a,97/p1 = 75 pL— T3
=0 =-—,0,=0, 1, = ———.
0 ! 2 2 ! ' 2a2pg - a2 (18)
2aipgT, — a;7, 1 2

Therefore, by substituting the following outcomes in Eq. (17), one get
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Case 1: If b < 0, in consequence, its solution is

iV2a,0, /2 /o1 =75 (A sin (y/pg(M) + A, cos (y/pg(dD))
\/202pqr, — a2t, (A, cos (v/Pa(M)) = A, sin (1/pq(M)))

Case 2: If b > 0, as a result, its solution is given by

iV2a, \/HM(AI sinh (2M(M)) +A, cosh (2M(M)) +A2>

0,6, 1) = x € (20)

\/202pgr, - agrz(Al sinh (ZM(M)) +A, cosh <ZM(M)> —A2>

Case 3: If b = 0, consequently, the solution is expressed as

v, (1) = xe?. (19)

i\/ialAl P — T3 M
v3(x, 1) = Xev, (21)

\/2a12pq1'2 - a%rz (Al(M) +A2)

where M = a;x — p,t.

Family 2:

i\/zalpm P1— T3
,» T =

L= 5 0 2
Za%pqrz—agfz Zalpq %

C0=0, C1=O, o =— (22)

Therefore, by substituting the following outcomes in Eq. (17), one get

Case 1: If b < 0, consequently, the solution is given by

iV20,p7/p1 = 73 (A, cos (/pg(M)) — A, sin (\/pa(M)))

v,(x, 1) = |- x e, (23)

\/g 202pqry — oty (A, sin (\/pg(M)) + A, cos (1/pg(M)))

Case 2: If b > 0, as a consequence, its solution is

iv/2a,pg /oy =5 (A, sinh (24/Ipgln) ) + 4, cosh (2v/Ipgln) - 4,) |
os(x, 1) = x e (24)

\/2e2pgr, - agrz\/m(Al sinh (2\/@(1\4)) +A, cosh (2\/@(1\4)) +A2)

Case 3: If b = 0, consequently, the solution is given by

i\/zalpﬂh/Pl - TS(AI(M) +A2)
A”/Za?pqrz - a%rz

ve(x, 1) = xe?, (25)

where M = a;x — pt.
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Family 3:
i\/i(xl‘I\/Pl -7 pL— T3
=0¢=—7—,0,=0, 7= V.
2aipqry — 457, 201pq — @

Therefore, by substituting the following outcomes in Eq. (17), one get

Case 1: If b < 0, in consequence, its solution is

i\/zalq\/gm(Az sin (1/pg(M)) + A, cos (1/pg(M)))

v;(x, 1) = x €',

\/2e1pqT, — a3y (A, cos (1/pg(M)) — A, sin (1/pq(M)) )

Case 2: If b > 0, as a result, its solution is given by

iv2a, /oy =72V Ipal (A, sinh (24/IpglD) ) + A, cosh (24/Ipal3D)) + 4, )
1 /201qu12 - a%rZ <A] sinh (2M(M)) + A, cosh <2M(M)> —A2>

Case 3: If b = 0, consequently, its solution is expressed as

vg(x, 1) =| —

i\/z(x]Al pL—T3 "
vy(x, ) =|— X e'?.

\/ 2a2pqr, — a2ty (A (M) + Ay)

where M = a;x — p;t.

3.2 Application of the tanh-function method

(26)

27)

x e, (28)

(29)

By employing a homogeneous balancing approach, we obtain the balancing number n = 1.

It is observed that Eq. (15) exhibits a solution in the form

d
o(8) = ag + ayp () + Wlo

(30)

By adding Eq. (30) with Eq. (11) into Eq. (15), the resulting mathematical equations are as

follows:
otlzbzdl T + dfrz =0,
Zafalrl + a?rz =0,
3a(2)d1 T, + 3a1d%12 + 2a§bd1 T — a%dl 7, —dp, +di73 =0,
—a%aorl + 6a,ayd, T, — agp, + agrz +ayt; =0,

—alagrl + Zalafbrl + 3a%d112 —ap + 3a1a(2)12 +a73=0.

Upon examining these frameworks, one could arrive at the following conclusions:
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Family 1:

iV2a, /7 iV2a,b7/7

a,=0,a,=-——F—,dj=———, p, =—a> 2T — 4a? bty + 75 (31)

Therefore, by substituting the following outcomes in Eq. (30), one get
Case 1: If b <0, in consequence, its solution is
l\/_al\/ \/_tanh<\/ (alx—t( a? 5T — da b11+1'3))>

vy, 1) = +

\/1_2

(32)
z\/_alb\/_coth<\/_(a1x ( a? 5T — 4a bT1+T3))) ,
X e,
Vo
1\/_a1b\/_tanh<\/_((x1x t(—alt, — 4a b11+r3)))
0 (x, ) =
N
i\/Eal\/_\/_coth<\/_(a1x 1(—a2t, — 4a brl+r3))> )
+ X e,
Ve
(33)
Case 2: If b > 0, as a result, its solution is
iv2a,v/b /7 tan (\/Z(alx = (~aZr, — 4aZbr, +1,)) )
V(x5 0) = | =
Vo
(34)
l\/_al\/_\/_cot(\/_ ax —t(—aj7 — 4a br1+1’3))> )
x e,
Ve
i\/aal\/l;\/r_ltan<\/_ ax —t(—alt, — 4a b11+r3)))
v;3(x, 1) =
Vo
(35)
1\/_(x1\/_\/_cot<\/_(a1x t(—alt, — 4a b‘r]+r3))> )
X ™.

\/7_2
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Case 3: If b = 0, consequently, its solution is

i\/_al\/_

V(X 1) = \/Fz(alx — [( azfl 4a? bT] + T%))
(36)
iV2a,b /7 (=37, — 4albr, +3,) - o)
~ x ™.
Ve
Family 2:

i\/§a1 \/T_l

ay=0,a=—,d, =0, p, = —a%rl +2a12b1'1 + 3.

AVAZ)
Case 1: If b <0, in consequence, its solution is

2y anh (Vb (e + 203 £ 7))
156 1) = x e, (37)

NG

l\/_al\/_\/_coth(\/_ ax — (- a§1'1+2afbrl+r3)))

Dy, 1) = x ™. (38)
Ve
Case 2: If b > 0, in consequence, its solution is
iV2a, \/Z\/Etan (\/Z(alx - t(—aj7 + 2a7b7) + 13))>
07 (x, 1) = xe?, (39
v
iV/2e, \/Z\/Ecot (\/I;(alx — t(—a?t, + 2albr) + 13)))
v, ) = — X . 40
18 (40)
N
Case 3: If b = 0, in consequence, its solution is
iV2a,1/7;
vyg(x.1) = | = > Vo > x . (41)
\/T_z(alx - t(—azrl + 2a7b7 + 13))
Family 3:
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i\/zalx/ﬁ d i\/zalb\/f_l

2 2
ay=0,a = —x—,d = ——————, py = —ay7; +8a;b7| +7;.

Vo Vo
Case 1: Ifb < 0, in consequence, its solution is
l\/_alb\/_coth(\/_ ax — t(—alz, + 8a2br, +T3)))
Ve
1\/_0(1 \/_\/_tanh (\/_ ax — t(—a2t, + 8a?br, +13)))
NG

Dy, 1) =

42)

x e,

z\/_alb\/_tanh<\/_ ax—t(— a§11+8afb71+73))>
N
3 /By Foth (Vb - + Beibe, + 7))
\/1_2

0y (x, 1) =
43)

x ™,

Case 2: If b > 0, in consequence, its solution is
iV2a, \/l;\/f_ltan (\/l;(alx —t(-ad7; +8a’br, + 13)))
Vo
iV2a, \/Z\/T_ICOt (\/l;(alx — 1(—ad7, + 8albr, + 13)))
- \/T_z

Uy (x, 1) =
44)

x ™,

iv2a, \/E\/T_ltan (\/E(alx — 1(—adz, + 8albr, + 13))>
Ve

iV2a, \/Z\/T_ICOt <\/Z(a1x — 1(—alz, + 8albr, + 13))>
_ 7

Dy3(x, 1) =
(45)

x ™.

Case 3: If b =0, in consequence, its solution is
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i\/Ealb\/T_l(t(—agrl +8albt; +13) — ax)
Ve
i\/zal\/f_l

- Tp
\/r_z(alx—t(—agfl+8(xfbrl+r3)) e

Oy (x,8) =] —

(46)

3.3 Application to the polynomial expansion method

By employing a homogeneous balancing method, we are able to attain a balancing number
of n = 1. It is observed that the Eq. (15) possesses a solution in the form

o) = dy + () + . @

Through the addition of Eqs. (47) and (13), and their subsequent inclusion in Eq. (15), we
obtain
22a12a1y21, + afrz =0,
3afa1ﬂy11 + 3a%d072 =0,
3a;fd, T, + 3dyd; T, = 0,
3adit, + o} f*d 7y + 20t yd T — aydy T, — dypy +3dydiTy + dyT3 = 0,
alza]ﬁzfl + 2a12a1;/1'1 - a%al'r] + 3afd] T, + 3a1d312 —apy+at3=0,

aya; fry + 6a,d,dyt, + ot fyd T, — a5dyt) — dopy + daty + dys = 0.

By examining these frameworks, one might come to these conclusions:

Family 1:

b= — i /Py — 73 o= 2iayy\/p; — 73 ,
\/af(—ﬂz)rz +4atyr, — 2037, \/rz(af(—ﬂz) +4ajy - 2(1%)

d =0, 7, = 2(p1 —73)

B _a?ﬂz - 40(12;/ + 205%.
Therefore, by substituting the following outcomes in Eq. (47), one get

Case 1: If f =0, y =0in consequence, its solution is
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ia;f\/p1 — 73

\/af(—ﬂz)rz +4alyr, — 201,

Uys(x, 1) = | —

(48)
2i - t—
B 1a1Y4/P1 73(01 alx) % &,

Vo (@ (=52) + 4y - 203)

Case 2: If f #0, y = 0 consequently, its solution is

2ia1}/ /pl — T3 (Aoe_ﬂ(ﬂtlx—ﬂlt) _ 1)
ﬁ\/rz —f) +4a’y — 222)

i /Py = 73

- X €™,
\/af(—ﬁz)rz + 405%)/12 - 2a§r2

026(-x7 1=

(49)

Case3: If =0, y #0, y > 0inconsequence, its solution is
i frfp) — 75
\/alz(—ﬂz)rz +4alyr, — 2037,

Zial\/?\/pl — T3 cot(\/;(alx—plt)) « o5
- e
\/1'2 (a?(—p?) +4a?y —2a2)

Uy (X, 1) = | —

(50)

s

2iayy4/p; — T3 tan (W(alx— plt))
\/_\/12 ﬂ2 +4(xy 20()

ia;f\/p1 — 73

- x ™,
\/alz (—ﬂ2)1'2 + 4012}/12 - 20:%72

ng(x, t) =

(D

Case4: If =0, y #0, y <0 then the solution obtained is

@ Springer



1084 Page 14 of 27 F. Badshah et al.

2ia; 74/ _T’;Coth V=Y alx P ))

1)29()6, t) =
\/_\/12 -?) +4ay 2a)
(52)
B i fr/P — T3 o o
\/alz (—ﬁz)rz + 401]2}/12 - 20:%72
i fy/p) = 73
O3p(x, 1) =
\/ —B?) 7y + 4alyT, - 2alT,
(53)
210{17/,/,01 - T3 tanh \/ (alx p1 )) o
e™®.
\/- \/rz ﬁ2 +4ay Za)
Case 5: Ify #0, p # 0in consequence, its solution is
.9 i fi\/p) — 73
03 (x5, 0) =] -
\/af(—ﬂz)@ + 405%)/72 - 2a§1'2
(54)
iy /oy = 75 (1 = Ayelrim)on) )
- x ™.
Vel () + ity = 263) (i, = Aypels o)
Family 2:
d ia;f\/p) — 73 d 2iay4/p; — 73
0= , dp = s
\/alz(—ﬁZ)rz +4alyr, — 2037, \/12(—(a12ﬂ2 —4aly +202))
P 2(p) - 13)
al_’Tl__zz_42 202
ap ayy +2a;
Case 1: If f =0, y =0in consequence, its solution is
1) ia;f\/p) — 73
032 X, =
a2 (=p?) 1, + 4aiyr, — 20T,
(55)

2iay\/p; — 73

- x ™,

V(@2 (=52) +4ady = 203) (= py1)
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Case 2: If p #0, y =0 in consequence, its solution is

ia;f\/p) — 73

\/ocl2 (—ﬁ2)12 + 4a12y12 - 2a§12

2iay fr/py — 73

B x e™.
\/ (] (=4%) +4aly - 203) (Aoe*ﬂ(anxfmt) -1 )

033(x, 1) =

(56)

Case3: If =0, y #0, y > 0inconsequence, its solution is
o /Py = 73
\/ocl2 (=P?)7, + 4a?yr, — 2027,

+2ial Vr\/er = wtan (V7 (ax = py1)) g
e,
\/rz(af(—ﬂz) +4ajy - 2(1%)

U3, 1) =

(57)

i /P — 73

@ ()5, + 4ayr, — 2ai,
iy meol (Va0 |
V(@ (=) + 4y - 203)
Cased: Iff=0, y #0, y <0 in consequence, its solution is
i f\/py — 73

\/a% (—/32)1'2 + 40{%)/72 - 205%12

+2ia”/—y\/p1 — T3 tanh(\/—y(alx—plt)) o o
e
V(@ (—52) + 4y - 203)

035(x, 1) =

(58)

D36(x, 1) =

(39

)
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ia;f\/p) — 73

v37(x, 1) =
\/af(—ﬂz)rz + 4(112;/12 - 2a§rz
(60)
+2ia1\/—y‘/pl —T3coth(1/—y(a1x—p1t)) -
Xer.
Vo (@ (=52) + 4y - 203)
Case 5: Ify #0, f # 0in consequence, its solution is
i /P — 73
U3g(xa 1=
\/af (=p*)7, + datyTy = 2057,
(61)
.\ 2ia, VP~ T3 (lq —A1K2e("l_"2)(”1x—/’1f)) e
V(@ () + daty - 2a2) (1 - A elssdmnnd)
Family 3:
g ia; fr/p| — 73 J 2ia;\/p) — T3
0=~ > 4 =~
\/af(—ﬂz)rz +4atyr, — 2031, \/12(—(05%[32 —4a?y +2a2))
0. = 2(p1 - 73)
a=thn= _a2ﬂ2 — 4o’y +2a%
1 1 2
Case 1: If f =0, y =0in consequence, its solution is
2iay\/py — 73
V39X, 1) =
\/Tz(a% (—[32) + 4afy - 20{5) (alx - plt)
(62)

i fr/p1 — 73

- X e™.
\/a%(—ﬂz)‘rz +4alyr, — 20T,

Case 2: If p #0, y =0 in consequence, its solution is
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2iay frfpy — 73
o () 402y~ 228) (A 1)

ia;f\/p) — 73

- x e™.
\/alz(—ﬁz)rz +4alyr, — 201,

1)40()6, t) =

(63)

Case3: If =0, y #0, y > 0inconsequence, its solution is
i /Py = 73
\/af (—ﬁ2)72 + 4a12y72 - 20:%12

2iay\fy\/p1 — 75 tan (\/y (@, x — py1)) o
- .
\/12(0:%(—[32) +4aly — 2a3)

041()5» nN=|-

(64)

2ia, \/—_y, /p; — T3 cot (ﬁ(alx - plt))
\/12 (a?(—p?) +4a’y —2a2)

i f\/py =73

\/a%(—ﬂz)rz +4atyr, — 2031,

VX, 1) =

(65)

X e™.

Case4: If =0, y #0, y <0 in consequence, its solution is

2ia; /=y /P — 73 tanh (/=7 (a,x = p;1))
Vo (@(—52) + 4y - 203)

i fr\/py — 75

- X e™,
\/alz(—ﬂz)rz +4alyr, — 20T,

v, 1) =

(66)
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i fr/pP) — T3

vy, 1) = | =
\/af(—ﬂz)rz + 4a12y1'2 - 201512
(67)
_21'0!1 \/=7+/P — 73 coth (\/—y(alx - plt)) o
Vo (@ (=52) + 4y - 203)
Case 5: Ify #0, f # 0in consequence, its solution is
i /P = 73
U45(xa n=|-
\/a% (—ﬁ2)12 + 4a12y12 - 20:%12
(68)

21.(11‘/‘01 — T3 (Kl —Alee(Kl_Kz)(dlx—ﬂlt))

— x ™.

V@ () +4ay —202) (1 - 4y eleimsdesnd)

4 Stability analysis

Here, we define the Hamiltonian and the momentum for Eq. (4). In this kind of system, the
technique is written as

G= % / v dx, (69)

The momentum of the system is denoted by G and the electric potential is represented by v.
An essential component for stabilised solitary pulses is

96

>0,
Ja, (70)

where «a; is the frequency. By incorporating the solution of the moving pulse described by
Eq. (39) into Eq. (69), we derive the following outcome

2

1 /10 i\/§a1 \/Z\/T_ltan <\/E(a§rl —2a7br) — 73 + alx)>

= dx,  (71)
2 ) NS
shortly after being simplified, the result becomes
a \/Erl <—200cl \/1_7 + tan (\/Z;D) + tan (\/EC)) )
G=- .

)
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We ultimately arrive at the result utilising the solitude waves stabilisation condition given
in Eq. (70)

Vb, <200¢1 \/b — tan (\/I;D) — tan <\/EC> +a; <_\/l;)f)

T

>0, (73)

where f= 2(2a1b11 + 5) sec? (\/_D> + (10 - 4a1brl) sec? <\/EC> -
C=-a2 571+ 10 +2a? bty +r3andD—a 7, 4+ 10a; — 202 bty — 75

There exists an exceedmgly evident scenario in which 1t becomes apparent, through
Eq. (73), that Eq. (4) represents a stable model.

5 Modulation instability

The modulation instability (MI) is a change effects that occurs as a result of the irregu-
lar refractive indices in an optical fiber, leading to distinct behaviour patterns. When a
high-power optical beam propagates through an optical fiber exhibiting irregular varia-
tions, it induces optical amplification in two wide spectral regions symmetrically posi-
tioned at both ends of the beam’s wavelength spectrum. The sustainability of a solutions
could be lowered by nonlinear elements and nonlinear mechanisms dispersion (Cheung
et al. 2023; Yin et al. 2023). A persistent planar waveform can generate modulation
instability, that leads to intensity and frequencies self-modulation, within a complex
dispersion system. Consequently, this leads to an exponential amplification of tiny dis-
turbances across a flattened surface. A review of modulation instability regions, that
is applied in numerous domains, provides a foundation for controlling various patterns
that don’t involve linear occurrences (Biondini and Mantzavinos 2016; Li et al. 2022).

The moving waveform modulation instability can be observed in Eq. (4) within this
section. Let’s say that the disrupted solution offered by

ox,t) =vL(x,t)+ T, (74)

where v and £ be the coefficient of perturbation and perturbation term, T represents the
steady flow constant of Eq. (4). By substituting Eq. (74) into Eq. (4) and linearizing the
resulting expression, one can obtain

iL, 4+ 1, Ly +30,T*L+1,L =0, (75)
The solution of Eq. (75) can be assumed like as
Lx, 1) = 8, (@0 4 ,e7i(@x=n1), (76)

Here 6, and 6, are constants. Upon substituting Eq. (76) into Eq. (75), we obtain the normal
wave number

—aid T+ 8,p; + 38, 1,77 + 8,73, =0 =0,
— ity —8,p; +36,5, T + 8,73, =0=0,

after simplification, we have
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p1 = x(ajr; = 30,7 — 73). (77

The equation presented above, Eq. (77), demonstrates the characteristics of steady stabil-
ity. The solution is deemed stable when the real value of p, is satisfied, while an unstable
behavior is exhibited when the imaginary value of p, is considered. Furthermore, the per-
turbation grows exponentially in such cases. Hence, we express the modulation instability
gain in the following manner

h(a)) = 2Im(att) — 37,T* — 13).

We can write it as the incidence power influence on the rate of M1, it also have effects on
other factor like group velocity and tune-off implications, for details see Fig. 1.

6 Discussion and results

In this section of the paper, we utilize Wolfram Mathematica to present graphical illustra-
tions of the generalized unstable nonlinear Schrodinger equation. By utilizing the parame-
ter values intrinsic to the model, we generate a wide range of graphical representations that
capture distinct behaviors of solitons. These representations include but are not limited to
bell-shaped solitons, periodic solitons, and dark solitons. This comprehensive set of graph-
ical depictions enables us to explore the diverse dynamics and characteristics exhibited by
solitons under different parameter configurations.

If we -consider Fig. 2, it represents the graph depicting the solu-
tion |vg(x,f)] of Eq. (4) based on the appropriate parameter values
A, =08, a, =025, p, =0.71, 7, =0.62, A, = 0.16, f = 0.43, @, = 0.4, 7, = 0.5, p = 0.42, and
g = 0.71. This graph vividly depicts the characteristic bell-shaped behavior exhibited by
the desired solution. The smooth curve rises symmetrically, reaching a peak before gradu-
ally decaying on both sides. This distinctive bell-shaped pattern is a hallmark of the solu-
tion under investigation, revealing its unique nature and behavior within the given con-
text. Similar to the Fig. 3 showcases the presence of bell-shaped soliton solution with
parameters a; = 0.8, 7, =0.25, 7, = 0.71, b= 1.2, 7, = 0.16, and «a, = 0.31. Also Fig. 4
showcases the presence of a bell-shaped soliton solution. However, it is important to note
that Fig. 4 corresponds to a different set of specified parameter values y = 0.8, a; = 0.25
,p1 =071, y=-42,173,=0.16, $ =0.43, @, = 0.4, and 7, = 1.5. The fact that both fig-
ures display a similar bell-shaped soliton pattern despite varying parameter configurations
suggests the robustness and consistency of this particular solution. The bell-shaped soliton
solution is a characteristic feature observed in a wide range of parameter combinations
within the system. This consistency can be attributed to the inherent nonlinear dynamics
of the system, where certain parameter values lead to the formation and stability of bell-
shaped solitons. Despite the parameter variations between Figs. 3 and 4, the underlying
dynamics of the system give rise to similar soliton behavior, reinforcing the robustness of
this phenomenon.

Figure 5 showcases the periodic behavior of solitons, elucidating the dynamic char-
acteristics resulting from the specific parameter values employed for a; = 0.8, 7, = 0.25
, 7, =071, b=12, 73 =0.16, a, = 0.31. The solitons exhibit repetitive patterns over
time, displaying regular oscillations and maintaining their shape. Similarly, Fig. 6
also demonstrates the periodic behavior of solitons with parameter a; = 0.8, 7, = 0.25
, 7, =071, b=142, 7; =0.16, and «a, = 0.31. It reveals analogous characteristics to
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Fig. 1 Modulation instability gaining behaviour for 7/, 7,, 75

Fig. 5, portraying solitons with consistent periodic oscillations with parameter y = 0.8
, a; =025 p, =071, y=-42, 7, =0.16, =043, a, =04, and 17, =1.5. The
resemblance in periodic behavior between these two figures suggests a similarity
in the dynamic properties of the solitons. Concluding this discussion, Figs. 7, 8 and
9 demonstrate the manifestation of dark soliton solutions for the specified parameter
values. For Fig. 7, the parameter are y =0.8, a; =0.25, p;, =0.71, y = -4.2, 7; = 0.16
, =043, a, =04, and 7, = 1.5. And for Fig. 8, parameters are y = —0.8, a; = —0.25
,pp =-=0.71,73=-0.16, f = 0.43, a, = 0.4, and 7, = 1.5. Also for Fig. 9, the parameter
area; =025, p; =0.7Ly =-3.2, 73 =0.16, f = 043, @, = 0.4, and 7, = 1.5. The dark
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Fig.2 Graphical pictures for the solution |vg(x,?)| of (4) for A, =0.8, a; =0.25, p; =0.71, 73 = 0.62
,A, =016, =043, 0, =04,7, =05, p =042, =0.71

S

.
e

-4 \-2/ u 2 *

(a) (b) (c)

Fig.3 Graphical pictures for the solution |v,(x,7)| of (4) for a; =0.8, 7, =025, 7, =0.71, b=1.2

.7y =016, 2, = 031
’/ I
‘x

-4 -2 2 4

(a) (b) (©)

Fig.4 Graphical pictures for the solution |vs;(x,#)| of (4) for y =0.8, @, =025, p, =0.71, y =-4.2
,73,=0.16, =043, 0, =04,7, = 1.5

soliton appears as a localized, dark region that stands out from the surrounding envi-
ronment. In the curve, the depth of the depression or dip and the width of the soliton
depend on the specific parameters of the system. The manifestation of dark soliton
solutions within the analyzed system implies the ability of the system to support sta-
ble, localized wave structures that maintain their shape and characteristics over time.
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Fig.5 Graphical pictures for the solution |0 5(x,?)| of (4) for @y =0.8, 7, =025, 7, =0.71, b=1.2

,73 =0.16,a, = 0.31

(a) (b) (c)

Fig.6 Graphical pictures for the solution |v¢(x,?)| of (4) for a; =0.8, 7, =0.25, 7, =0.71, b =142

.73 =0.16,a, = 0.31

(a) (b) (c)
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Fig.7 Graphical pictures for the solution |vy(x,?)| of (4) for y =0.8, a; =0.25, p; =0.71, y = —-4.2
,73=0.16,=043, 0, =04, 7, = 1.5

In order to enhance our comprehension of the computed structure of these solutions,
we present both 2D and 3D visualizations that depict the generated solutions for dif-
ferent combinations of variables. These representations offer a comprehensive view
of the soliton structures, enabling a more detailed analysis and interpretation of their
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Fig.8 Graphical pictures for the solution |v5,(x, 1)| of (4) for y = =0.8, a; = -0.25, p; = —0.71, 7; = -0.16
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Fig.9 Graphical pictures for the solution |v;(x,1)| of (4) for a; =0.25, p, =0.71, y = -3.2, 7; =0.16
/=043, 0,=04,7, =15
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properties. By examining the solutions from multiple perspectives, we aim to gain a
deeper insight into their intricate characteristics and behavior.

7 Conclusion

The study of the generalised unstable nonlinear Schrodinger equation describing pulse
propagation in optical fibers is the topic of this article. Optical solitons have received a
lot of attention in the field of nonlinear optics due to their potential applications in tel-
ecommunications nd signal processing systems. The governing model displays a series of
analytical solutions graphically represented by contour plots, 3D visuals, and 2D graphics
that result in a variety of soliton solutions such as bright, dark, optical, periodic, and single
bell-shaped solitons. In order to better comprehend the nature of the established results,
we also considered the stability analysis and modulation instabilities connected with them.
The ability to obtain solutions is important in the domains of physics, mathematics, and,
in particular, fibre optics. The methodologies adopted in this research can be applied to a
wide range of nonlinear dynamical models encountered in numerous scientific and engi-
neering areas.
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