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1. Introduction

The integrable equation known as short pulse (SP) equation is introduced by Schafer
and Wayne, given by

1, .
Ugt = U+ é(ud)rza (11)

having real-valued function u = u(z,t) for the propagation of ultra-short waves in
nonlinear media which can be associated with pseudo spherical surfaces [1-4]. By
using hodograph transformation SP equation can be transformed into sine-Gordon
equation, coupled dispersionless equation and modified Korteweg—de Vries (mKdV)
equation [5H7]. The integrability of SP equation has been studied through different
points of view, such as conservation laws [8,|9] existence of bi-Hamiltonian structure
[10], existence of Lax pair of Wadati-Konno-Ichikawa (WKI) type [11], soliton
solutions, etc. [12H15].

In this paper, we study the Lax pair for semi-discrete SP equation and then
study the two Darboux as well as binary Darboux transformation of SP equation.
For this purpose, we apply the Darboux matrix on Lax pair of SP equation for
both direct and adjoint space to obtain the multi-soliton solutions. Through the
iteration of binary Darboux transformation, we derive the general expressions of
multi-quasi-Grammian solutions and represent these solutions by using quaside-
terminant approach. Finally, we calculate the exact solutions for the grammians,
bright and dark double breathers and peak solutions for semi-discrete SP equation.

2. Lax Pair
The Lax pair for SP equation is given by
1 uy,
0,9 =UV =)\ v, (2.1)
Upy —1

ou =vy="2 v u2uz@10—u\1/110\11 2.2
L ) wu, —u? +§u 0 +50—1 (22

where U is an eigenmatrix of 2 x 2 order. An appropriate hodograph transforma-
tion is applied which transforms the independent variables (z,t) into new variables
(X,T), ie.

dX = wdz + %u%adt, dT = dt. (2.3)
Also the old dynamical variable u transforms into new dynamical variable related by
w? =1+ (ug)?, (2.4)

which transforms into the new form
rxT = —%(UQ)X, (2.5)
uxT = TXU, (2.6)
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where X, T represent the derivatives with respect to X and T. Equations (2.5))
and (2.6) can be expressed as the compatibility condition for the following linear
system:

Ux = E(X,T; \)U = (\dx P)V, (2.7)
Up = F(X,T; \)¥ = <Q + iR) v, (2.8)

where the matrices P, and R are given by

r U 1/0 —u 1 /1 0
P:<u x>, QZ?(U O>’ R:4<0 1>. (29)

The compatibility condition Ep — Fx + [E, F] = 0, of the linear system (2.7)), (2.8)
gives the zero-curvature equation which is equivalent to (2.5)), (2.6). Now, the Lax
pair of semi-discrete version of (2.5)), (2.6]) is given by

Uor1(A) = E;(\)Ts(N), (2.10)
d
ﬁma(A) = FJ(A)\IIU(A)’ (211)

where the matrices E, and F, are

1 0 Lo — T Uo — Us
E, =1+ NPy — P,) = (0 1) A ( i “ ) (2.12)

Ug+1 — Ug *(‘Trf—i—l - IU)
1
0 —%" ;0
F,=Qs+ ) 'R= + A7t aE (2.13)
< 0 2
2 0 4

where ¥, () is the eigenmatrix of order 2 x 2 depending on continuous independent
variable T and spectral parameter ), o in the subscript is discrete index and z,(T)
and u, (T') are the scalar functions. The compatibility condition of the linear system
@b, , ie. oF, + E,F, — F,41E, = 0, gives the semi-discrete version of

73). @0, as

d Ug+1 + Us
(o1 — 20) + %(UUH —uy) =0, (2.14)
d Ugt1 + Us
S (o1 = ) — %(%+1 —2,) = 0. (2.15)

For the continuum limit, lim,_.q = xx, lim,_q % = ux, so Egs.

2.14)) and (2.15)) reduces to (2.5), (2.6). Further, from the determinant of matrix
2.12)), if we take the first integral (x,41— )2+ (U 41—y )? = constant, then sdSP
equations (2.14), (2.15) can be equivalent to a chain of Backlund transformations

Lo4+1—Za
a
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for the mKdV equation
d 1
ﬁ(“g.}rl —Uy) = 5\/0 — (Ugt1 — Us )2 (Ugp1 + Ug). (2.16)
Matrix (2.13)) is traceless and used for the mKdV zero curvature representation.
Similarly, one can show the transformation of sdSP into sine-Gordon equation by
introducing the variables

o—1
Op+1 + 0y d
To =To+2 E Cos ————, Uy = ——0,. (2.17)
P 2 dT

By using the transformation (2.17)), Egs. (2.14)), (2.15]) can be converted into a chain

of Backlund transformations of sine-Gordon equation

d 0o 05
in ot 7 + .

(001 = 6,) = 2si 5 (2.18)

3. Darboux Transformation

Darboux transformation is an important technique to calculate solutions of inte-
grable systems (for detail see |14} [16+25]). Now, we define the Darboux transforma-
tion on the linear system , by using Darboux matrix D, () to obtain
the solitonic solutions. The Darboux matrix transforms the matrix solution from
the space V' to new space ‘7, ie.

Dy(A):V =V (3.1)
U, — \Tlg.
The one-fold Darboux transformation on matrix solution ¥, is given by
U, [1] = Dy (N)Y,, (3.2)
where D, () is the Darboux matrix. The new transformed solution ¥, [1] satisfies
the following linear system , as
Vora[1] = Eo[1]¥o[1],

; (3.3)
ﬁ\po[l] = Fa[l]\pa[l]v

having E,[1] and F,[1] as,
EU[l] =1+ )‘<Pa+1[1] - Po‘[”)v

(3.4)
Fo[1] = Q- [1] + A7 R[1].
Now, we define the Darboux matrix as
D,(\) ="' — N, (3.5)

where N, is the auxiliary matrix of order 2 x 2 which is yet to be obtain and I is
the 2 x 2 identity matrix. The choice for N, is N, = ©,A710, 1, where O, is the
distinct matrix solution of the linear system (2.10)), (2.11]) having order 2 x 2 which
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can be calculated by using j-eigenvector functions ¥, (\;) evaluated at A;, j = 1,2,
whereas the matrix A is a diagonal matrix of order 2 x 2 having eigenvalues A1, As.
Therefore, the matrix ©, can be defined as

0o = (Vo (A1)le)1, Wo(Azle)2)), (3.6)
evaluated at
A = diag(A1, A2). (3.7)
By using , , the linear system , can be expressed in the matrix
form as
Opt1 =0, + (Pri1 — Py)O,A, (3.8)
%@g =Q,0, + RO,AL. (3.9)

Based upon the above consequences, we can prove the following theorems.

Theorem 1. Under the action of Darbouz transformation (3.5)), the new solution

(3.4) has the same form as that of Py in (2.10)), (2.11), provided that the matriz N,
has to fulfill the following conditions:

P,[1] = P, — Ny, (3.10)
(No41 — No)No = (Pyy1 — P;)Ny — Nojy1(Pog1 — Py). (3.11)
Proof. The relation between the Darboux transformed solution P,[1] and the

untransformed solution P, is obtained and expressed in Eq. (3.10). Now, we have
to verify that the choice of matrix N, = ©,A710 ! satisfies the condition given

by (B10). ie.
(Ngi1 — Ng)Ny = 0,11A7'0;1,0,47'0;1 — 0,070, '0,A0;

+0,11A710510,07105 — 0, 1 A71071,0,,, A0,
— (O, A0S — 0,70 e, A6t
— O, 1A', 1 (0,1ATO T —O,ATe ),
= (Po+1 = Ps)No = Nos1(Pog1 — Fs),
which is Eq. (3.11)). So, the proof is complete. O

Theorem 2. Under the action of Darbouz transformation (3.5)), the new solution

(3.4) has the same form as that of Q., R in (2.10), (2.11), provided that the matriz
N, has to fulfill the following conditions:

Qo1] = Qo + [R, N, (3.12)
R[l] =R, (3.13)

d

ﬁNG = [QCMNJ] + [R,No]Ncr (314)
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Proof. The relation between the Darboux transformed solution Q,[1], R[1] and
the untransformed solution @,, R is obtained and expressed in Egs. (3.12)) and
(3.13). Now, we have to verify that the choice of matrix N, = ©,A~1O_ ! satisfies
the condition given by 1} For this, we operate % on matrix N, as

iNU = ( d 60) A'O +e,A7 (d@1>,

dT dT dT °
_ i —1n-1 —1n-1 i -1
(dT@G)A 0;'+0,A7'6e; 797 ) 05",

= (QsOy + RO, A HAT'O T — 0,010, (Q,0, + RO,A1O !,

= [QUaNa] + [R7 NO’]NO"
which is Eq. (3.11). So, the proof is complete. a
Remark 1. Thus, the matrix N, = ©,A710! is the good choice which satisfies

the conditions imposed by the Darboux transformation. So, the Darboux transfor-
mation preserves the system i.e. if U, P,, Q, and R, respectively, are the solutions

of the linear system (2.10)), (2.11)), therefore ¥, [1], P,[1],Q_[1] and R[1] are also

the solutions of the same equations.

By using (3.10]), the Darboux transformation on solutions z, and wu, can be
expressed as

l‘o’[l] = X5 — lel, uo[l] = Uy — Ng712. (315)

Now, further we present the solutions by using quasideterminants (for detail see
[33, 134]) defined as

le ZlZ

Zn

So, we can express the Darboux matrix on solution ¥, as

= Zoy — Zon Zy,' Z1a.

U,[1] = DNV, = (AT -0,A710, )T,
@O' ‘110'
O,A"" | AT1D,

For the next iteration of Darboux transformation, take O, 1, ©,2 are the two
distinct solutions of the linear system (3.8), (3.9) at A = A7! and A = A",
respectively. The two-fold Darboux transformation on ¥, [2] is given as

Uol2] = (A = N,[2)) (AT = N, [1]) s,
= (A7 = N,[2) T, [1], (3.17)
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where one- and two-fold Darboux transformed matrix N,[1], N,[2] in terms of
one- and two-fold Darboux transformed particular matrix solution ©,[1], ©,[2],
respectively, are given by N,[1] = O,[1]A7 (0,[1]) ", N,[2] = ©,[2]A5 1 (0,[2]) .
Also, ©,[2] is written as

0,[2] = (0,2A5" — N, [1]0,.2),
6071 9(7,2
= —. 3.18
QAT |6, 005" (3.18)
By using (3.16]), (3.18) in (3.17)), we get
@o,l \I/g @cr,l 9072
T,[2] = A7t - ) AT
e OoiAT! | O20;
-1
6071 6072 6071 \Ila
X )
Q1A [O,0A5" O, AT (AT,
Os1ATh AT, | [0,1AT Ou0AL!
0,147 0,187 0,005

-1 —1|t -1 -1
@a,1A1 @0',2A2 @(,—,1./\1 A \IIU
X )
o o
@U,l @U,2 \I/a
= 051 AT O, AT, |

where we have used homological relation in second step and noncommutative Jacobi
identity in the last step.* Similarly, K-fold Darboux transformation is given by

2For a general quasideterminant expanded about N X N matrix D, we have

iig E G‘_‘E FHE F | YE G‘
bl D i |

From the noncommutative Jacobi identity, we get the homological relation

E F G E F O||E F G
H A =|H A H A
JC s ¢ 1|0 ¢ [p]

where O and I denote the null and identity matrices, respectively.
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O, O¢.2 e O, Kk Y,
O AT Op2Ay" o Qg kAR Ay,
U, [K] = : : . : :
90,1/\17([(71) @U’zA;(Kfl) . @U’KA;((K*U A-(E=1)g
O, 1A K Qoo™ o O, kALK A KD,
(3.19)
Now, Eq. can be written as
P[] =P, —0,A7'0,",
Oy I
=P, + 0. 0] (3.20)
The result can be generalized to K-times Darboux transformation as
Op1 Os2 e O K O
OuiATY OppAyt o O kAR O
Po|K| =P, + : : : DL (3.21)

Ot AT F TV 0, A F Y e, AT T

)

O AT QA K o O, (O]

)

In soliton theory, we have also used the adjoint pair of matrix eigenvalue problems.
So, for the adjoint pair taking adjoint of the linear system (2.10) and (2.11)), we get

D, =, (I +u(Pl ., — P, (3.22)
d

B — = T —1pt .2
700 = 2, (Q5 +p R, (3.23)

In Egs. and u is a spectral parameter and ¢, represents an adjoint
matrix eigenfunction defined by adjoint Lax pair and . The compatibil-
ity condition of this adjoint Lax pair does not generate any new conditions except
the original zero curvature equation. Such type of connection has also been used in
Riemann—Hilbert problems [32]. The Darboux matrix D, (u) transforms the matrix

solution ®, in space VT to new matrix field solution ®, in adjoint space 17?, ie.
Dy(p): Vi = vt (3.24)
O, — &)U.
Now, we can write Darboux transformation on matrix solution ®, as
®,[1] = Dy (p)®y = (u 1 — M,)®,,, (3.25)
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where M, is the 2 x 2 matrix which is to be determined and I is 2 x 2 identity matrix.
The covariance of the linear system under the Darboux transformation requires

that the new solution 50 satisfies the linear system 1) and 1' given by
O 41[1] = 6 [1(I + u(P) 1, [1] — PI[1])),

.

dT

Now, applying the Darboux transformation (3.25)) on (3.26)), we get the Darboux
transformed matrix functions P, Q! and R as

(3.26)
3,11 = ,[1] (Qi,m n ;R*m)

QI = QL + R, M,], (3.27)
R'[1] = R'.

The matrix M, can be constructed from the eigenmatrices of the linear system and
we take M, as M, = Q,F ~'Q !, where f = diag(j1, j12) is the eigenmatrix. The
particular matrix solution 2, of the linear system and is an invertible
2 x 2 matrix which is given as

Qo = (Do (p1)le)r, Po(pzle)2))- (3.28)

Each column |®,); = ®,(p;)le;) in Q, is a column solution of the linear system
(3-22)), (3.23). The K-fold Darboux transformation on matrix solution and matrix
function ®,, P! can be expressed as

Qa,l QJ,2 e QO’,K (I)U
Qo,lFl_l QU,2F2_1 e QmKF}_{l /1'_1(1)(7
—2 —2 —2 -2
D, K] = Qo1 F 7 Qoof 3" - QorlFg p Py | (3.29)
QonF 1% Qoob 3™ o Qo™ | Ko,

Similarly, the quasideterminants of PI[K] is written as

Qo Qs - Qo i o)
QoaF 7t Qoof 5t - Qorcl % O
PlK] =P, + : : : D (3.30)
Y O Y L  Mp0 Sl |
Qoar 7% QoF3 5 o QX [O]

Equations (3.29) and (3.30) are the Kth quasideterminant solutions of the SP
equation for the adjoint space.
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4. Binary Darboux Transformation

For the binary Darboux transformation (for detail see [26131]), consider the hat
space V' which is the copied version of direct space V', so that the corresponding
solutions are ¥, € V. Therefore, the linear system can be written as

(I\/ (I\/g"‘)\(ﬁcH»l_ﬁa')(I}J»
‘s (4.1)
dT

where the matrices ]30, @, and Eg are given by

5 Ty Uy @ 1/(0 —u, 7 1 /(1 0 (4.2)
\a, —z.) 7 2\a, o) 7 4\o -1/ '

The particular solutions for the direct and adjoint spaces are O,, QU, respectively.
So, the correspondmg solutions for hat space are O, € V and @, € V. Also
assuming that z(@g) € VT, then one can write the transformation as

DV v S v (4.3)
Since ®, € VT, we have

i(6y) = DVTN) D, (4.4)

Also from DI ()\)(i(6,)) = 0, we obtain i(0,) = 05T and similarly i(O,) =
@{(fl . So, we can write

6Vt = pVi(n)e,

and

~

8, = (DS (N)D,) D, (4.5)
where D, (\) = A1 —©,A1O; . By using the value of D,()\) in Eq. (4.5), we get
O, = (W' T-0,A71e;H (Dt ) (=T

= (A -0,A71e e

= 0,(\ - ATHe DT

=0, T —AT) (@O,

= 0,A(0,,9,) 7", (4.6)
where the algebraic potential A(Q,, ®,) is defined as

A(O,,®,) = (PIO,)(A T —A~H) 7L, (4.7)

Similarly, for the adjoint space the matrix ﬁ(, can be written as
(-1t

Q= QAT,,Q,) (4.8)
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where
AU, Q) = - —FEOH1Qfw,). (4.9)

By expressing Egs. (4.7) and (4.9) in the form of matrix for the solutions 6, and
Q,, we get

FEVIAO,,9,) — A(O,,Q,)A7! = Qf 6, (4.10)
where A matrix is given by
A(O,,Q,) = % (4.11)
Now, we define Darboux transformation in hat space
D,(N) = (AT =N,) =\ —0,116 1Y), (4.12)
where the action of Darboux transformation is
Dy (\)¥, = U, [1], (4.13)

which is equivalent to the Darboux transformation in direct space. Now, we use the
definition of binary Darboux transformation which relates two solutions ¥, and
v, as

D,(N)¥, = Dy (N)T,, (4.14)
Based upon the above results, we can prove the following theorems.

Theorem 3. Under the action of binary Darboux transformation (4.14) and by
using 1D the new transformed matriz solution W, has the following form:

Uy =0, — 0,A(0,,0) 'A(T,,Q,), (4.15)

Proof. The definition of binary Darboux transformation implies
U, = D7 () Do ()W,
Now, using the values of D,(\) and Dy (), we get
U, = (A= 0,F VO )TN\ —0,A 01T,
=0,(\ - e e, (A — AT,
using Eq. in above expression, we get
Uy = O,A(O,,8,) ' (AT — p (D1
x A(0,,2,)0,'0,(\ 1T - AHe v,
= 0,A(0,,P,) ' (AT — fIHL (4.16)
x (ATTA(O,,D,) — A(O,,D,)A" 1O 1T,

2550002-11
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by substituting the value of A(6,,®,)A~! from Eq. (4.10) in expression (4.16)),
we get
Uy = 0,A(0,,8,) ' (AT — F (=D~
X (ATA(O4,®,)0,1 — FTVTA(O,,8,)0," + Q) T,

0,A(0,,%,) 10t
+ (9 ? ) g \IIO-,
AU — p (DT

= (AT = FEDH) T - D (1
= U, + O,AQ,, D) 1A — FEDYH) 0l v,
Using Eq.
U, =V, - 0,A(0,,90,) LAV, Q,),
which is Eq. . So, the proof is complete. O
Theorem 4. Under the action of binary Darboux transformation and by
using , the new transformed matriz solution \TIU has the following form:
P, =P, + 0,A(0,,Q,)"'0f. (4.17)
Proof. Applying the definition of binary Darboux transformation on the
solution of sdSP equation P,, written as
P, -0,/ Vet =P, — 09,0710,
P, =P, —0,A7'0;' + 0,1t 1,
by using Eq. , we get
P, =P, —0,A7'0; + 0,A7 F(=TAE Y,
by substituting Eq. 7 we get
P, =P, —0,A7'0;' + 0,A7 (010, + AAHO; !,
=P, -0,A7'e; +0,A710l 0,0, +0,A7TANTIO Y,
=P, -0,A7'0;' +0,A710l +o,A710, 1,
=P, +0,A7'0]

which is Eq. (4.17). So, the proof is complete. a

Now, expression (4.15)) can be expressed in terms of quasideterminant as

- A(B4,05) A(Y,, Q)
T, = . (4.18)

0.
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This is known as the quasi-Grammian solution of the system. Similarly, expression
(4.17) can be written in the form of quasideterminant as

P, =P, — (0 - 0,A(0,,0,)7'0),
AO,,9,) QF

0, o]

We can calculate the Kth iteration of P, through the iteration of binary Darboux
transformation given by

AOo1, 1) - AOox, Qi) 0,

P—p - : " : . (4.19)
AOo1,Qok) - AOyk, k) Qf
Ou1 Ou.x

The quasideterminant solutions (4.19)) are called the quasi-Grammian solutions of
sdSP equation.

Remark 2. Therefore, by the use of binary Darboux transformation, we can derive
the quasi-grammian solutions for the semi-discrete SP equation. Also, the poten-
tial A can be written in terms of quasideterminants. So, by developing the binary
Darboux transformation in terms of spectral parameters, we can obtain the expres-
sion of matrix solutions in terms of Grammian-type quasideterminants, which have
different forms as we have derived by elementary Darboux transformation. Applica-
tions of binary Darboux transformation are to calculate the exact solutions, lump
and breather solutions can significantly improve our understanding of nonlinear
waves.

5. Exact Solutions

In this section, we calculate the expressions for the grammian and peak soliton
solutions of sdSP equation by using binary Darboux transformation. To obtain an
explicit expression, we define a gauge transformation on linear system and
which is a constant matrix has the form

1 11
vu(tY) o

also the matrices E, and F, transforms as
Ey — Eq =W 'E,W =1+ XNPyyy — P,),
F, 5 E, =W 'E,W=0Q,+\ 'R,

2550002-13



Z. Amgjad, W.-X. Ma 6 R. M. Zulgarnain

where

(5.3)

~ D) 0 5 1/0 1
QU - ui ) Z 1 O .
2
By using gauge transformation, the linear system (2.10) and (2.11]) becomes

L)-0 )

0 To4+1 — Lo + Z‘(uo’+1 - UU) Ucr
+A ,
Totr1l — To — 1(Upsr1 — Ug) 0 V,

(5.4)

Uo
d (Us 2 Us\ At [0 1\ (U,
= = + — . (5.5)
ar \ v, N N 4 \1 0o/ \v,
2
To compute expressions for the solution, we take a seed solution, i.e. x,41 — T5 =
a # 0 and u, = 0, where a is a real constant, so the solutions U, and V, of the

linear system ([5.4]) and (5.5 can be computed as
Us(A) = (1+aX)7eT/4 44i(1 — a\)7e T/,
Vo(A) = (14 aX)7eT/4 —j(1 — aX)7eT/4,

Now, we define the particular matrix solution O, to the linear system (5.4) and

A
|| of sdSP equation for A = (0 2) can be written as

0, = (U"(A) U”(X,) ) (5.6)
Va(/\) 7Va(/\)

Similarly, for the adjoint space, {2, can be defined as

o — (Ya(u) Y, (1) ) 5
Za(lu‘) _Za(ﬁ)

where
Yo(p) = (1+ap)7e™ ™ +i(1 — ap)7e” T/,
Zo(n) = (14 ap) e/ —i(1 — ap)7e~ T/

2550002-14
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Starting from the definition of A(©,, ) given in (4.11) and using (5.6)) and (5.7)),

we get

—~ 1 (Noi11 Noja2
Ny = 0,A710,,0,)0 = o ( 7 7 >
o

NJ,QI ]’\70',22
AsUs(N)Zo (1) n ColUs(N)Zo (1) AoUs(MNYo () ColUs(N)Yo (p)
IR A-L =X A—@
| BaUeWZo(®) | DolUa(MZe(E) |, BalUa(NYa(B) _ Dalo(NYa(®)
_ L A—n =X X—p B A
Ko | AaVoNZo (1) CoVa(NZo (1) AdVaOYa ) | CoVe(WYar 1) ’
EDY A—p m—A A—p
BoVeWZo(m) DeVeMZo(m) | BaVeYo® , DoVe()Y(m)
A—n =X A—p =X
(5.8)
where
Ay =25 (E)Ua (X) +Ys (ﬁ)VU(X),
B, = ZU(N)UU(X) - Ya(u)VU(X),
Co = Zﬂ(ﬁ)UU(A) - Ya(ﬁ)Va(A),
Da = ZU(/’L)UU()\) + Ya(lu)vd(/\)
K = ZoWUs(N) + Yo (1) Vo (M) (Zo(1)Us (A) + Y, (1) Vs (V)
(= NN
 (Ze(W)Us(N) — YU(N)VU(XJ)(ZU(H)UJ(/\) - Y,(m)Vo(N))
(=) (E—=A)

The expressions are presented in Figs. [1|and |2, which represent the travel-
ing of two double breather, bright and dark breather together and their interaction.
Further, we reduce the expressions of binary Darboux transformation into elemen-
tary Darboux transformation.

5.1. Reduction

Now, for reduction substitute 7 = A, u = A, then A, = D, = U,(\)V,()\) +
Us(M)V,(N), By =0 = Cy. Also, K, = A2/(A — X)2. So, expression (5.8) becomes
1
K,

N, =
&mmm®+&m®%m 24,Uy, (N U (X)
§ A— PEY A—
24,V (NV, (M) AsUs NV (X) N AsUs (N Vo (N)
A— A A— DY
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Fig. 1. Dynamics of Ny, 11=Ny 22: for numerical values A = 1.9 + 0.71i, u = 1.8 4+ 0.5i, a = 2
Parallel traveling of two double breathers, interaction and after interaction.

(5.9)

The expressions ([5.9) represent the double bright and dark breathers shown in
Figs. [3] and [4

Now, further substituting A = —\, we get the solutions of the elementary Dar-
boux transformation as
N N N - Q(UG(/\)UU(A) - Va(/\)vo(/\))
7 ” Us(NUs(A) + Vo (N Ve (A)
~ ~ ANU, (AN V5 (A
Ngi12 = Ng o1 = WVe (V)

Us(NUs(A) + Vo (MVa(N)

By using Eq. , we can express

2(U0(/\)Ua(/\) * Va(/\)vcr()‘))
Us(MNUs(A) + Vo (MVo(A) 7
ANU, (\)V, (V)

Uy, (N Uy (A) + Vo (M) Vo (X))

To[l] = 25 —

ua[l] = -
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Fig. 2. Dynamics of ]\70721 = Ng,lg: for numerical values A = 2.9+ 0.71i, p = 1.8 4+ 0.51, a = 2,
Traveling of bright and dark breather together, interaction and after interaction.

Fig. 3. Dynamics of double bright breather: for numerical values A = 2.9 4+ 0.71i, a = 2.

The above expressions represent the bright and dark together breather, peak
soliton solutions depicted in Figs. [5] and [6] Thus, we have derived the expressions
for two double bright and dark breathers solutions by using binary Darboux trans-
formation and reduced them to elementary Darboux transformation and obtain the
peak solutions for the sdSP equation.
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Fig. 4. Dynamics of double dark breather: for numerical values A = 2.9 4+ 0.71i, a = 2.
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Fig. 5. Dynamics of breather solution: for numerical values A = 0.9, a = 2.
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Fig. 6. Dynamics of peak solutions: for numerical values A = 1.9, a = 3.
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6. Conclusion

In this paper, we studied the Lax pair for a semi-discrete SP equation using a
suitable hodograph transformation. By applying appropriate transformations, we
converted the semi-discrete SP equation into semi-discrete versions of the mKdV
and sine-Gordon equations. We then developed two types of Darboux transforma-
tions, including the binary Darboux transformation, and applied them to calculate
peak and quasi-Grammian solutions. The explicit expressions for these solutions
were derived. Finally, we reduced the binary Darboux transformation solutions to
elementary Darboux transformation solutions. The bright and dark double breather
solutions and peak solutions for the semi-discrete SP equation were plotted.

The breather solutions may play an important role in studying the propagation
of ultra-SPs in optical fibers. This work can be extended in various interesting direc-
tions, such as studying the discrete SP equation and other semi-discrete integrable
systems to calculate multi-Grammian, breather, and soliton solutions. It would also
be interesting to study discrete rogue and hump wave solutions for semi-discrete
integrable systems. Additionally, extending the theory of binary Darboux transfor-
mation to nonlocal integrable models would be valuable.
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