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Abstract Dispersionless hierarchies are of much consideration because of their arising in many problems of physics and applied
mathematics, like quantum field theories, string theory, etc. In this paper, we consider and explore the Darboux transformation as
well as the binary Darboux transformation for discrete generalized coupled dispersionless system and calculate the multi-soliton
and quasi-Grammian solutions. Furthermore, we present the explicit expressions of Grammians and soliton solutions. Finally, as an
explicit example, we present Grammians, discrete breather, dark and bright soliton.

1 Introduction

Dispersionless integrable systems have a great deal of interest for scientists because of their numerous applications in many areas
of mathematics and physics [1–7]. Most of the dispersionless systems belong to a class of family where the systems arise as a
quasiclassical limit of ordinary integrable systems containing a dispersion term. But the system under discussion here is considered
as dispersionless due to the lack of dispersion term instead of quasiclassical limit. Coupled dispersionless systems have received
much consideration due to integrability structure and soliton dynamics. Like the continuous coupled dispersionless system, which
show many integrability aspects, the discrete generalized coupled dispersionless (dGCD) system also preserves integrability. The
Darboux transformation (DT) of dGCD system is studied in [8], and soliton solutions have been presented.

In soliton theory, binary Darboux transformation (BDT) is very effective tool in generating the wide class of exact solutions. BDT
is one of the well familiar techniques used to calculate Grammian and soliton solutions of integrable systems [9–15]. The general
mechanism of this technique is to keep both direct and adjoint spectral problems which are associated with the given nonlinear
equation invariant under BDT. In this work, we extend the concept of [8] and express the solutions which cannot be calculated
through the DT. We will present the schematic way through which dGCD system reduces to semi-discrete version as well as the
continuous GCD system. We will develop the skeleton of BDT and apply on dGCD system to evaluate the quasi-Grammian solutions
which cannot be obtain through the DT. Also, we will show that how the BDT solutions can be transform to the DT solutions through
the reduction of specific spectral parameter. Therefore, unless of applying the DT, we can also calculate the DT solutions which is
the beautiful feature of BDT. At last, we will give the brief discussion on the importance of solutions.

Coupled dispersionless systems and their discrete generalizations appear in a variety of physical and geometric settings. They
model nonlinear wave propagation in nearly dispersion-free media, including shallow water flows, short-pulse optical propagation
and elastic wave dynamics. Such systems also arise in plasma physics, discrete mechanical lattices and the semiclassical limits of
integrable field theories. In addition, coupled dispersionless equations are gauge-equivalent to geometric motions of curves and
surfaces, and their discrete analogs naturally emerge in integrable lattice models, Hirota-type bilinear discretizations and discrete
differential geometry. The breather and quasi-Grammian solutions obtained in this work therefore offer insight into localized
oscillatory structures relevant to these physical and mathematical contexts.
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This paper is organized as follows. In Sect. 2, we give brief description about the DT of dGCD. In Sect. 3, we define BDT for
the dGCD system. In Sect. 4, the dynamics of solutions like traveling of Grammian, bright and dark soliton and discrete breather
are presented. Concluding remarks are written in Sect. 5.

The Lax pair of dGCD system is given by

E�n, m �(
I + η−1a[Qn+1, m − Qn, m]

)
�n, m ≡ An, m�n, m , (1.1)

F�n, m �(
I + b[Qn, m+1G − GQn, m + ηG]

)
�n, m ≡ Bn, m�n, m , (1.2)

where E and F are the shift operators, i.e., E�n, m � �n+1, m , F�n, m � �n, m+1 also I=diag(1, 1), G=diag(1, −1) and Qn, m is
2 × 2 auxiliary matrix defined by

Qn,m �
(

αn,m βn,m

βn,m −αn,m

)
,

where αn,m , βn,m are the dynamical variables depend upon variables m and n written in subscripts defined over a lattice. Also in
equations (1.1), (1.2) a and b represent the lattice parameters along n and m respectively. The linear system (1.1), ( 1.2) fulfill the
compatibility condition An, mBn+1, m � An, m+1Bn, m which give rise nonlinear dGCD system as

a
(
Qn+1, m+1 − Qn+1, m − Qn, m+1 + Qn, m

)
+ ab

(
Qn+1, m+1 − Qn, m+1

)(
Qn, m+1G − GQn, m

)

�ab
(
Qn+1, m+1G − GQn+1, m

)(
Qn+1, m − Qn, m

)
. (1.3)

The above expression (1.3) is the equation of motion which can be converted into continuum limit by setting parameters approaches
to zero, i.e., a, b → 0. The equation of motion in terms of dynamical variables can be written as

(
αn+1,m+1 − αn+1,m − αn,m+1 + αn,m

)
+
b

2
{(βn+1,m+1 − βn,m+1 + βn+1,m − βn,m

)

× (βn,m+1 + βn+1,m)} − b

2
{(αn+1,m+1 − αn+1,m

)(
αn+1,m − αn,m

)

− (αn,m+1 − αn,m)
(
αn+1,m+1 − αn,m+1

)} � 0,
(
βn+1,m+1 − βn+1,m − βn,m+1 + βn,m

) − b

2
{(αn+1,m+1 − αn,m

)(
βn,m+1 + βn+1,m

)

− (
αn,m+1 − αn+1,m

)(
βn+1,m+1 + βn,m

)} � 0.

Eq. (1.3) can be converted into continuous x and t discrete form, we use
(

lima→0
gn+1,m−gn,m

a � dg
dx

)
, leads

∂x (Qm+1 − Qm) + b∂x Qm+1(Qm+1G − GQm) � b(Qm+1G − GQm)∂x Qm ,

which is the semi-discrete (t discrete) equation of motion of GCD system. Now again for continuous also in t direction we take(
limb→0

fn,m+1− fn,m
b � d f

dt

)
, yields

∂t∂x Q + [[G, Q], ∂x Q] � 0. (1.4)

Eq. (1.4) is known as the equation of motion for continuous GCD system.

2 Discrete Darboux transformation

DT is very powerful generating technique because it involves purely algebraic algorithms [16–22]. The onefold DT on matrix
solution �n,m is define as

�̃n, m � Dn, m(η)�n, m , (2.1)

where the Darboux matrix Dn, m(η) is given by

Dn, m(η) � ηI − �n, m , (2.2)

where I=diag(1, 1) and �n, m is non-singular matrix which is yet to define. The action of DT transforms �n,m in space ϒ to �̃n,m

in space ϒ̃ .

Dn,m(η) : ϒ −→ ϒ̃.

The invariance of linear system (1.1), (1.2) under DT as:

G̃ � G,
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Q̃n+1, m − Q̃n, m � Qn+1, m − Qn, m − (
�n+1, m − �n, m

)
. (2.3)

The equation (2.3) can also be expressed as

Q̃n, m � Qn, m − �n, m . (2.4)

The conditions imposed on matrix �n, m are

�n+1, m − �n, m �Qn+1, m − Qn, m − �n+1, m
(
Qn+1, m − Qn, m

)
�−1

n, m , (2.5)

�n, m+1 − �n, m �b
(
Qn, m+1G − GQn, m

)
�n, m − b�n, m+1

(
Qn, m+1G − GQn, m

)

−b
(
�n, m+1G − G�n, m

)
�n, m . (2.6)

Now, we develop the explicit form of matrix �n, m for dGCD system. For this purpose, we define N constant parameters (η1, η2,
..., ηN ). For each value, there exists a particular column solution |ki 〉n, m to the linear system (1.1), (1.2), i.e.,

|ki 〉n+1, m �
[
1 + η−1

i

(
Qn+1, m − Qn, m

)]|ki 〉n, m , (2.7)

|ki 〉n, m+1 �[
1 + b

(
Qn, m+1G − GQn, m + ηi G

)]|ki 〉n, m . (2.8)

For the diagonal matrix 	 � diag(η1, η2, ..., ηN ), the linear system (2.7), (2.8) can be expressed in matrix form as

Kn+1, m � Kn, m +
(
Qn+1, m − Qn, m

)
Kn, m	−1, (2.9)

Kn, m+1 � Kn, m + b
(
Qn, m+1G − GQn, m

)
Kn, m + bGKn, m	. (2.10)

If detKn, m �� 0, we can define �n, m in terms of distinct matrix solution as

�n, m � Kn, m	K−1
n, m . (2.11)

It is straight forward to check that the choice of �n,m satisfies the conditions (2.5) and (2.6) as appear due to covariance of Lax
pair (1.1), (1.2) under DT. For �n,m � Kn,m	K−1

n,m , it seems appropriate here to express the solution �̃n,m � Dn,m�n,m �
(ηI − �n, m)�n,m in terms of quasideterminants1

�̃n, m ≡Dn, m(η)�n, m � η�n, m − Kn, m	K−1
n, m�n, m ,

�η�n, m +

∣∣∣∣
Kn, m �n, m

Kn, m	 O

∣∣∣∣ �
∣∣∣∣∣
Kn, m �n, m

Kn, m	 η�n, m

∣∣∣∣∣
. (2.12)

Similarly, the expression (2.4) can be expressed as

Q̃n, m �Qn, m − Kn, m	K−1
n, m ,

�Qn, m +

∣∣∣∣
Kn, m I

Kn, m	 O

∣∣∣∣. (2.13)

The N-fold DT of �n, m as (for detail see [8])

�n, m[N ] �

∣∣∣∣∣∣∣∣∣∣

Kn, m, 1 Kn, m, 2 · · · Kn, m, N �n, m

Kn, m, 1	1 Kn, m, 2	2 · · · Kn, m, N	N η�n, m
...

...
. . .

...
...

Kn, m, 1	
N
1 Kn, m, 2	

N
2 · · · Kn, m, N	N

N ηN�n, m

∣∣∣∣∣∣∣∣∣∣

. (2.14)

Similarly, Qn, m[N ] can be expressed as

Qn, m[N ] � Qn, m +

∣∣∣∣∣∣∣∣∣∣∣

Kn, m, 1 Kn, m, 2 · · · Kn, m, N O
Kn, m, 1	1 Kn, m, 2	2 · · · Kn, m, N	N O

...
...

. . .
...

...
Kn, m, 1	

N−1
1 Kn, m, 2	

N−1
2 · · · Kn, m, N	N−1

N I

Kn, m, 1	
N
1 Kn, m, 2	

N
2 · · · Kn, m, N	N

N O

∣∣∣∣∣∣∣∣∣∣∣

. (2.15)

1 We will use the notion of quasideterminants. In this paper, we will consider only quasideterminants that are expanded about an m × m matrix. The
quasideterminant of J × J matrix expanded about the m × m matrix D is defined as

∣
∣∣∣
∣
A B

C D

∣
∣∣∣
∣
� D − CA−1B.

123



 1254 Page 4 of 14 Eur. Phys. J. Plus        (2025) 140:1254 

Now, we are going to develop the DT on adjoint Lax pair. For this purpose, first we take adjoint of linear system (1.1), (1.2) as

E
n,m �
n,mA†
n,m , (2.16)

F
n,m �
n,mB†
n,m , (2.17)

where the matrix A†
n,m and B†

n,m are given as

A†
n,m � − I − ζ−1a

(
Q†

n+1, m − Q†
n, m

)
, (2.18)

B†
n,m � − I − b

(
Q†

n, m+1G
† − G†Q†

n, m + ζG†
)
. (2.19)

Here ζ is a real (or complex) parameter and 
n,m is eigen matrix solution belongs to adjoint ϒ† space. The linear system (2.16), (
2.17) fulfill the compatibility condition A†

n, mB†
n+1, m � A†

n, m+1B
†
n, m which gives the equation of motion for adjoint dGCD system

as

a
(
Q†

n+1, m+1 − Q†
n+1, m − Q†

n, m+1 + Q†
n, m

)
+ ab

(
Q†

n+1, m+1 − Q†
n, m+1

)(
Q†

n, m+1G
† − G†Q†

n, m

)

�ab
(
Q†

n+1, m+1G
† − G†Q†

n+1, m

)(
Q†

n+1, m − Q†
n, m

)
. (2.20)

The onefold DT on 
n,m is defined as


̃n,m ≡ Dn,m(ζ )
n,m � −(ζ I − �n,m)
n,m � −(ζ I − Hn,m�Hn,m)
n,m , (2.21)

where � is the eigen valued matrix which have only the diagonal entries (ζ1, ..., ζn). Also the matrix Hn,m is the particular matrix
solution of the linear system (2.16), (2.17). Now, the N-fold DT on matrix solution 
n,m can be expressed as

�n, m[N ] �

∣∣∣∣∣∣∣∣∣∣

Hn, m, 1 Hn, m, 2 · · · Hn, m, N 
n, m

Hn, m, 1�1 Hn, m, 2�2 · · · Hn, m, N�N ζ
n, m
...

...
. . .

...
...

Hn, m, 1�
N
1 Hn, m, 2�

N
2 · · · Hn, m, N�

N
N ζ N
n, m

∣∣∣∣∣∣∣∣∣∣

. (2.22)

Similarly, Q†
n, m[N ] can be expressed as

Q†
n, m[N ] � Q†

n, m +

∣∣∣∣∣∣∣∣∣∣∣∣

Hn, m, 1 Hn, m, 2 · · · Hn, m, N O
Hn, m, 1�1 Hn, m, 2�2 · · · Hn, m, N�N O

...
...

. . .
...

...
Hn, m, 1�

N−1
1 Hn, m, 2�

N−1
2 · · · HN−1

n, m, N�
N−1
N I

Hn, m, 1�
N
1 Hn, m, 2�

N
2 · · · HN

n, m, N�
N
N O

∣∣∣∣∣∣∣∣∣∣∣∣

. (2.23)

TheN-fold solutions (2.22) and (2.23) reduce to those of the continuous system by taking the continuum limit as a, b → 0 presented
in [15].

3 Standard binary Darboux transformation

Now consider hat space ϒ̂ for BDT so the corresponding solutions �̂n,m ∈ ϒ̂ . The linear system for hat space is given by

E�̂n, m ≡ Ân, m�̂n, m �(
I + η−1a

(
Q̂n+1, m − Q̂n, m

))
�̂n, m , (3.1)

F�̂n, m+ ≡ B̂n, m�̂n, m �(
I + b

(
Q̂n, m+1Ĝ − Ĝ Q̂n, m + ηĜ

))
�̂n, m . (3.2)

The linear system (3.1), ( 3.2) fulfill the compatibility condition Ân, m B̂n+1, m � Ân, m+1B̂n, m which leads the equation of motion
for hat space

a
(
Q̂n+1, m+1 − Q̂n+1, m − Q̂n, m+1 + Q̂n, m

)
+ ab

(
Q̂n+1, m+1 − Q̂n, m+1

)(
Q̂n, m+1Ĝ − Ĝ Q̂n, m

)

�ab
(
Q̂n+1, m+1Ĝ − Ĝ Q̂n+1, m

)(
Q̂n+1, m − Q̂n, m

)
. (3.3)

The particular matrix solutions for direct as well as adjoint spaces are Kn,m , Hn,m respectively. So the corresponding solutions for
ϒ̂ are K̂n,m ∈ ϒ̂ and 
̂n,m ∈ ϒ̂†. Assuming i(K̂n,m) ∈ ϒ̃†, one can write as

D(−1)†
n,m (η) : ϒ† → ϒ̃†. (3.4)
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Since 
n,m ∈ ϒ†, we have

i(K̂n,m) � D(−1)†
n,m (η)
n,m . (3.5)

Also from D†
n,m(η)(i(Kn,m)) � 0, we get i(Kn,m) � K (−1)†

n,m , similarly i(K̂n,m) � K̂ (−1)†
n,m . So, we can write

K̂ (−1)†
n,m � D(−1)†

n,m (η)
n,m ,

and

K̂n,m� (D(−1)†
n,m (η)
n,m)(−1)†, (3.6)

where Dn(≡) �ηI − Kn,m	K−1
n,m and using in (3.6), we obtain

K̂n,m�((ηI−Kn,m	K−1
n,m)(−1)†
n,m)(−1)†,

�(ηI−Kn,m	K−1
n,m)
(−1)†

n,m ,

�Kn,m(ηI − 	)K−1
n,m
(−1)†

n ,

�Kn,m(ηI − 	)(
†
n,mKn,m)−1,

�Kn,m
n,m(Kn,m , 
n,m)−1, (3.7)

where the eigen potential 
n,m is given by


n,m(Kn,m , 
n,m) � (
†
n,mKn,m)(ηI − 	)−1. (3.8)

Similarly for adjoint space

Ĥn,m � Hn,m
n,m(�n,m , Hn,m)
(−1)†

, (3.9)

where


n(�n,m , Hn,m) � −(ηI − �
†)−1(H†

n,m�n,m). (3.10)

By expressing equations (3.8), (3.10) in the form of matrix, the condition on 
n,m given by

�
†
n,m(Kn,m , Hn,m) − 
n,m(Kn,m , Hn,m)	 � H†

n,mKn,m , (3.11)

where 
n,m is eigen potential matrix given by


n,m(Kn,m , Hn,m)i j �
〈
Hn,m |Kn,m

〉
(i j)

�† − 	
. (3.12)

Now, we are able to define Darboux matrix in hat space

D̂n,m(η) ≡ (ηI − �̂n,m) � (ηI − K̂n,m�
† K̂−1

n,m), (3.13)

where

D̂n,m(η)�̂n,m � �̃n,m . (3.14)

We may write the following Darboux map as

Dn,m(η) : ϒ → ϒ̃ ,

D̂n,m(η) : ϒ̂ → ϒ̃ ,

Dn,m(ζ ) : ϒ† → ϒ̃†. (3.15)

Now, we can write the definition of standard BDT as

D̂n,m(η)�̂n,m � Dn,m(η)�n,m , (3.16)

which implies

�̂n,m � D̂−1
n,m(η)Dn,m(η)�n,m . (3.17)

Substituting the values of D̂−1
n,m(η) and Dn,m(η), we obtain

�̂n,m �(ηI − K̂n,m�
† K̂−1

n,m)−1(ηI − Kn,m	K−1
n,m)�n,m ,

�K̂n,m(ηI − �
†)−1 K̂−1

n,mKn,m(ηI − 	)K−1
n,m�n,m .
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Using (3.7), we get

�̂n,m �K−1
n,m
n,m(Kn,m , Hn,m)(ηI − �

†)−1

× 
n,m(Kn,m , Hn,m)K−1
n,mKn,m(ηI − 	)K−1

n,m�n,m ,

�K−1
n,m
n,m(Kn,m , Hn,m)(ηI − �

†)−1

× (η
n,m(Kn,m , Hn,m) − 
n,m(Kn,m , Hn,m)	)K−1
n,m�n,m . (3.18)

Substituting (3.11) in (3.18), we get

�̂n,m �K−1
n,m
n,m(Kn,m , Hn,m)(ηI − �

†)−1

× (η
n,m(Kn,m , Hn,m) − �
†
n,m(Kn,m , Hn,m) + H†

n,mKn,m)K−1
n,m�n,m ,

�K−1
n,m
n,m(Kn,m , Hn,m)(ηI − �

†)−1

× (η
n,m(Kn,m , Hn,m)K−1
n,m − �

†
n,m(Kn,m , Hn,m)K−1
n,m + H†

n,m)�n,m ,

�(ηI − �
†)−1(ηI − �

†)

(

I +
K−1
n,m
n,m(Kn,m , Hn,m)H†

n,m

ηI − �†

)

�n,m ,

��n,m + K−1
n,m
n,m(Kn,m , Hn,m)(ηI − �

†)−1H†
n,m�n,m .

By using (3.10), above expression will become

�̂n,m � �n,m − Kn,m
n,m(Kn,m , Hn,m)−1
n,m(�n,m , Hn,m). (3.19)

In terms of quasideterminants

�̂n,m �
∣∣∣∣∣

n,m(Kn,m , Hn,m) 
n,m(�n,m , Hn,m)

Kn,m �n,m

∣∣∣∣∣
. (3.20)

The expression (3.20) called quasi-Grammian solution of dGCD system. Same as, for adjoint space


̂n,m �
n,m − Hn,m
n,m(Kn,m , Hn,m)(−1)†
n,m(Kn,m , 
n,m)†

�
∣∣∣∣∣

n,m(Kn,m , Hn,m)† 
n,m(Kn,m , 
n,m)†

Hn,m 
n,m

∣∣∣∣∣
. (3.21)

Now using the definition of BDT on matrix solution Qn,m

Q̂n,m − �̂n,m �Qn,m − �n,m ,

Q̂n,m �Qn,m + K̂n,m�
† K̂−1

n,m − Kn,m	K−1
n,m ,

�Qn,m + Kn,m
n,m(Kn,m , Hn,m)−1(
�

†
n,m(Kn,m , Hn,m)
)
K−1
n,m − Kn,m	K−1

n,m ,

using the relation (3.11), we get

Q̂n,m �Qn,m + Kn,m
n,m(Kn,m , Hn,m)−1H†
n,m ,

�Qn,m −
∣∣∣∣∣

n,m(Kn,m , Hn,m) H†

n,m

Kn,m O

∣∣∣∣∣
. (3.22)

Now, for b → 0, we obtain BDT for t continuous semi-discrete GCD system as

Q̂n �Qn + Kn
n(Kn , Hn)−1H†
n ,

�Qn −
∣∣∣∣∣

n(Kn , Hn) H†

n

Kn O

∣∣∣∣∣
.

Also, for a → 0, BDT for x continuous semi-discrete GCD system as

Q̂m �Qm + Km
m(Km , Hm)−1H†
m ,

�Qm −
∣∣∣∣∣

m(Km , Hm) H†

m

Km O

∣∣∣∣∣
.

The continuous GCD system can be obtained by a, b → 0, as
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Q̂ � Q −
∣
∣
∣
∣

(K , H ) H†

K O

∣
∣
∣
∣,

which is presented in [15]. Through iteration of BDT, one can write N-th iteration of Qn,m[N + 1] as

Q̂n,m[N + 1] � Qn,m −

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣


n,m(Kn,m,1, Hn,m,1) · · · 
n,m(Kn,m,N , Hn,m,1) H†
n,m,1

... · · · ...
...


n,m(Kn,m,1, Hn,m,N ) · · · 
n,m(Kn,m,N , Hn,m,N ) H†
n,m,N

Kn,m,1 · · · Kn,m,N O

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. (3.23)

These are the quasi-Grammian solutions of dGCD system. The key feature of this method is that it could significantly enhance our
approach toward nonlinear waves because it gives the different solutions from the DT. By using BDT, one can obtain Grammian,
breather and also the soliton solutions.

4 Explicit soliton solutions

In this section, we consider dGCD system based upon Lie group SU(2) and calculate the explicit solutions by using BDT. For the
Lie group SU(2), the matrix fields Qn,m and Gn,m belong to Lie algebra su(2) so, we have

Q†
n,m � − Qn,m , G†

n,m � −Gn,m ,

TrQn,m �0, TrGn,m � 0.

The 2 × 2 matrix Qn,m is given by

Qn,m �
(

αn,m βn,m

βn,m −αn,m

)
,

where αn,m , βn,m are the scalar functions. Taking seed solution, i.e., αn+1, m − αn, m � q �� 0, αn, m+1 − αn, m � 0, βn, m � 0,
where q is constant. The explicit solution of linear system (1.1), (1.2) can be written as

�n,m �
(
Xn,m 0

0 Yn,m

)
, (4.1)

where the solutions Xn, m , Yn, m are computed as

Xn, m(η) �(
1 + ı̇η−1q

)n
(

1 − b
ı̇η

2

)m

+ ı̇
(
1 − ı̇η−1q

)n
(

1 + b
ı̇η

2

)m

, (4.2)

Yn, m(η) �(
1 + ı̇η−1q

)n
(

1 − b
ı̇η

2

)m

− ı̇
(
1 − ı̇η−1q

)n
(

1 + b
ı̇η

2

)m

. (4.3)

The distinct matrix solution Kn,m can be expressed as

Kn,m � (�n,m(η)|1〉, �n,m(η̄)|2〉) �
(
Xn,m(η) Xn,m(η̄)
Yn,m(η) −Yn,m(η̄)

)
. (4.4)

Also, for adjoint space Hn,m can be written as

Hn,m � (
n,m(ζ )|1〉, 
n,m(ζ̄ )|2〉) �
(
En,m(ζ ) En,m(ζ̄ )
Fn,m(ζ ) −Fn,m(ζ̄ )

)
, (4.5)

where

En, m(ζ ) �(
1 + ı̇ζ−1q

)n
(

1 − b
ı̇ζ

2

)m

+ ı̇
(
1 − ı̇ζ−1q

)n
(

1 + b
ı̇ζ

2

)m

, (4.6)

Fn, m(ζ ) �(
1 + ı̇ζ−1q

)n
(

1 − b
ı̇ζ

2

)m

− ı̇
(
1 − ı̇ζ−1q

)n
(

1 + b
ı̇ζ

2

)m

. (4.7)

Now using (4.4), (4.5) in the definition of 
n,m(Kn,m , Hn,m), we may write


n,m(Kn,m , Hn,m) �
⎛

⎝
2(An,m+ Ān,m )

ζ1−η1

2i(B̄n,m−Bn,m )
ζ1+η1

− 2i(B̄n,m−Bn,m )
ζ1+η1

− 2(An,m+ Ān,m )
ζ1−η1

⎞

⎠, (4.8)
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where

An,m �(1 + iζ−1q)n(1 − iη−1q)n
(

1 − ibζ

2

)m(
1 +

ibη

2

)m

, (4.9)

Bn,m �(1 + iζ−1q)n(1 + iη−1q)n
(

1 − ibζ

2

)m(
1 − ibη

2

)m

. (4.10)

Now, we take

�̂n,m �Kn,m
n,m(Kn,m , Hn,m)−1H†
n,m �

(
�̂n,m,11 �̂n,m,12

�̂n,m,21 �̂n,m,22

)
,

� 1

Ln,m

⎛

⎜
⎜⎜
⎜
⎝

i(A+ Ā)
ζ−η

X (η)E(ζ ) − (B̄−B)
ζ+η

X (η)E(ζ )

+ (B̄−B)
ζ+η

X (η)E(ζ ) − i(A+ Ā)
ζ−η

X (η)E(ζ )

− i(A+ Ā)
ζ−η

X (η)F(ζ ) − (B̄−B)
ζ+η

X (η)F(ζ )

− (B̄−B)
ζ+η

X (η)F(ζ ) − i(A+ Ā)
ζ−η

X (η)F(ζ )
i(A+ Ā)
ζ−η

Y (η)E(ζ ) − (B̄−B)
ζ+η

Y (η)E(ζ )

− (B̄−B)
ζ+η

F(η)X (ζ ) + i(A+ Ā)
ζ−η

F(η)X (ζ )

− i(A+ Ā)
ζ−η

Y (η)F(ζ ) − (B̄−B)
ζ+η

Y (η)F(ζ )

+ (B̄−B)
ζ+η

Y (η)F(ζ ) + i(A+ Ā)
ζ−η

Y (η)F(ζ )

⎞

⎟
⎟⎟
⎟
⎠

, (4.11)

where

Ln,m � −4(An,m + Ān,m)2

(ζ − η)2 − 4(B̄n,m − Bn,m)2

(ζ + η)2 . (4.12)

By using (3.22), we can write the solutions as

α̂n,m �αn,m + �̂n,m,11, (4.13)

β̂n �βn,m + �̂n,m,12. (4.14)

Figures 1 and 2 show the curved type motion of discrete soliton solutions known as Grammian solutions whose wave fronts are
curved and amplitude is varying along the wave front which is clearly shown by surface and contour plot. In solution (4.11), q, b
are the lattice parameters which defines the amplitude of the wave. Figure 1 shows the dynamics of Grammian toward the negative
m whereas Fig. 2 presents the motion of Grammian toward negative m direction.

4.1 Reduction I

Now, we transform the BDT solutions to classical DT solutions by substituting ζ � −η, we get An,m + Ān,m � X (η)Y (η), and

Bn,m − B̄n,m � 0, also Ln,m � − X2(η)Y 2(η)
η2 ; therefore, we may write the above expressions (4.11) as

αn,m[1] � η

(
1 + iη−1q

)n(
1 − ibη

2

)m
+ i

(
1 − iη−1q

)n(
1 + ibη

2

)m
)

(
1 + iη−1q

)n(1 − ibη
2

)m − i
(
1 − iη−1q

)n(1 + ibη
2

)m , (4.15)

βn,m[1] � η

(
1 + iη−1q

)n(
1 − ibη

2

)m − i
(
1 − iη−1q

)n(
1 + ibη

2

)m

(
1 + iη−1q

)n(1 − ibη
2

)m
+ i

(
1 − iη−1q

)n(1 + ibη
2

)m . (4.16)

Expressions (4.15) and (4.16) display the bright and dark solitons depicted in Fig. 3. Bright solitons are positive-amplitude and
localized solutions of nonlinear wave equations that retain their shape throughout the propagation. They are often associated
with focusing nonlinearity. Because of localized optical pulse that does not lose energy while traveling over a far off distances,
bright solitons are used for high-speed communication systems, whereas dark solitons have negative-amplitude and associated
with defocusing nonlinearity. Due to defocusing nonlinearity, darks solitons are studied in optical fibers as pulse propagation. For
controlling light pulses, dark solitons can be helpful as optical switching and soliton-based communication systems.

4.2 Reduction II

For another reduction put ζ � η, Eq. (4.11) gives

αn,m � βn,m � η

{(
1 + iη−1q

)n(
1 − ibη

2

)m
+ i

(
1 − iη−1q

)n(
1 + ibη

2

)m}
×

{(
1 + iη−1q

)n(
1 − ibη

2

)m − i
(
1 − iη−1q

)n(
1 + ibη

2

)m}

(
1 − iη−1q

)2n
(

1 + ibη
2

)m − (
1 + iη−1q

)2n
(

1 − ibη
2

)2m . (4.17)
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Fig. 1 Grammian α̂n,m : for numerical values η � 0.8 − 0.54i, ζ � 4.5 + 0.25i, q � 3, b � 2
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Fig. 2 Grammian β̂n,m : for numerical values η � 0.8 + 0.54i, ζ � 4.1 − 0.45i, q � 3, b � 2
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Fig. 3 Bright soliton: for numerical values η � 0.7 + 0.54i, q � 3, b � 2

Fig. 4 Dark soliton: for numerical values η � 0.8 + 0.53i, q � 3, b � 2
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Fig. 5 Discrete breather: for numerical values η � 5.9 + 0.54i, q � 0.9, b � 0.6

The expression (4.17) represents the breather solution shown in Fig. 5. In optical fiber, breather solutions are particularly important
to get understanding about the controlling light and pulse dynamics where the temporal evolution of light pulses may be controlled
to attain desirable signal characteristics.

5 Conclusion

This study presents a comprehensive analysis of the dGCD system. We present the Lax pair of dGCD system and also elaborate how
this model reduces to the semi-discrete versions as well as continuous system under the continuum limits. The DT was developed and
applied to obtain the discrete soliton solutions for both direct and adjoint spectral problems. Further, through the application of BDT,
we have calculated the explicit expressions of quasi-Grammian solutions for the system. Furthermore, we present explicit expressions
of the quasi-Grammians. Finally, we reduced the BDT solutions to elementary DT solutions. The dynamics of Grammian, dark and
bright soliton, also breather solutions of the dGCD system are shown through surface and contours plots.

In the study of propagation of ultra-short pulses for an optical fiber, breather solutions play an important role. Also, one important
characteristic that both dark and bright solitons have in common is their robustness, which is crucial for guaranteeing their usefulness
in optical communications. These solutions can also continue to move at the same speed and form extended distances.

It would be interesting to investigate the multi-component of the dGCD system by applying the DT and BDT to derive more general
classes of solutions. In future work, we would like to investigate BDT for PT -symmetric integrable systems to calculate symmetry
breaking and symmetry preserving soliton and breather solutions. Furthermore, employing physics-informed neural networks can
provide improved insights into the systems behavior and support the analysis of more complex scenarios. We shall address this
problem in a separate paper.
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