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Abstract

This work mainly focuses on unveiling the particle dynamics features of black holes. For this objective,
we utilize the charged black hole geometry consisting of the cloud strings and quintessence under the
ansatz of Rastall gravity. We have calculated and analyzed the effective potential, angular momentum,
particle energy, horizon radius, inner stable circular orbit, photon sphere radius, quasi-periodic
oscillations, and effective force to reveal the dynamical features. We in detail discussed the effects of
charge in black hole, Rastall parameter, strings of cloud parameter, and quintessential parameter on
the calculated results. To ensure the scenario of accelerated expansion, w, lies in the range

—1 < w, < —1/3. From this specific range, we choose w, = —2/3.

1. Introduction

The widely accepted general relativity (GR) theory is considered to be an interesting and elegant theory and has
been tested extensively with consistent results in most cases [ 1-3]. The recent discovery of gravitational waves
(GWs) by the variability of solar irradiance and gravity oscillations (Virgo) and laser interferometer gravitational
wave observatory (LIGO) in 2015, through the merger of black holes (BHs), provided strong evidence in support
of GR [4]. Since then, numerous GW events have been detected leading to a new realm of research in GW
astronomy and a testing ground for various gravity theories including GR under extreme conditions [5-11]. GR
has significantly enhanced our understanding of the Universe, but still has limitations such as being unable to
explain the cosmic accelerated expansion, encountering infinities in the theory at a highly relativistic regime and
not providing predictions for the dark components of the Universe [12—16]. In response to these limitations,
there are ongoing attempts to modify the theory.

The ACDM (A cold dark matter) model is the most favored modification of GR that incorporates the dark
components of the observable universe as supplementary fields, and is consistent with current cosmological
observations [17, 18]. This simple model assumes a spatially flat, homogeneous, and isotropic universe filled
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with a constant energy density fluid called the cosmological constant A [18]. However, the ACDM model has
limitations, such as the inability to justify the existence of A or explain its small value, which creates a fine-tuning
problem [18]. To address these issues, modified theories of gravity (MTGs) have been proposed, which can
predict observational data without invoking the dark components of the Universe [19, 20]. MTGs have enabled
the study of GWs, and the emergence of new properties of GWs, such as the presence of a scalar polarization
mode in the metric formalism of f(R) theory [19, 21]. This has stimulated research in the field, leading to
predictions of deviations from GR in applications to BHs and stellar dynamics. Recent observations have
constrained the extra polarization modes of GWs, including the mass of the graviton [22, 23]. Recent
observations have constrained the presence of extra polarization modes in GWs and have established a bound on
the mass of the quanta of massive mode, graviton, as 1, < 7.7 x 10" %eV/ [23].

Rastall [24] proposed a modification to GR in 1972 where he suggested that in curved spacetime or in the
presence of massive objects, the covariant derivative of the energy-momentum tensor should not be zero, but
instead only zero in flat spacetime. This resulted in the Rastall gravity model, which has received attention for its
unique characteristic of violating energy conservation in the presence of background curvature. The Rastall
theory suggests that the covariant derivative of the energy-momentum tensor should be equal to the divergence
of the Ricci scalar or curvature scalar R, while maintaining the Bianchi identity of the vanishing divergence of the
Einstein tensor [25]. Although the violation of the conservation, principle is exclusive to Rastall theory, other
theories like f(R, T) theory and f (R, Ly,) theory exhibit the same feature inherently [25, 26]. Rastall gravity causes
significant deviations from GR, particularly near high curvature regimes such as regions surrounding BHs and
neutron stars. Despite being equivalent to GR in some aspects, the Rastall theory shows significant deviations
from GRin the presence of non-zero curvature or dark energy fields [27]. Recently, the Rastall theory has found
important applications in the literature, including rotating and non-rotating BH solutions [28-30], the
gravitational collapse of a homogeneous perfect fluid [31], and the the phenomenon of particle creation in
Rastall cosmology [32]. Recently, Javed and his collaborators [33] investigated the wormhole solution and
thermodynamics of BHs solutions in different modified theories of gravity.

Notably, all vacuum solutions of GR and the modified Rastall theory (RT) are shared. Nevertheless, the non-
vacuum solutions exhibit notable distinctions from those in GR when the Radstall parameter A is taken into
account. Researchers became more interested in RT as a result, as seen by their varied views about the novelty
and accuracy of RT. Despite the growing interest among researchers to investigate the intriguing and enigmatic
characteristics of the RT, Visser [34] has argued that the RT is merely GR’s counterpart. Darabi et al [35, 36]
dissented, contending that Visser’s assertion was untrue and that these ideas are different. Visser contended that
Rastall’s energy-momentum-tensor (EMT) idea was faulty and that it was merely a rearrangement. On the other
hand, Darabi et al contended that Rastall’s concept of EMT was in line with the accepted definition of EMT.
Using the same technique as Visser [34], they provided a convincing example of the f(R) theory of gravity to
support their claim, proving that it is not the same as general relativity. Since GR can be recovered for a given
value of A, or the Rastall parameter, the RT is essentially a modified version of GR. It is important to note that the
recent work by Hansraj et al [37] provided support for the extensive analysis conducted by Darabi et al [35, 36].
Some interesting works in other versions of RT are present [38—40].

In the current field of study, BHs are regarded as one of the most characteristic features of powerful
gravitational fields. The strong gravitational force of a BH means that nothing (particles or radiation) from its
event horizon, yet it however swallows everything in its vicinity. In addition to defining some impressive classical
discoveries, these thermodynamic entities also provide a clearer picture of the quantum gravitational properties
they exhibit. Well-known BH configurations exhibit curvature singularity outside their event horizons; these
include the Schwarzschild, Reissner-Nordstr ¢m (RN), Kerr, and Kerr-Newmann configurations. Alternatively,
itis necessary to verify the accuracy of solutions of the GR or alternative theories of gravity by conducting tests
based on various astrophysical phenomena. X-ray data obtained from astrophysical compact objects can be a
valuable tool for testing specific theories and corresponding solutions [41-44]. Another approach is to use test
particles’ movements around BHs to model certain processes related to the accretion disc [45, 46]. The
electromagnetic field surrounding BHs plays a crucial role in determining the movements of charged particles
and other relevant astrophysical processes in the vicinity of the BH. Electromagnetic fields and adjustments
made to gravity’s laws have been widely examined in references [47—51], with many research projects focused on
exploring how the electromagnetic field and parameters of compact objects influence the dynamics of charged
particles (for example, [52—60]. Furthermore, the study of electromagnetic fields’ effects on particle motion in
the background of non-zero magnetic dipoles in the compact object’s gravitational field has been examined in
the following references [61-66]. In recent studies, authors [67—73] have discussed particle dynamics in BH.
Authors [74-76] have discussed the BH geometries haven the quintessence field and clouds of strings.

Here, we plan to explore the charged particle dynamics surrounded by the cloud of strings and quintessence
filed in the Rastall gravity black hole vicinity. In section 2 we briefly describe the charged black hole spacetime in
Rastall gravity. In section 3 we study the motion of charged massive particles. In section 4, we discuss massless

2



10P Publishing

Phys. Scr. 99 (2024) 065011 A Ashrafetal

particle dynamics. Section 5 focuses on the collision of test particles around the magnetized black hole. Section 6
comprehends the discussion about the effective force. Section 7 is devoted to the concluding remarks of the
obtained results. Throughout the manuscript, we use a system of units in which G=c=1.

2. Charged black hole solutions surrounded by a cloud of strings and quintessence field
(CBHSCSQ) in rastall gravity

According to the study presented in reference [77], Rastall gravity is a modified version of General Relativity that
alters the conventional covariant conservation condition of T/, = 0 to a new form:

Y, TH = \VFR, (1)

where A is a representation of the Rastall parameter. The modified energy-momentum conservation condition
in Rastall gravity alters the general conservation of energy and momentum in the presence of non-zero
curvature. However, when the curvature approaches zero, meaning no matter-energy contents are present, the
theory approximates to the General Relativity (GR). The resulting field equations in Rastall gravity are provided
in the following form [24, 77]:

1
R,ul/ - E(l - ZC)gﬂvR = Kﬂw- (2)

Considering the trace of the above-given equation, one can obtain

R=—" T 1/a, 3
a-n- / @

in this scenario, we consider ( = k), and in the next discussion, we shall represent the Rastall parameter by (. To
serve the purpose of obtaining the black hole solutions in the given framework, we use the following ansatz:
2
ds = f(de — I aaee, )
f)

here, f(r) describe the Schwarzschild metric function and d2? = d6? + sin? 8d¢? for spherically symmetric
general spacetime. The Rastall tensor is defined as Surv = Guv + &R where G, represents the Einstein
tensor. The components of the Rastall tensor are as follows:

Sy=G)+ (R= %goo + R=—-r{f'(nr—1+f("} + (R,
Si=G1+ R=—f(NGu+ R=—r{f/(Nr—1+f(} + (R,

8} =G% + R = =1 + (R=—r2{1f () + 3" (0} + &,
S =03+ R= G+ R = —r2{1f () + 5" (0} + R, ®)
where the Ricci scalar is given as:

R = r2{r¥f"(r) + 41f'(r) — 2 + 2f (1)}, ©

where prime notions are the derivative relative to the radial coordinate r. One can elaborate the general total
energy-momentum tensor 7" as:

TV = BV, + TH + 0L, @

where 7% is the energy-momentum tensor for the surrounding field, 6% is the energy momentum for
quintessence field, and E/'is the trace-free Maxwell tensor given below as:

2 1
E;zl/ = _(F;‘uyE/a - _gl“,FaCF(‘y()a (8
K 4
where F,,, represents the anti-symmetric Faraday tensor, obeying the conditions:
Fr = 0’
8[01:;‘11/] =0. (9)
For spherical symmetry it gives:
=92, (10)
2
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Electrostatic charge in this theory is represented by the parameter Q. Hence, the Maxwell tensor takes the form:

100 0
Qlo1 0 o0
k[0 0 =1 0

00 0 -1

Et, = (11)

Letelier was the first to present a solution for a static spherically symmetric black hole in the presence of a cloud
of strings [78] in the context of GR. By representing the cloud of strings as world sheets, it is possible to express
the energy-momentum tensor of the cloud of strings with a proper density p. given by:

THCR Y
T = L= 2 (12)
NTY
where v = %Z/”’ZW. The string bivector X" is expressed as
I v
S — eabﬁx ox ) (13)
g ol

The two-dimensional Levi-Civita symbol e *?, where €' = — €'° = 1, is utilized here. The spherical symmetry of
the cloud of strings is evident, implying that it is solely a function of the radial coordinate r. Consequently, both
the density p. and the string bivector ¥ can be expressed as functions of the radial coordinate r. As a result, the
non-zero components of the antisymmetric " tensor are identified as ©°' and ¥.'°, and they satisfy the
relationship ©-°" = — ©.'°, Thus, the energy-momentum tensor of the cloud of strings can be written as follows:

p(r)y 0 00

Th, = 0 p(r) 00 ' (14)
0 0 00
0 0 00
From equations (1), (3) and 14) we may write,
d 2 20 d
e | 2P _ _Cﬁ (15)
dr r 4¢ — 1 dr
The solution of the above equation reads,
2(2a—1]
p.(r) = br a1, (16)

where b is the constant of integration. It has a direct association with the density of the cloud of strings. The weak
energy condition stipulates that the value of parameter ‘b’ must be greater than or equal to zero. Recently, a
solution describing a black hole surrounded by quintessence was derived, and its energy-momentum tensor was
provided by [79]

py(r) 0 0
0 pq(r) 0
_ 1
9“1/— 0 0 _qu(3wq+ 1) 0 5 (17)
1
0 0 0 —> A G+ D

where the pressure and density related to quintessence, p, and p,, respectively, are linked by the equation of state
Pq = WPy with w, showing the quintessential state parameter. Now the S% = T and §'; = T', components
of Rastall field equations lead [77]:

2
—r2(rf = 1+ f) + %(rzf” +4rf' — 2+ 2f) = kp + p,(r) + Q—4. (18)
r r
Similarly, the S3 = T# and S3 = T; components take the form:
—r 2 rf + lrzf” + £(er” +4rf! — 2 4+ 2f) = 1 Bw, + 1) — Q—2 (19)
2 r2 2 Py rt
Solving equations (17) and (18), we get the general solution for the metric function,
M QY a2l — 1w q
N=1-"=+=+ - ) 20
@ [ r r? 82 +2¢—1 rGwgt (20)

where a = kb. We will define the term a as the cloud of string parameter, as evident from equation (16), where
this parameter, or the integration constant b, directly represents the density of the string cloud. The weak energy
condition further restricts this parameter, requiring a 2> 0 [77]. Here, M denotes the mass of the black hole, w,

4
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Figure 1. Horizon radius r;, For fixed values M = 1, q = 0.0001, Q = 0.40 a = 0.30 & { = —0.20, where variable values are given in
plotlegend.

represents the quintessential state parameter, and g corresponds to the quintessential parameter associated with
the quintessence density as defined below. The pressure and density of quintessence are related by the equation
q 39

of state p, = wyp,, where g, = — Ty Lo achieve the scenario of accelerated expansion, it is necessary to

impose the condition —1 < w, < —1/3. In this study, we adopt w, = — % As for g, itis a positive parameter
[79, 80]. Notably, when a = g = 0, we recover the Schwarzschild charged solution.
With equation (20), the metric equation (4) takes the form:

LM | @ a@(— Dirix

ds? =1
r? 8C +2¢—1

— gr|dt?

-1

dr?* — r’dQ2. (21)

oM@ o v

r r2 8¢ +2¢—1

The metric equation (21) describes a Reissner-Nordstrom black hole encompassed by a cloud of strings and a
quintessence field within the framework of Rastall gravity.

Parameters g, g, Q & (have a strong effect on the horizon radius r;, as shown in figure 1. Increasing values of
q & (result in increasing r;,, while increase in a, Q depict decrease in ry,.

3. Massive particle motion around charged BH surrounded by a cloud of strings and
quintessence field (CBHSCSQF) in Rastall gravity

Our analysis begins with the examination of the motion of massive particles around the CBHSCSQF in the
context of Rastall gravity. In order to describe the trajectory of such motion, we can employ the Lagrangian of a
massive particle with a specified mass M as follows [71]:

dxt

1
R 4 J—
L= Eg;wu/ u, ut = dr . (22)

In the above equation, 7, x*, and u* represent the affine parameter, coordinates, and four-velocity of the test
particle, respectively. The expressions for the energy £ and angular momentum £, which are crucial quantities
governing the dynamics of the test particle, are provided below:
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Figure 2. Massive particle: V,yversus rby fixing {M = 1,4 = 0.0001, Q = 0.40 & a = 0.30 (Upper eft graph)} , {M = 1,
q =0.0001 ¢ = —0.20 & a = 0.30 (Upper right graph)}, {M = 1,4 = 0.0001, Q = 0.40 & ¢ = —0.20 (Lower eft graph)} and
{M=1,a=0.3(=—0.20 & Q = 0.40 (Lower right graph)}.

oL dT
e=%% _ _rinL,
ou' f dr
/
L= % = r?sin® 6@. (23)
ou?® dr

Equations of motion for test particle can be found by replacing equation (23) into the normalization condition
wov_ . . T do
guu*u” = —einthe equatorial plane = & =0

2
dar _ Er—f(n) E+£— , (24)
dr r?
do L?
@ _ L 25
dr  r?sin?6 (2)
a_ & 26)
ar  f()
where parameter e is defined in the following condition:
1, for timelike geodesics
e =140, for null geodesics 27)

—1, for spacelike geodesics.

Then the equation of geodesics depending upon the radial takes the form:

2 2
(j—;) — V(=& — f(r)(l + i) 28)

where

2
Ve (1) :f(r)(l + 7) (29)

In this case, V,4(r), €, and L represent the effective potential for the radial motion of the test particle, the geodesic
motion, and the angular momentum, respectively. The motion of neutral particles around the black hole can be
obtained by imposing the conditions # = 0 and # = 0. The expressions for £2 and £ for the CBHSCSQF in
Rastall gravity are given by:
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Figure 3. Massive particle: £ versus r by fixing {M = 1,4 = 0.0001, Q = 0.40 & a = 0.30 (Upper eftgraph)}, {M =1,
q =0.0001 ¢ = —0.20 & a = 0.30 (Upper right graph)}, {M = 1,4 = 0.0001, Q = 0.40 & ¢ = —0.20 (Lower eft graph)} and
{M=1,a=0.3(=—0.20 & Q = 0.40 (Lower right graph)}.
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Figure 4. Massive particle: £ versus rby fixing {M = 1,q = 0.0001, Q = 0.40 & a = 0.30 (Upper eft graph)} , {M = 1,
q =0.0001 ¢ = —0.20 & a = 0.30 (Upper right graph)}, {M = 1,4 = 0.0001, Q = 0.40 & ¢ = —0.20 (Lower eft graph)} and
{M=1,a=03 (= —0.20 & Q = 0.40 (Lower right graph)}.
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risco

a q

Figure 5. ISCO radius rsco For fixed values M = 1,4 = 0.0001, Q = 0.40 a = 0.30 & { = — 0.20, where variable values are given in
plotlegend.
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Figure 6. Massless particle: V gversus r For fixed values {M = 1,4 = 0.0001, Q = 0.40 & a = 0.30 (Upper eft graph)}, {M = 1,
q =0.0001 ¢ = —0.20 & a = 0.30 (Upper right graph)}, {M = 1,4 = 0.0001, Q = 0.40 & ¢ = —0.20 (Lower eft graph)} and
{M=1,a=0.3(=—0.20 & Q = 0.40 (Lower rightgraph)}.
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0.10 0.15
a q

Figure 7. Photon radius rp;, For fixed values M = 1, q = 0.0001, Q = 0.40 a = 0.30 & ¢ = —0.20, where variable values are given in
plotlegend.

4aC(2¢ — Dricx 4+ (82 4 2¢ — 1)r2(__NQ-;Ah>___qr)
= : — (30)
(8C2 + ZC - 1)(% — 6]7’) — 261(8<2 — 6C + 1)1’1724*2

And

2(a(1 = 20752 4 8¢+ 2¢ — 1)(gr — D200

E2 = .
(1 — 4022¢ + 1)((24 + (2D ) a2 - 1)r1f7*2)

(€20)

One can observe the radial propagation of Ve &,and L in figures 2, 3, and 4, respectively. Itis evident that Vz
increases with an increase in a & Q, and decreases with an increase in g & ¢. £ shifts towards the left with
increasingin a, ¢, Q and decreasing ¢, Additionally, £ Follows the same trend as £ behaves for varying values of
a,Q,q & (.

Subsequently, we will investigate the inner stable circular orbit r;5c0. In order to determine the r;5¢0, the
following conditions can be considered:

ro_
Veff— 0

(32)
"o
vl =o.

The system complexity makes it difficult to obtain the analytical expression for r5co. So, we deal with the ISCO
radius numerically and draw its graphs depending upon a, Q, g & (as shown in figure 5. One can observe by
having an overview that r;sco Decreases with increase in a & Q and increases with increase in g, whereas it shows
uneven behavior for decreasing values of (.
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Figure 8. Frequencies v, & vy = v verses radial coordinate r by fixing {M = 1,4 = 0.0001, Q = 0.40 & a = 0.30 (Upper eft graph)},
{M=1,q=0.0001 ¢ =—0.20 &a = 0.30 (Upperright graph)}, {M = 1,4 = 0.0001, Q = 0.40 & { = —0.20 (Lower eft graph)} and
{M=1,a=0.3¢=—0.20 & Q = 0.40 (Lower right graph)}.

4. Massless particle otion around BH surrounded by a cloud of strings and quintessence
field in Rastall gravity

In this subsection, we investigate the motion of massless particles (photons) within the spacetime of a black hole
in Rastall gravity. By employing the metric Lagrangian of the black hole spacetime in Rastall gravity, one can
derive the equation of motion for photons around the CBHSCSQF by setting € = 0 in equation (27). In the
equatorial plane, the equation of motion can be expressed as:

=g - f(r)f—j, (33)
= % (34)

. €
f=—": 35
f() G

By Utilizing equation (33), one can easily get the expression for effective potential Vrof the motion of photon as:

2
Vg = f(r)%- (36)

The dependence of the effective potential on the radial coordinate for photon motion is presented in figure 6.
The effective potential for massless particles increases with increasing a and Q, while it decreases with increasing
qand (. The shift in the photon orbit radius can be observed in figure 7. It is observed that the photon radius
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graph)}and {M = 1,a = 0.3 ( = —0.20 & Q = 0.40 (Lower right graph)}.

decreases with an increase in a and Q, and increases with an increase in g and ¢. The photon’s circular orbit
radius 7,,, around CBHSCSQF in Rastall gravity can be obtained from the solution of the second equation in
equation (32). Being complex solution, we apply numerical method to plot ,,;, directly without obtaining its
expression.

5. Oscillations of massive particles near the circular orbit

In this section, we examine the epicyclic frequencies associated with the quasi-periodic oscillations (QPOs) of
test particles within the effective region of the ISCO radius. The detailed formulation of these frequencies can be
found in the work by Bambi et al [45]. Three fundamental frequencies are considered: (i) the Keplerian
frequency or orbital frequency v, = wy/2, (ii) the radial epicyclic frequency v, = w,/2m, which represents the
oscillations in the radial direction around the mean orbit, and (iii) the vertical epicyclic frequency vy = wy/2,
which characterizes the vertical oscillations around the mean orbit in time-like equatorial circular orbits. The
expressions for these frequencies are given by:

8 |98 )' 0 %
d¢ or or ar  Or

Wo = ; = a5, > (37)
or
1 0%,
P (38)
2i%g Or?
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Figure 10. ER-II Model: Frequencies v,, & vy verses radial coordinate r by fixing {M = 1,4 = 0.0001, Q = 0.40 & a = 0.30 (Upper eft
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graph)} and {M = 1,a = 0.3 { = —0.20 & Q = 0.40 (Lower right graph)}.

0%,
Wi = — 21 28 (39)
2t°g,, 00

From the metric space given in equation (20) give the following form of fundamental frequencies of the massive
particles around the circular orbits

1

1—2¢)2r1-2¢ 2M
%+T+qr,%,1

JTor 82 +2(—1
= =y, = — 1= 202w v2[—2a(8C — 6¢ + 1)ri-x
r 2\57’1’ ar (1 — ZC)Z(—SCZ — 2<+ 1)1'41/13,, [( 4) 4r lr[ ( < C )

+4aC ¢ — 1D)riox — (83 + 2¢ — 1)(=2Mr + qr’ + 2Q) + (8¢ + 2¢ — 1)
X (4Q — r(6M + r(qr — 2))] + 2(1 — 20)(16¢% — 4 — 4C + Dvy, [4aC (1 — 20)ri-x
—2(8¢ + 2¢ — DMr + (8¢* + 2¢ — Dgr’ 4+ 2(8¢% + 2¢ — DQI22¢ + )Mr
X (a2 + D% + 4(4C — 1)gr’ — 40Q + Q + (1 — 40)r?) + Q[—4dari-x
—9(8C + 2¢ — 1)qr® + 48 + 2¢ — D)r?] + 36alqri-x T} + agri-x
— 12algrixt? — l6alriont? — 8¢Cqr’ — 20qr° +  qr’] — viyvsl,
(40)

8C + 20— 1 T2 7
Vo= vy = ¢ r po- i i (41)

4
\/2{1{(24 — ri—2¢ M qr Q

Where v;,, i = 2,3 4...,14 are given in Appendix.

These frequencies are contingent upon the spacetime parameters a, g, Q, and ¢, as illustrated in figure 8. It
can be observed that v, increases with increasing values of a, ¢, and Q, while it decreases with increasing ¢. On the
other hand, vy decreases with increasing values of 4, g, and Q, but increases with increasing ¢.

In this portion of the manuscript, we also account for the possible frequencies of twin peak QPOs [81]
surrounded by CBHSCSQF.
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+ The standard relativistic precession (RP) model [82] assigns upper and lower frequencies based on the
respective values of v as vy = v and vp = v4 — v,. In the modified RP-1 model, the frequencies are
represented as vy = vgand v, = v, — v,, while in the modified RP-2 model, the frequencies are represented as
vy = vgand v, = vy — v,. The graphical representation of the RP model illustrates the increasing and
decreasing behaviors associated with changes in the parameters of the CBHSCSQF, as depicted in figure 9.

+ The three epicyclic resonance (ER) models, namely ER-II, ER-III, and ER-IV, are proposed in work by
Kluzniak et al [83]. These models assume that the accretion disks have a significant thickness, and the
resonance of radiation particles following geodesic orbits gives rise to quasi-periodic oscillations (QPOs). The
upper and lower frequencies for orbital and epicyclic oscillations in the ER models are defined as follows: for
the ER-II model, vi; = 2vy — v, and v;=v, for the ER-III model, v;; = vy + v,and v; = vy and for the ER-IV
model, vy = vy + v,and v, = vy — v,. We plot the ER models (ER-II, ER-III, ER-IV) incorporating the effects
of CBHSCSQF geometry parameters in figures 10, 11, and 12).

6. Effective force

The determination of the movement of a test particle, whether it is directed away or towards the central source,
can be inferred by observing the behavior of the effective force. The effective force experienced by a test particle
within the gravitational field of a gravitating source [84] can be calculated using the following expression:

_ 10 V()

2 o (42)
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The expression of effective force calculated in the case of CBHSCSQF in Rastall gravity geometry is as:

_ 1] 4aC¢ - Dricx R
F = ZrSH—SCZ—FZC—l + 2Mr — gqr ZQ}

y 4aC(2¢ — Drix — (8C + 2¢ — 1)(—2Mr + gr* + 2Q) o

rz((SCZ +2¢= (=2 — gr+ 42 4+ 2) - 2a8C — 6¢ + 1)r%)

+ 2 [[4aCri’

a1 - 4()2(—2(11’% + 4(1(1'% —4¢ + w + 20r + qr — L“ZS%I)Q — 2)

2 _
L 280+ 2r< DM

+oari i — daCriw — 8¢C — 2¢ + (8¢ +2¢ — gr

—8 —
RS 224+1)Q+1]

r

a(l — 60)}qri-x*!

y l_ 202¢ + DM@QC + Dri'x + 4(4¢ — Dgr® — 40Q + Q + (1 — 40r)
r

+4Q(ar % — 8 — 2( + 1) + 16alr % + 98 + 2 — 1)qQr + (8C + 2 — Dar1ll.
(43)

The interpretation of the impact of the effective force can be enhanced through graphical analysis, as depicted in
figure 13. It is observed that the behavior of the effective force fluctuates between attractive and repulsive,
eventually settling into an attractive force along the radial motion. The attractiveness of the effective force
increases with an increase in g and becomes more repulsive with an increase in Q. On the other hand, when a is
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increased, the effective force is initially attractive but later becomes repulsive. Similarly, decreasing (leads to an
initial repulsive effective force, followed by it becoming attractive.

7. Conclusion and summary

This paper contains a comprehensive discussion of the particle motion for massive and massless particles, quasi-
periodic oscillations, and effective force under the paradigm of Rastall gravity with charge of black hole, strings
of cloud, and quintessence field. Through the above discussion, we reached the following concluding points:

+ We Plotted the horizon radius r;, in figure 1 along parameters Q, a & g. It can obviously be seen that the
horizon radius r, along Q increases with the increasing g and decreases with increasing a. Horizon radius r;,
along a decreases with the increasing Q, and horizon radius r;, along g increases with the increasing .

+ While studying the particle dynamics around the Rastall BH, we discussed the effective potential Vg
depending upon the radial coordinate r of the compact body for massive and massless particles for varying
values of (, Q, a & g. It can be observed from figure 2 for massive particles and figure 6 for massless particles
that the V,increases by increasing Q & a and decreases by increasing ¢ & g. Moreover, V,for the massive
particle is more than the massless particle.

+ One can observe the energy and angular momentum of massive particles in figures 3 and 4. Energy and
angular momentum along radial coordinate r, increase with the increase in  and decrease with an increase in
Qq&a.

+ Weinvestigate the ISCO radius for massive particles around the BH, it is observable from figure 5 that ISCO
along Q increases with an increase in g and decreases with the increasing values of a. Moreover ISCO along a
increases with an increase in Q, and along q increases with the increase in ¢.
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+ Photon sphere radius is investigated, studied, and calculated by using the common method using the effective
potential. Its detailed information can be seen in figure 7. ,,, along Q increases with an increase in g and
decreases with the increasing values of a. Also, r,, along a decreases with an increase in Q, and along q increases
with the increase in (.

+ Weplotted the radial and tangential frequencies along radial coordinate r in figure 8. In figure 9, we plot the
upper and lower frequencies of the RP model while ER model frequencies are given in figures 10, 11, and 12.
These graphical illustrations indicate variations in the frequencies by varying the parameters Q g a & ((Qis
electrostatic charge, g is a positive parameter, a is cloud of string parameter, and (is Rastall parameter ).

+ Attractive behavior of the test particle through the effective force is plotted in figure 13 along the BH radius rin
Rastall gravity under the effects of Rastall parameter ¢, the quintessential parameter g, charge Q, and string
parameter a.

+ Significantly, we obtained the outcomes within the context of the quintessence field and charged strings of
cloud. The computed findings we present are authentic and grounded in theoretical prognostications, thus
holding the potential for facilitating forthcoming investigations.
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Appendix

vir =8 + 2¢ — 1)(4Q — r(6M + r(qr — 2))) — 2a(8C — 6¢ + 1)ri-x,

var = 4aC (2¢ — Dricx — (8C + 2¢ — 1)(=2Mr + gr® + 2Q),

V3 = —8alri-x — 6MQ2Cr + 1) + 2(gr® + qr® + 82¢ + DQ,

vy = a(l — 202 % + 282 + 2( — DMr + 8¢ + 2¢ — 1)gr®
+ (=88 — 2C+ DQ + (=82 — 2¢ + )2,

vsr = (2C — Q¢+ D(—(1 — 402 (BBE — 6¢ + 1)gr® — 4ari-x)[—2arrx + 4alri-x
+ 6MQ2Cr + 1) + 20qr* + qr* — 4Q¢ + 1DQ — 4¢r? — 2P + 2(1 — 202
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