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Abstract Inthe context of perfect fluid dark matter, this study examines the formation and stability of Bardeen thin-shell wormholes.
The mathematical structure of equivalent copies of Bardeen black holes with perfect fluid dark matter is used to create the thin-shell
wormholes via cut-and-paste method. Utilizing linearized radial perturbation analysis, the study’s main objective is to explore the
stable geometry of these wormholes. We study the effect of variable equations of state on the stability of the wormholes, including
barotropic, variable Chaplygin, and phantom-like equations of states. The investigation emphasizes the inclusion of dark matter,
an unsolved mystery part that makes up a sizeable amount of the universe’s mass, and explores how various equations of state
for the dark matter affect the stability and characteristics of the wormholes. The discoveries improved our comprehension of both
phenomena and their possible implications for further space travel by shedding insight on the interactions between wormholes and
dark matter.

1 Introduction

Black holes (BHs) are considered as the most enigmatic as well as complex celestial objects due to their singularities surrounded
by the event horizons. A singularity in the field of general relativity (GR) is such an era of spacetime where all physical rules fail to
apply and gravitational pull diverges there. The occurrence of such region is one of the fundamental issues of the theory of GR. A
system of solutions known as “regular BHs” have been crucial in avoiding these undefinable regions because they do not contain such
singularity at their origin. The first ever solution of the spherically symmetric regular BH was determined by Bardeen [1], recognized
as the Bardeen BH. Later on, following the notion of Bardeen BH, few more regular BHs were proposed in literature [2—4]. Cataldo
and Garcia [5] derived the solutions of (2+1)-dimensional regular BH under the influence of a nonlinear electric field. Dymnikova [6]
exhibited the presence of the spherically symmetric charged regular solutions of the BH with nonlinear electrodynamics. Hayward
[7] described the formation as well as evaporation of the regular BHs and discussed their distinct regions. In the light of GR, some
other features of such regular BHs have also been studied by employing different techniques [8, 9].

Currently, one of the most fascinating research in GR is the study of wormhole (WH) structures as well as their solutions, which
has intrigued several researchers. According to GR, the existence of such mysterious geometries is feasible due to the deformable
spacetime carried out by matter or energy. Actually, the WHs act as the bridges for two different places at a manifold. The WHs
possess asymptotically flat geometry, and this concept was first presented by Flamm [10]. After that, Einstein and Rosen [11]
proposed the WH geometry known as “Einstein—Rosen bridge” which is also characterized as the vacuum solution of Einstein’s
field equations. These WH structures are formulated by joining two BHs as two different eras of spacetime. It is predicted that
such WHs are not traversable due the occurrence of singularity. The geometry of Schwarzschild WH being the non-traversable
structure is described by Fuller and Wheeler [12] with the help of Kruskal constituents. In order to explore the existence of WHs
having traversable nature, numerous researchers considered the theoretical observations from Schwarzschild WH as well as the
Einstein—Rosen bridges.
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Blazquez-Salcedo [13] presented a concrete instance of a category of traversable wormholes in the context of Einstein—Dirac—
Maxwell theory in four-dimensional spacetime. Remarkably, these wormholes do not require any form of unconventional matter [13].
By considering a scenario involving two massive fermions in a singlet spinor state, they demonstrated the presence of spherically
symmetric asymptotically flat structures that are devoid of singularities. These configurations represent localized states. Furthermore,
these solutions adhere to a generalized Smarr relation and exhibit a connection with extremal Reissner—Nordstrom black holes [13].
Konoplya and Zhidenko [14] demonstrated the existence of wormhole solutions that exhibit asymmetry with respect to the throat
and possess smooth gravitational and matter fields, hence avoiding all the aforementioned issues. This suggests that such wormhole
structures might possibly be sustained in a plausible scenario [14]. Wang et al. [15] pointed out that a physically relevant condition
on the throat is imposed to lead to no gravitational force experienced by a stationary observer at the throat is not necessary.

The primary traversable WH configuration is demonstrated by Morris and Thorne [16] that connects the different cosmic domains
or two distant cosmos through a throat that makes it possible to travel across different spacetime eras. It is also observed that to pass
across this throat, the matter content inside this geometry must disobey the usual energy bounds [16—19]. So, according to GR, the
inclusion of exotic matter violating the energy bounds is the necessary ingredient for the occurrence of such WH geometry. This
problem was solved by the development of thin-shell WHs, where the amount of exotic matter may be limited to the necessary
minimum amount that disobey the energy bound only in this region [20, 21]. Such WH structure is made possible by taking into
account the well-known cut-and-paste strategy where cutting and pasting is applied at different manifolds to generate a new structure
possessing a shell at the joining region. During this procedure, the required amount of exotic component is engrossed in the WH
throat. As, one cannot ignore it, therefore, researchers prefer the thin-shell structure of WHs. At the WH throat, the surface-energy
tensor contents can be determined via Darmois—Israel condition [22, 23] that further yields the Lanczos equations [24-26]. The
dynamic conversion in the geometry of WH can be observed by finding the solution of the Lanczos equation corresponding to the
equation of state (EoS) for the exotic component on the thin shell.

The stability analysis assists in the exploration of numerous universe-wide WH geometries that can be studied either through
the use of radial perturbations or by considering the existence of an EoS for the exotic content inside the WH throat. The structures
of traversable WHs are of great importance if they exhibit stable geometry against linear perturbations. In this respect, several
authors inspected the WH stable structures along with the thin-shell WHs by utilizing the linear perturbations to preserve the real
symmetries. The stable geometry of Schwarzschild thin-shell WH has been inspected by Poisson and Visser [27]. With the inclusion
of cosmological constant, Lobo and Crawford [28] examined the stable configuration of thin-shell WHs and observed that the viable
solutions appear only for the positive choices of the cosmological constant. Eiroa and Romero [29] determined the stable WH
solutions under the effect of electric field and exhibited that WHs possess stable geometries just for some particular choices of the
charge factor. The stable geometry of thin-shell WH along with the regular BH for a phantom scalar field has been discussed by
Bronnikov et al. [30]. Sharif and his collaborator [31] displayed the stable system of thin-shell WH corresponding to the regular
charged BH for a nonlinear electrodynamics field. Similarly, many authors discussed the stability of the thin-shell WH structures
against different scenarios such as electric field, several EoSs, and some other physical variables [32-51].

The stable configuration of thin-shell WH geometry is hugely influenced by the selection of BH along with the EoSs. For this
purpose, enormous researchers implemented distinct EoSs to inspect the various structural aspects of WHs. Eiroa and Simeone [52]
formulated the thin-shell WHs by employing the Chaplygin gas (CG) and examined their stable solutions. The stable geometry
of the spherical thin-shell WH under the effect of generalized CG with the inclusion of electric charge and cosmological constant
has also been observed [53]. Sharif and Azam [54, 55] adopted the charged regular BH for the production of a thin-shell WH
associated with the CG as well as generalized CG. They explored the static stable solutions and exhibited the unstable/stable
configurations of thin-shell WHs with cylindrical metric. Varela [56] discussed the stable solutions of thin-shell WH associated with
the Schwarzschild BH by taking into account the variable EoS and displayed the perturbative interpretation of equation of motion
(EoM) of WH corresponding to the variable Chaplygin EoS. Similarly, the dynamical interpretation of thin-shell WH with electric
field and variable EoS has also been observed by Eid [57].

Sharif and Javed analyzed the stable thin-shell WH geometry obtained by the Bardeen BH [58] and Bardeen AdS BH [59] for
several proposals of EoSs. They also showed the comparison of different WH structures for CG, phantom-like, and generalized
barotropic EoSs [60]. Li et al. [61] determined the solutions for (3+1)-dimensional BH corresponding to the CG and dark fluid.
They examined some structural attributes of BH solutions like pressure, shadow, thermodynamics, and critical points of temper-
ature. Recently, Javed and his collaborators [62] inspected the stable thin-shell WH geometry for charged quantum corrected BH
using barotropic, phantom, and Chaplygin variable EoS. They observed that the appearance of charge factor increases the stable
configuration of WHs.

In this manuscript, we are going to inspect the stability of thin-shell WH corresponding to the charged regular BH bounded
by perfect fluid dark matter (PFDM). The manuscript is displayed in the following way: The next section deals with the basic
interpretation of charged regular BH, and the thin-shell WH is formulated by two equivalent copies of adopted BH with the help of
cut-and-paste formalism. Section III presents the stability analysis of constructed structures through radial perturbation associated
with the generalized phantom-like, barotropic, as well as the Chaplygin-like EoS. The graphical description as well as the comparison
is also presented in the same section. The final section compiles our main results.
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2 Construction of thin-shell wormholes

Here, we evaluate the EoM of the thin-shell WHs that are formulated by employing the two similar forms of charged Bardeen BHs.
The proposed BH metric is provided by [63]

1
Wi(r)

where W(r) denotes the lapse function which depends upon the radial parameter r and d6> + sin?0d¢> = d2?. The mathematical
form of the lapse function is presented by [63]

ds? = —W(r)de® + dr? + r2dQ?, (1)

nlOg(ﬁ) B 27’2/\/1
r (Q2+r2)

where M indicates the BH mass, and 1 characterizes the PFDM parameter, while Q manifests the nonlinear electromagnetic charge.
Zhang et al. [63] examined the interaction between Bardeen BHs, described by the Bardeen metric, and dark matter in the form of
a perfect fluid. The study investigates how the presence of dark matter in this fluid state influences the properties and behavior of
Bardeen BHs. The article explored gravitational effects, energy distribution, and other relevant aspects of BHs in the context of their
interaction with dark matter in a perfect fluid state [63]. Also, the absence of Q with n — 0 leads to the Schwarzschild BH. For the
limiting case n — 0, this solution represents the Bardeen regular BH [1].

For the creation of thin-shell WHs, we adopt two equivalent forms of the considered BH metrics. After that, the cut-and-paste
methodology is utilized to express the thin-shell WHs. It is widely recognized that the structure of WHs uses a tunnel known as
the WH throat to connect two separate eras of spacetime. The notion of the observers traveling from one area to a different one by
the WH throat is an intriguing conjecture in both fields like cosmology and astrophysics. The frequently expanding and collapsing
nature of the WH throat prevents any observer from passing through it uninterrupted. In order to avoid the collapsing of WH throat,
a specific type of matter configuration is required for the presence of traversable WH. Since the usual matter is not suitable for the
traversable WH, therefore, some matter distribution having exotic properties must exist. The exotic matter does not obey the null
as well as weak energy constraints. To minimize the quantity of such exotic content, the cut-and-paste technique is presented to
generate the thin-shell WHs by compiling two BH spacetimes at the hypersurface. Here, we implement this method to construct
such WH geometry possessing the nonlinear influence of electrodynamics. For this purpose, we cut the line element as M* =
{ri <X, X >r, }, in which x symbolizes the throat radius, whereas the event horizon radius is exhibited by r;. Such metric is
combined at (2+1)-dimensional hypersurface presented by ¥ = {ri =X, X > } Such method yields a unique regular manifold
given by M = M*UM™.

It is important to note that the emergence of the singularity and event horizon in the created geometry can be avoided by taking
into account x > ry. Using Darmois and Israel formalism, the constituents of manifolds and hypersurface lead to x¥ = (¢, r,
0, ¢), and &' = (1, 0, ¢), respectively, having T acts as the proper time on the hypersurface. These metrics are joined with the
transformation of coordinates expressed by

W(r) = 7+l )

ax? axP

= 97 061 5 @

8ij
The respective parametric expression for the hypersurface is illustrated by X : R(r, t) = r — x(r) = 0. In order to inspect the
structure of a thin shell, we consider that the shell radius () is based upon the proper time. Thus, the shell radius as a function of
proper time is presented by x = x (7). The corresponding induced metric yields

ds% = x%(t)sin? 0d¢? + x*(1)do? — dr. “)

The matter constituents associated with the thin shell manifest a crucial role in stability and dynamics of the WH throat. Such matter
composition creates discontinuity in the internal and external contents of extrinsic curvature that is mathematically characterized by
[K'j1=K*; — K™'; # 0. The forms of extrinsic curvature corresponding to the exterior and interior domains are as follows

2
K® = (2 20 uy 5)
J ro\ dgioEd vB gl gkl -

The time dependent and radial contents of the unit normals on M¥ provide

X
\/W+Xz_w+1
+

P (+07) 7
n, =-—x, n;= T ,
n 0g<W) _ 252 M +1
X (X2+Qz)3/2
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respectively, in which overdot exhibits the derivative associated with the proper time. The components of corresponding extrinsic
curvature are

miog(f) s, | 2M(2x*+200 - 11420%)

T X
3 X 22027 nlog(m) ) 2x2M
Ktirzﬂ: (X ) . Keiezjtx 7+X2—ﬁ+1, (6)
5 ;710g(‘xw) .5 252 M | X (X +0 )
P +X°— 4(X2+Q2)3/2 +

and K 3, = sin? 0K ;.

In order to explain the field equations at the boundary like the BH event horizon or the boundary of a massive entity, the Lanczos
equations are formulated. The matter components at the hypersurface are evaluated by the reduced forms of Einstein’s equations.
These equations are characterized as the Lanczos equations, given by

s = - ([ki 8K 7
i="g K| =0iK) )
in which diag(o, Z, Z) = § i j denotes the stress—energy tensor, K i ;j exhibits the contents of extrinsic curvature, and K symbolizes

the trace part of extrinsic curvature ((K?;] = K). At hypersurface, the matter energy as well as the surface pressure is manifested
by o and Z, respectively. The Lanczos equation (7) along with Eq. (6) leads to

7710%(\%) .9 . xM(x2+40%) n
n]Og(Kﬂ) 2x2M f"'zX +2x X_W +¥+2
2mxo = — 7+X2—73/2+1, S xZ = (8)
X (X2 + Qz) log( &
108\ Ty + )-(2 2 M +1
X (X2+Q2)3/2

At this place, we assume that at the shell’s equilibrium radius, o, the shell of the developed structure does not move across the
radial direction. Therefore, it is important to note that the proper time derivative of the shell’s radius vanishes, i.e., xo = 0 = Xp.
We have

o nlog(14) Lo 2Mge?)
ﬂ10g<m> zxg/\/l X0 X0 (X§+Q2)5/2

27 X000 = — - 32 +1, 8mxoZo =
X
) \/nlog(n") 2x2M +1

, (&)

X0 (Xg + Q2
X0 - (X§+Q2)3/2

in which gg and Zj reveal the matter density and pressure at equilibrium points, respectively. Here, we have three energy bounds,
ie., weak (Z+0 > 0,0 > 0), null (Z + ¢ > 0), and strong (3Z + ¢ > 0). Note that o9 < 0 yields the defiance of weak as well as
dominant energy bounds. Such nullification depicts the occurrence of exotic content in the created geometry. Such substance in the
throat produces aversion of collapse and assists in keeping it open. Hence, our developed geometry portrays physically acceptable
structure for the WH.

The EoS by considering the shell density (8) provides x> = —W (), while the effective potential of the shell is of the form

2x2M +
(e + )"

The repulsive and attractive attributes of WH throat in accordance with the 4-acceleration are presented by

x2o(x)* — (10)

af = v/z(vx,

B

in which the 4-velocity becomes vX = ( NGE 0, 0, 0). One can obt;un
d? dr
() =
dr? dr

_ 2 M(x*-20%)
) nlog(|nl) — nlog(x) +n + (x2+07)

a =
2x2

It is well known that the gravitational field creates two kinds of behavior repulsive or attractive around the WHs. In repulsive
behavior, the gravitational field of WH repels the objects. In this situation, an observer needs to exert an inwardly directed force
to prevent being pushed by the WH. They can combat the repellent gravitational pull and maintain their distance from the WH by
applying this force in its direction. They will be driven further away from the WH if they do not provide this inward force. On the

providing
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other hand, the gravitational field of an attractive WH attracts the objects towards it. In this situation, an observer must produce an
outward-directed force in order to prevent being drawn into the WH. They must therefore depart from the WH with a force that
repels the gravitational attraction. They will eventually be pulled towards the WH if they do not use this outward force. In short, the
repulsive or attractive features of gravitational field of WHs suggest the sort of force that an observer requires to employ to prevent
being affected by the WH. Thus, a repulsive WH needs an inward force, while the attractive one needs an outward force. The radial
factor of the 4-acceleration narrates the repulsive (a” < 0) and attractive (" > 0) natures of the throat.

3 Stability analysis

To inspect the stability of WH geometry, we adopt the shell’s equilibrium radius xo and expand the effective potential W(x) about
xo using Taylor series up to second order as

1
W00 = W)+ 000 = x0) + 5% (o) x — x0)* + Ol(x — x0)*1- (11)

Here, dash represents the derivative with respect to shell radius y. It is interesting to mention that for both geometries (unstable
or stable) of WH, the throat requires the disappearance of potential constituent and its first derivative at the equilibrium state, i.e.,
W(x0) = 0 = W'(x0). Hence, it can be evaluated as:

e For W”(x0) > 0, we obtain the stable geometry and ¥” (o) < 0 corresponds the unstable geometry.
e It is neither unstable nor stable for W (o) = 0.

At the state of equilibrium, Eq. (11) yields

1
YO0 = 59" (o) — x0)%. (12)

As the conservation law is obeyed by Z and o which is given as
d d
Z—@rxH)+ —@rx*0) =0. (13)
dr dr

The accurate solution of the conservation equation depends on the choice of matter composition that can be described by EoS.
Here, we implement two EoSs Z = Z(p) and Z = Z(p, x). The later displays the generalized expression in which the surface

pressure of the shell relies on the surface density as well as the throat radius. Corresponding to both, we obtain Z’ = %{5@)@/ and
A %Q/ + %’ respectively. So, the conservation equation provides
2
o' = —;{Q+Z(Q,X)}- (14)

Equation (14) generates a specific form of W() with respect to distinct choices of variable EoS. At x = xo, the 214 derivative of
effective potential takes the form

2n log(XOSgn(U)) 3
n n
" (x0) R e I 872 (x30' (x0)* + x00(x0) (x00" (x0) + 40" (X0)) + 0(x0)?)
0 0

oM (x2+02)

— —.
(2xg +20* — 1143 0?)
This expression and Eq. (14) interpret the matter components placed at thin shell and contribute a marvelous role to inspect the

stable configurations of the developed geometry. Next sections are devoted to discuss the impacts of barotropic as well as variable
EoS on the stability of the created geometry.

5)

3.1 Barotropic EoS
In order to analyze the stable structure of thin-shell WH, we first consider the barotropic EoS. This EoS connects the surface pressure

and energy density of matter by Z = ®p, in which ® indicates the parameter for barotropic EoS. Employing this EoS in (14), we
obtain

2
') = —;(1"'@)@()()’ (16)

providing

2(1+0)
0(x) = mm(%) . 17
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The expression for effective potential leads to

nlog( % 20+1)\ 2 252
W(x) = M—szz 00 X0 _X7M+1’ (18)
3/2
X X (x2+0?)

.,

At xo, the expression of first differential corresponding to throat radius ““x ’yields
2x3 (4O M+M) _ 8(0+1)x3 0’ M

(40 + m)log({4) + (40 + 210 + 1 -

2 2\5/2 2 2\5/2
/ (5+2%) (5+2%)
V(x0) = 3 . .
X0
It is noted that ¥’'(x() vanishes if and only if
2%3 M 8x3 0° M
n10g(ﬁ)+2)<o+77— 2052 T T2, 32
0=_ (x5+Q%) (x5+0%) . (19)

X 2)(3./\/[
4<7] lOé’(ﬁ) + X0 — 7(X§+0Q2)3/2>

Also, it is found that
3 2M(4(O + DO + Dyg + 4O + (40 + 1)0* + (8040 +5) +23)x5 0?)

V(o) =— 5+
R (6 + )"
4O +1)40 + 1) log(f%) 220 + )40 +3)

(20)

X X6
This equation exhibits a significant role in discussing the dynamical composition of thin-shell WH in the light of barotropic EoS.

3.2 Phantom-like variable EoS

Secondly, we choose the phantom-like variable EoS to examine the stability of thin-shell WH structures. This EoS is expressed
as Z = Lo, along with D as the EoS parameter, and n depicts the real constant. This expression displays the extended form of
phantom-like EoS. For n — 0, it corresponds to phantom-like. Utilizing this EoS, the conservation equation takes the form

2(h-3) (10
o(x)=goe " \" 10 (7> @b
X
The effective potential provides
cenlih) woe() o
M
W(x) = —4n2x2@8<@) e ] X T+l (22)
X X (x2+0?)

Observe that the effective potential vanishes at x = xo and the first differential form is derived as

_ _ 232 M M(xd+4x2 0*
(ZDnXO "y 7}) log(fﬁ) +2x0 (DXO " (1 — ( szQQ)s/z> - (();(I—Q;)Os/Qz ) + 1) +7
W (x0) = pr 20 X0 , (23)
0

By taking ¥’'(x0) = 0, we obtain

2x3 M(x3+40?
X0 (77 10g(|X7°|) +2x0+n— W)
0

— - 24)
2(17 10g<|x70|) + X0 — ﬁ)
Hence, we have
W (xe) = — 2X0—2(n+l)(2D2 F D+ S)xl + 3Xgn) nlOg(%) . 2X§M3 +1]+ % _3
0 (gron)” I
_2M2x +20% — 11x50%) (25)
(i +03)"”
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3.3 Chaplygin variable EoS

Here, the Chaplygin variable EoS is adopted which is illustrated by Z = xi" %, where H symbolizes the EoS factor. Forn — 0,

this reduces to Chaplygin EoS. In accordance with surface density, the conservation equation yields

AH(x X8 — X" x3) + 03X X" (n — 4)

2
= 26
") (n— x4 0
The potential function provides W(xo) = 0. Moreover, W'(x) is evaluated and implementing ¥'(xo) = 0, we have
Xn—l _nlog(%)+2xo+r] + 8xoM _ GXSM
H i al (+02)”"  (g+02)” 27
B 1672 @7
At x = xo, the second derivative of effective potential corresponding to shell radius is given by
n log(%)ﬂxoﬂ? 8o M 6x3M
m+D| - 2 T oG T T a5 20 4 4
B 0 (x5+0%) (x5+2?) 462 0* M 8xgM 8Q* M
W (x0) = — t e et o ant s oan
X0 (xg + Q%) (xg +Q?) (xg + Q%)
6x0 +3n+4n 10g<7X°Sgn"(”)>
_ ; . (28)
X0

In the following subsection, the detail discussion is presented which illustrates the impact of PFDM as well as variable EoS on the
stable configurations of thin-shell WHs.

3.4 Graphical analysis and comparison

Now, we present the detail effects of PFDM and different choices of EoS on the stability of the developed thin-shell WHs. In this
respect, we consider Schwarzschild BH, Schwarzschild BH with PFDM, Bardeen BH and Bardeen BH with PFDM for respective
values of physical parametersasn =0=Q,n #0, 0 =0,n =0, Q #0, and n # 0, Q # 0, respectively. For these choices, the
respective position of the event horizon is also calculated with specific values of physical parameters. Then, we perturb our system
about equilibrium shell radius. By implementing the fundamental constraint of thin-shell WH that the shell radius should be larger
than the position of the event horizon, we use xo = r +¢ for every case where 0 < ¢ < 1is a very small positive real constant. Then,
we consider the final expressions of second derivative of potential functions of barotropic, Chaplygin, and phantom-like variable
EoS to obtain the stability in the framework of with and without PFDM parameter. The final outcomes of the developed thin-shell
WHs for distinct values of BH spacetimes are given as follows:

3.4.1 For Schwarzschild BH

We begin the analysis for Schwarzschild BH for considered choices of EoS. The detail description of stable/unstable configuration
associated with feasible choices of physical parameter by employing the location of event horizon is given in Table 1. We consider
the thin-shell WH constraints xo > ry. In this regard, we use xo = 2 + ¢ with event horizon 2 of Schwarzschild BH for the physical
parameters M = 1, Q@ = 0, n = 0. Table 1 depicts the unstable configuration for barotropic EoS and phantom-like variable EoS
for all choices of n. The developed structure for the Schwarzschild BH shows stable configuration for Chaplygin variable EoS
if n > 0.7228 which is also shown in the left plot of Fig. 1. The respective values of W”(£) > 1 for Chaplygin variable EoS
with specific values of £ for n = 1 are shown in Table 1. Right plot of Fig. 1 represents the completely unstable configurations
for phantom-like variable EoS for every values of n presented in Table 1. Hence, for the choice of Schwarzschild BH, thin-shell
WHs only show stable structure for Chaplygin variable EoS for n > 0.7228 and unstable for every choice of barotropic as well as
phantom-like variable EoS Vn.

3.4.2 For Schwarzschild BH with PFDM

Secondly, we consider the choice of Schwarzschild BH surrounded by PFDM as shown in Table 2 and Fig. 2. It is found that PEDM
greatly affects the stability of the constructed geometry. In the presence of PFDM, thin-shell WHs show stable configurations for
Chaplygin (with n > 1.38) as well as phantom-like (with n > 0.3352) variable EoS and found unstable configuration for barotropic
EOS. In the presence of PFDM, the stability configuration is obtained for higher values of 7 in the framework of Chaplygin variable
fluid as compared to the Schwarzschild BH. But, PFDM also provides the possibility of stability for smallest values of n for
phantom-like variable EoS (Table 2 and Fig. 2).
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Table 1 Effects of different EoSs
on the stability of thin-shell WHs
for Schwarzschild BHs with
n=0M=1,0=0,

X0 = € +2. Here, we use variable
EoS (VEoS). We observe the
behavior of potential function
second derivative by using the
constraint o = rj, + &, where

rp = 2 is the radius of event
horizon of Schwarzschild BH

Barotropic Chaplygin VEoS Chaplygin VEoS phantom-like VEoS phantom-like VEoS
£ EoS For (n = 0.5) For(n =1) For (n = 2) For (n = 2.2)

&) <0  W'(E) <0 v(E€) >0 w(E) <0 v(E€) <0
0.0001 — 1.70423 —0.0502211 0.065499 — 1.68109 — 1.19506
0.0006 — 1.69958 — 0.050395 0.0653043 — 1.67645 — 1.19051
0.0011 — 1.69496 — 0.0505687 0.0651098 — 1.67182 — 1.18597
0.0016 — 1.69036 —0.0507422 0.0649156 — 1.66723 — 1.18146
0.0021 — 1.68578 — 0.0509153 0.0647217 — 1.66265 — 1.17697
0.0026 — 1.68122 —0.0510881 0.0645281 — 1.65809 — 1.1725
0.0031 — 1.67668 —0.0512607 0.0643347 — 1.65356 — 1.16806
0.0036 — 1.67216 —0.0514329 0.0641416 — 1.64905 — 1.16363
0.0041 — 1.66766 —0.0516049 0.0639488 — 1.64455 — 1.15923
0.0046 — 1.66319 —0.0517766 0.0637562 — 1.64008 — 1.15484

For Schwarzschild BH

0.005

0.004

& 0.003 |

0.002

0.001 |-

0.0 0.2 0.4

AN T S I S S S S N SO S ST S SN S ST S}

0.005

0.004

0.003

0.002

0.001

For Schwarzschild BH

Fig. 1 Stability configurations of Schwarzschild BH (n = 0 = Q) for Chaplygin variable EoS (left plot) and phantom-like variable EoS (right plot) with
M =1, Q =0, xo = & +2. The shaded green regions show the stable regions (¥"/(xo) > 0), and white doted regions show unstable configurations

(¥ (x0) < 0) configurations

Table 2 Effects of different EoSs
on the stability of thin-shell WHs
for Schwarzschild BHs with
PFDM for M =1, Q =0,
n=1, xo =¢+4.41421. We
observe the behavior of potential
function second derivative by
using the constraint xo = rj, + ¢,
where r;, = 4.41421 is the radius
of event horizon of Schwarzschild
BH with PEFDM

3.4.3 For Bardeen BH

Barotropic Chaplygin VEoS  Chaplygin VEoS  Phantom-like VEoS  Phantom-like VEoS
€ EoS For (n = 1) For (n = 2) For (n = 0.1) For (n = 0.5)

w(E&) <0 w(E) <0 v(E&) >0 w(E) <0 w(E) >0
0.0001  —0.0360844  — 0.102285 0.00598883 — 0.025257 0.0180524
0.0006  —0.0360687 — 0.102264 0.00598548 — 0.0252437 0.0180562
0.0011 — 0.036053 —0.102244 0.00598213 — 0.0252305 0.0180599
0.0016  —0.0360374  — 0.102223 0.00597879 —0.0252172 0.0180636
0.0021  —0.0360217  — 0.102203 0.00597544 — 0.0252039 0.0180674
0.0026  —0.0360061  — 0.102182 0.0059721 —0.0251907 0.0180711
0.0031  —0.0359905 —0.102162 0.00596876 —0.0251774 0.0180748
0.0036  —0.0359748  — 0.102141 0.00596542 — 0.0251642 0.0180786
0.0041  —0.0359592  —0.102121 0.00596208 — 0.0251509 0.0180823
0.0046  —0.0359436  — 0.1021 0.00595875 —0.0251377 0.018086

Thirdly, we are interested to observe the stable structure of thin-shell WHs in the context of Bardeen BHs. It is obtained that the
constructed structure shows completely unstable configuration for barotropic EoS and phantom-like variable EoS Vn as shown in
Table 3 and Fig. 3. Bardeen thin-shell WHs show stability only for Chaplygin variable EoS if n > 0.2708. Hence, it is noteworthy
that the presence of regular BH increases the stability criteria for smaller values of n as compared to the Schwarzschild BH with

and without PFDM.
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For Schwarzschild PFDM BH
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Fig. 2 Stability configurations of Schwarzschild BH with PFDM (n # 0, Q = 0) for Chaplygin variable EoS (left plot) and phantom-like variable EoS
(right plot) with M =1, 0 =0, n =1, xo = ¢ +4.41421

Table 3 Ef_f?CtS of d.ifferent EoSs Barotropic Chaplygin VEoS Chaplygin VEoS Phantom-like VEoS Phantom-like VEoS
on the stability of thin-shell WHs & EoS For (n = 0.1) For (n = 0.5) For (n = 0.5) For (n = 2.2)
for Bardeen BHs with = 0, v(E) <0 W& <0 (&) >0 v(E€) <0 (€ <0
M=1,0=05,
xo = &+ 1.78597. Here, we use 0.0001  —4343.64 — 0.0404701 0.0575892 — 437791 — 43774
variable EoS (VEoS). We observe 0.0006 —729.289  — 0.0408117 0.0572404 —729.298 — 728.783
the behavior of potential function
second derivative by using the 0.0011  —397.632  —0.0411526 0.0568921 — 397.606 —397.091
constraint xo = rp, + &, where 0.0016  —273246  —0.041493 0.0565444 —273.222 —272.707
rp = 1.78597 s the radius of 00021  —208.093  — 0.0418327 0.0561972 — 208.068 — 207553
event horizon of Bardeen BH
0.0026  —167.998  —0.0421719 0.0558506 —167.974 — 167.459
0.0031  —140.837  —0.0425105 0.0555046 — 140.813 — 140.298
0.0036  —121.221 — 0.0428484 0.0551591 —121.197 — 120.682
0.0041  —106.39 —0.0431858 0.0548142 — 106.365 —105.851
0.0046  —94.7826  — 0.0435226 0.0544698 — 94758 — 942436
For Bardeen BH For Bardeen BH
0.005 [ 7o Zim- - B s o e LI R S S L S S LIS R S S = 0.005 [- -t
0.004 ; : 0.004 :
Fo 0.003 ; : 0.003 :
0.002 ; : 0.002 : '
0.001 ; i 0.001 I ,,i
0. 3 4

CE
o

2

n

Fig. 3 Stability configurations of Bardeen BH (n = 0, O # 0) for Chaplygin variable EoS (left plot) and phantom-like variable EoS (right plot) with
M =1, 0 = 05, xo = &+ 1.78597, . The shaded green regions show the stable regions (¥”(x9) > 0),and white doted regions show unstable
configurations (¥'(xo) < 0) configurations

3.4.4 For Bardeen BH with PFDM

Finally, we consider the thin-shell WHs developed from Bardeen BH surrounded by PFDM. It is found that this type of developed
structure is stable for both Chaplygin (with n > 1.934) as well as phantom-like (with n > 0.2919) variable EoS as shown in Table
4 and Fig. 4. It also represents the unstable configuration for the choice of barotropic EoS. Figure 4 explains that in the presence
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Table 4 Effects of different EoSs Barotropic Chaplygin VEoS ~ Chaplygin VEoS ~ Phantom-like VEoS ~ Phantom-like VEoS
on the stability of thin-shell WHs & EoS For (n = 1) For (n = 2.2) For (n = 0.1) For (n = 0.29)

for Bardeen BHs with PFDM for w(E€) <0 w(E) <0 v(€) >0 w(E) <0 w(E) >0
M=1,0=05n=1,

X0 = € +4.44045. Here, we use 0.0001  —0.0305393  — 0.0995996 0.0283427 —0.0198774 0.000380108

variable EoS (VEoS). We observe

. . . 0.0006 — 0.0305269 — 0.0995803 0.0283342 — 0.0198674 0.000385734
the behavior of potential function
second derivative by using the 0.0011  —0.0305146  — 0.0995609 0.0283257 — 00198574 0.000391356
constraint x( = rpte, Wher? 0.0016 — 0.0305022 — 0.0995416 0.0283171 —0.0198473 0.000396973
rp = 4.44045is the radius of 00021  — 00304899  — 0.0995223 0.0283086 —0.0198373 0.000402587
event horizon of Bardeen BH with
PFDM 0.0026 — 0.0304776 — 0.0995031 0.0283 —0.0198273 0.000408195
0.0031 — 0.0304652 — 0.0994838 0.0282915 —0.0198173 0.0004138
0.0036 — 0.0304529 — 0.0994645 0.028283 —0.0198073 0.0004194
0.0041 — 0.0304406 — 0.0994452 0.0282745 —0.0197973 0.000424996
0.0046 — 0.0304283 — 0.0994259 0.028266 —0.0197873 0.000430587
For Bardeen PFDM BH For Bardeen PFDM BH
0.005 — 0.005 - =
0.004 ; 0.004 ; ‘;
E 0.003 ; E 0.003 ; :
0.002 ; 0.002 ; :
0.001 i 0.001 7—_ : ; ; ;;
1.90 1.92 1.94 1.96 1.98 2.00 0.0 0.5 1.0 1.5 2.0
n n

Fig. 4 Stability configurations of Bardeen BH with PFDM (1 # 0, Q # 0) for Chaplygin variable EoS (left plot) and phantom-like variable EoS (right plot)
with M =1, Q =0.5, n =1, xo = ¢ +4.44045

of PFDM in Bardeen thin-shell WHs, the stability criteria for Chaplygin variable EoS depend on slightly higher values of n that
behave as similar as mentioned for the Schwarzschild PFDM.

4 Concluding remarks

In the framework of PFDM, this study examines the development and stability of Bardeen thin-shell WHs. The cut-and-paste
methodology is used to construct thin-shell WHs using equivalent copies of Bardeen BHs with PEFDM. The primary goal of the work
is to use the linearized radial perturbation analysis to look into the stability of these WHs. The stability of the WHs is examined in
relation to variable EoS, such as barotropic, variable Chaplygin, and phantom-like EoSs.

The discussion starts by considering the choice of Schwarzschild BHs for the EoS under consideration. The paper presents a
thorough description of stable and unstable configurations for appropriate physical parameter values utilizing the event horizon
location. If the parameter n is larger than or equal to 0.7228, thin-shell WHs exhibit a stable configuration for Chaplygin variable
EoS (Table 1 and Fig. 1). However, for all values of n, the configurations are unstable for any combination of barotropic and
phantom-like variable EoS. The research then analyzes the selection of Schwarzschild BHs encircled by PFDM. It has been shown
that the created structure’s stability is significantly impacted by the existence of PFDM. In the presence of PFDM, thin-shell WHs
exhibit stable structures for Chaplygin (withn > 1.38) and phantom-like (withn > 0.3352) variable EoSs, while unstable topologies
for barotropic EoS (Table 2 and Fig. 2). Schwarzschild BHs have a greater stability structure as compared to the Chaplygin variable
fluid. For the choice of phantom-like variable EoS, Schwarzschild BH with PFDM possesses stability for lesser values of n.

Next, in the context of Bardeen BHs, the study investigates the stability of thin-shell WHs. For both barotropic and phantom-like
variable EoS, the analysis demonstrates that the produced structure is entirely unstable for all values of n. Bardeen thin-shell WHs,
on the other hand, only exhibit stability for the Chaplygin variable EoS if n is higher than or equal to 0.2708 (Table 3 and Fig. 3).
When compared to Schwarzschild BHs with and without PFDM, the inclusion of normal BHs raises the stability requirements for
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smaller values of n. The research also takes into account the thin-shell WHs created by Bardeen BHs that are encircled by PFDM.
According to the research, this particular created structure is stable for both Chaplygin-like and phantom-like variable EoS (with
n > 1.934 and n > 0.2919) (Table 4 and Fig. 4). In spite of this, it indicates an unstable configuration for the selected barotropic
EoS. Depending on somewhat larger values of n, PFDM in Bardeen thin-shell WHs, like Schwarzschild PFDM, raises the stability
criterion for Chaplygin variable EoS (Tables 1, 2, 3, 4).

The stability of thin-shell wormholes around Schwarzschild and Bardeen black holes in PFDM settings is examined in this work.
It investigates the effects on the stability of these structures of various equations of state (EoS), such as barotropic, Chaplygin, and
phantom-like variable EoSs. The findings indicate that in the presence of PFDM, thin-shell wormholes display unstable configurations
for barotropic EoS, but stability for Chaplygin (with n > 1.38) and phantom-like (with n > 0.3352) variable EoSs. The study
concludes that thin-shell wormholes are completely unstable for barotropic EoS across all black hole geometries, but they are stable
for phantom-like variable EoS only in the presence of PFDM, highlighting the substantial impact of PFDM on the stability of
these structures. Further investigation into the effects of various BH geometries on stability, additional variables affecting wormhole
characteristics, and numerical simulations to confirm and supplement the analytical results are possible future research directions
that could lead to a better understanding of gravitational physics and the stability of wormhole structures in the context of PFDM.
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