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We study the (2+1)-dimensional Schwarzian Korteweg{de Vries equation (SKdV).
The explored solutions describe new Lump soliton colliding with visible soliton, an interaction

between multi-soliton waves with one soliton, multi peaks of waves moving in a curved path,

two hyperbolic waves moving together without interaction and some of periodic waves. We
examine the commutative product between multi unknown Lie in¯nitesimals for the (2+1)-

dimensional (SKdV) equation, and this study result in some new Lie vectors. The commutative

product generates a system of nonlinear ODEs which had been solved manually. Through two

‡‡
Corresponding author.

Modern Physics Letters B

(2025) 2550028 (13 pages)

#.c World Scienti¯c Publishing Company
DOI: 10.1142/S0217984925500289

2550028-1

M
od

. P
hy

s.
 L

et
t. 

B
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 C

A
SE

 W
E

ST
E

R
N

 R
E

SE
R

V
E

 U
N

IV
E

R
SI

T
Y

 o
n 

09
/2

4/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.

https://orcid.org/0000-0002-0795-0709
https://orcid.org/0000-0003-1951-4565
https://orcid.org/0000-0001-6954-5517
https://orcid.org/0000-0003-4097-1621
https://dx.doi.org/10.1142/S0217984925500289


stages of Lie symmetry reduction, SKdV equation is reduced to non-solvable nonlinear ODEs

using various combinations of optimal Lie vectors. Using the Riccati{Bernoulli sub-ODE and

Integration methods, we investigate new analytical solutions for these ODEs. Back substituting
for the original variables generates new solutions for SKdV. Some selected solutions are illus-

trated through three-dimensional plots.

Keywords: Lie symmetries; invariant solutions; commutative product; (2+1)-dimensional

Schwarzian Korteweg{de Vries equation.

PACS Nos.: 02.20.Sv; 02.30.Jr; 04.20.Jb; 05.45.Yv

1. Introduction

The di®erential equations play important role in medical, °uid, signal processing and

engineering applications.1{6 Here, we consider the Schwarzian Korteweg{de Vries

(SKdV) equation in (2+1) dimensions as follows:

ut þ
1

4
uxxz �

uxuxz

2u
� uxxuz

4u
þ u2

xuz

2u2
� ux

8
@�1
x

u 2
x

u2

� �
z

¼ 0: ð1Þ

In Ref. 7, Toda and Yu derived Eq. (1) from a well-known higher-dimensional

manner to the Lax pair for the SKdV equation. Here, @�1
x is the integration w.r.t. (xÞ.

Following the M€obius transformations in Refs. 8 and 9, we will transfer the (2+1)

SKdV to nonlinear system of PDEs as follows:

4w2vx�wvwxþw2wxxz � wwxxwz � 3wwxwxz þ 3w2
xwz � 4w4wz ¼ 0;

wt � vx ¼ 0:
ð2Þ

The Korteweg{de Vries (KdV) equation.10 has an important role in the physical

and optical ¯elds. So, many researchers are interested in KdV equations and its

extensions and originated from them. Furthermore, we can say the SKdV equation is

the most essential equation.

In Ref. 9, the authors usedMiura transformation and the connection between KdV

and SKdV equation to explore some of the solitary waves. Ramìrez et al.8 applied the

classical Lie method to obtain reductions with optimal system of vectors to reduce the

SKdV equation. Through Lax Pair of (1), the authors in Ref. 11 derived the Darboux

transformation and then they generated multi soliton solution for (1). The extended

simplest equationmethod, the sech-tanhmethod, theAdomian decompositionmethod

and the cubic spline scheme were applied in Ref. 12 to explore analytical, numerical

solutions for (1). Li13 applied the projective equationmethodwhich satis¯es theRiccati

equation to generate rouge wave-type and cross-like fractal soliton solutions. Some of

the Isochronous Solutions were presented in Ref. 14 for the modi¯ed version of (1).

Some numerical solutions were obtained in Ref. 15 using Adomian and B-spline

methods. Lax pairs equations with Darboux transformation were applied in Ref. 16 to

obtain some explicit solutions. Miscellaneous solutions were obtained in Ref. 17 as

rational soliton, hyperbolic function and bright soliton solutions.
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In this paper, we consider the SKdV equation and based on Lie algebra,18{24

system (2) has four unknown vectors as determinate in Ref. 25, so, we optimize Lie

vectors containing arbitrary functions of time through a commutative product for

various values of functions. Through one or two stages of reduction, some ODEs that

have no quadrature are solved using two methods: the Riccati{Bernoulli sub-ODE.26

and the integrating factors as in Ref. 19.

The rest of the paper is organized as follows. In Sec. 2, we investigate the unknown

subalgebras for system (2) We explore new solutions for SKdV system in Sec. 3 using

the new Lie vectors that we obtained in the previous section. In Sec. 4, we analyze

our solutions based on the physical meaning. In Sec. 5, we end the work with the

conclusion.

2. Investigation of Lie Symmetry Generators of (2)

The system (1) admits four Lie vectors. Each of these vectors has arbitrary functions

in time. Through the commutative product between the resulted vectors, we inves-

tigate new in¯nitesimals for SKdV system.

X1 ¼ f1ðtÞ
@

@x
þ @

@z
� ðf 0

1ðtÞwÞ
@

@v
;

X2 ¼ f2ðtÞ
@

@x
þ @

@t
� ðf 0

2ðtÞwÞ
@

@v
;

X3 ¼ f3ðtÞ �
x

2

� � @

@x
þ z

@

@z
þ w

2

@

@w
� f 0

3ðtÞw
� � @

@v
;

X4 ¼ f4ðtÞ þ
x

2

� � @

@x
þ t

@

@t
� w

2

@

@w
� vþ f 0

4ðtÞw
� � @

@v
:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð3Þ

There are an in¯nite number of possibilities for these vectors due to the existence of

the arbitrary functions fiðtÞ; i ¼ 1 . . . 4. We derive optimal values for these functions

¯rst by evaluating the commutative product of these in¯nitesimals as listed in

Table 1.

Simplifying Table 1 by the commutative product properties generates a nonlinear

system of ODEs as follows:

f1
2
þ f 0

1 � tf 0
1 ¼ 0;

f 0
4 � tf 0

2 �
f2
2

¼ 0;

f3
2
� tf 0

3 þ
f2
2
� f 0

3 þ
f4
2

¼ 0:

8>>>>>><
>>>>>>:

ð4Þ

Solving this system of di®erential equations manually and the assumption of some

values results in

f1 ¼
ffiffiffiffiffiffiffiffiffiffi
t� 1

p
; f2 ¼

1ffiffi
t

p ; f3 ¼
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p þ
ffiffi
t

p
þ c1; f4 ¼ c1: ð5Þ

Investigation of a new similarity solution for the (2+1)-dimensional
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T
ab

le
1.

C
om

m
u
ta
to
r
ta
b
le
.

X
1

X
2

X
3

X
4

X
1

0
�f

0 1
@ @
x
þ
f
00 1
w

@ @
v

�
f 1 2

@ @
x
þ

@ @
z
þ

f
0 1 2
w

@ @
v

f 1 2
�
tf

0 1

�
� @ @

x
þ

f
0 1
w
þ
tf

00 1
w
�

f
0 1 2
w

�
� @ @

v

X
2

f
0 1

@ @
x
�
f
00 1
w

@ @
v

0
ð�

f 1 2
þ
f
0 3
Þ@ @

x
þ
ð�

f
00 3
w
þ

f
0 2 2
Þ@ @

v
f 2 2
þ
f
0 4
�
tf

0 2

�
� @ @

x
þ

@ @
t

þ
�f

00 4
w
þ
f
0 2
w
þ
tf

00 2
w
�

f
0 2 2
w

�
� @ @

v

X
3

f 1 2
@ @
x
�

@ @
z
�

f
0 1 2
w

@ @
v

�
�

f 1 2
þ
f
0 3

�
� @ @

x
�
ð�

f
00 3
w
þ

f
0 2 2
Þ@ @

v
0

f 3
þ
f 4

�
tf

0 3
ð

Þ@ @
x
þ
ðf

0 3
w
þ
tf

00 3
w
�

f
0 3 2
w
Þ@ @

v

X
4

�
f 1 2
�
tf

0 1

�
� @ @

x

�
f
0 1
w
þ
tf

00 1
w
�

f
0 1 2
w

�
� @ @

v

�
f 2 2
þ
f
0 4
�
tf

0 2

�
� @ @

x
�

@ @
t

�
�f

00 4
w
þ
f
0 2
w
þ
tf

00 2
w
�

f
0 1 2
w

�
� @ @

v

�
f 3

þ
f 4

�
tf

0 3
ð

Þ@ @
x

�ð
f
0 3
w
þ
tf

00 3
w
�

f
0 3 2
w
Þ@ @

v

0
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Substituting from (5) in (3), we explore the four unknown Lie in¯nitesimals then

simpli¯es Table 1 to an optimized form described in Table 2.

X1 ¼
ffiffiffiffiffiffiffiffiffiffi
t� 1

p @

@x
þ @

@z
� w

2
ffiffiffiffiffiffiffiffiffiffi
t� 1

p
� �

@

@v
;

X2 ¼
1ffiffi
t

p @

@x
þ @

@t
þ 1

2t
3
2

w

� �
@

@v
;

X3 ¼
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p þ ffiffi
t

p þ c1 �
x

2

� � @

@x
þ z

@

@z
þ w

2

@

@w
� w

2
ffiffiffiffiffiffiffiffiffiffi
tþ 1

p þ w

2
ffiffi
t

p
� �

@

@v
;

X4 ¼ c1 þ
x

2

� � @

@x
þ t

@

@t
� w

2

@

@w
� vð Þ @

@v
:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð6Þ

3. Reduction of the Independent Variables in SKdV System

3.1. Subalgebra X1 in Eq. (6)

X1¼
ffiffiffiffiffiffiffiffiffiffi
t� 1

p @

@x
þ @

@z
� w

2
ffiffiffiffiffiffiffiffiffiffi
t� 1

p
� �

@

@v
: ð7Þ

So, the characteristic equation will be

dxffiffiffiffiffiffiffiffiffiffi
t� 1

p ¼ dz

1
¼ dv

� w
2
ffiffiffiffiffiffi
t�1

p
� � : ð8Þ

Solving this equation leads to

wðx; z; tÞ ¼ Fðr; sÞ; vðx; z; tÞ ¼ ð2ðt� 1ÞKðr; sÞ � xwðx; z; tÞÞ
2ðt� 1Þ ; ð9Þ

where Fðr; sÞ and Kðr; sÞ are new independent variables and

r ¼ t; s ¼ z
ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p : ð10Þ

Table 2. Commutator table after optimization.

X1 X2 X3 X4

X1 0 �zX1 � tX2 þX3 þX4 X1 �zX1 � tX2 þX3 þX4

X2 zX1 þ tX2 �X3 �X4 0 �zX1 � tX2 þX3 þX4 X2

X3 �X1 zX1 þ tX2 �X3 �X4 0 �zX1 � tX2 þX3 þX4

X4 zX1 þ tX2 �X3 �X4 �X2 zX1 þ tX2 �X3 �X4 0

Investigation of a new similarity solution for the (2+1)-dimensional
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Using the new similarity and the dependent variables, system (2) will be reduced to

ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p
Fr þ

1

2

Fffiffiffiffiffiffiffiffiffiffiffi
r� 1

p þKs ¼ 0; ð11Þ

� F 2Fsss

ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p

4
þ FFssFs �

3F 3
s

4
þ F 4ðr� 1ÞFs þ

F 3
s

2

� �
ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p
þ F ðFFs �KFsÞðr� 1Þ ¼ 0:

ð12Þ

Separating the function Kðr; sÞ from Eq. (12) and di®erentiating it w.r.t s once, then

substituting from (11) into (12) generates nonlinear fourth-order PDE as follows:

FssssFsF
3 � 12F 3

s F
4rþ 12F 3

s F
4 þ 4FrsFsF

3r� 4FssFrF
3r

� 3FsssF
2
s F

2 � FsssFssF
3 � 3F 5

s þ 6F 3
s FssF � 2F 2

s F
3

� 4FrsFsF
3 þ 4FssFrF

3 ¼ 0: ð13Þ

So, Eq. (13) admits two unknown vectors as follows:

V1 ¼ ð�1þ rÞ @

@r
þ g1ðrÞ

@

@s
� F

2

@

@F
;

V2 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�1þ rÞp @

@r
þ �s

2ð�1þ rÞ3=2 þ g2ðrÞ
� �

@

@s
:

ð14Þ

Through the commutative product between V1;V2, we get

V1 � V2 ¼ ½V1;V2� ¼ V1ðV2Þ � V2ðV1Þ ¼
�3

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�1þ rÞp @

@r
þ ð�1þ rÞ

� 3s

4ð�1þ rÞ5=2 �
g1

2ð�1þ rÞ5=2 �
g 0
1

ð�1þ rÞ3=2 þ g 0
2

� �
@

@s
¼ �3

2
V2: ð15Þ

Comparing the two sides in (15) results in

ð�1þ rÞg 0
2 þ

3

2
g2 ¼

g1

2ð�1þ rÞ3=2 þ
g 0
1

ð�1þ rÞ1=2 : ð16Þ

By solving Eq. (16), we get

g2ðrÞ ¼
1

ð�1þ rÞ3=2 g1ðrÞ þ
Z

g1ðrÞ
2ð�1þ rÞ drþ C1

	 

: ð17Þ

Here, we will introduce some choices of g1 as follows:

Case I

Assume g1 ¼ r, then select V1 to reduce Eq. (13) as follows:

������
3�� � �3������� � 6�� 3

���� þ 3�5
� þ 12�4�3

� þ 4�3�2
����� � 2����

4 ¼ 0; ð18Þ

M. R. Ali et al.
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where

� ¼ �r� lnð�1þ rÞ þ s; �ð�Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�1þ r
p

F ðr; sÞ ð19Þ
has no analytical solution. So, we solve Eq. (18) using the Riccati{Bernoulli sub-

ODE method as follows: Suppose the solution of Eq. (18) be in the form solution of

Riccati equation

�0ð�Þ ¼ a�ð�Þ2 þ b�ð�Þ þ c: ð20Þ
By getting the second, third and fourth derivative of � and substituting from (20)

into (18) and set the coe±cients of �ð�Þ to be zero, we obtain an algebraic system in

a; b; c. Solving this system, we obtain a set of solutions as follows:

a ¼ �2Iffiffiffi
7

p ; b ¼ c ¼ 0:

So

�ð�Þ ¼
��2Iffiffiffi

7
p ð� þ CÞ

��1

: ð21Þ

Back substituting using (19) and (21), we get

Fðr; sÞ ¼
ð�2Iffiffi

7
p ð�r� lnð�1þ rÞ þ sþ CÞÞ�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�1þ r
p : ð22Þ

Using Eq. (11) we get the function Kðr; sÞ; as follows:

Kðr; sÞ ¼

� ffiffi
7

p
I

4 þð3C � 5rþ 3sÞ ln ð�1þ rÞ2 � 3ð�rþ sþ CÞð
C � 7r

3 þ s
� �

lnð�1þ rÞ þ gðr; sÞ�
ð�r� lnð�1þ rÞ þ sþ CÞ3ð�1þ rÞ ; ð23Þ

where

gðr; sÞ ¼ � ln ð�1þ rÞ3 � 3r3 þ ð7C þ 7sÞr2 � 5ðsþ CÞ2rþ C3 þ 3C2s

þ 3Cs2 þ s3 þ 4: ð24Þ
Using the transformations in (10) and (9), we will get a new solution for system (2)

as follows:

wðx; z; tÞ ¼
ð�2Iffiffi

7
p ð�t� lnð�1þ tÞ þ z

ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p þ CÞÞ�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi�1þ t
p ; ð25Þ

vðx; z; tÞ ¼

� ffiffi
7

p
I

4 þ 3C � 5tþ 3 z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
� �

ln �1þ tð Þ2 � 3 �tþ z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p þ C
� ��

C � 7t
3 þ z

ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
� �

ln �1þ tð Þ þGðx; z; tÞ
�

�t� lnð�1þ tÞ þ z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p þ C
� �

3ð�1þ tÞ
;

ð26Þ

Investigation of a new similarity solution for the (2+1)-dimensional
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where

Gðx;z; tÞ ¼ � ln ð�1þ tÞ3 � 3t3 þ 7C þ 7
z

ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p
� �

t2 � 5
z

ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p þC

� �2

t

þ C3 þ 3C2 z
ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p þ 3C
z

ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p
� �2

þ z
ffiffiffiffiffiffiffiffiffiffi
t� 1

p � xffiffiffiffiffiffiffiffiffiffi
t� 1

p
� �3

þ 4:

ð27Þ
Case II. Assuming g1 ¼ 1 and solving Eq. (16),

we get g2 ¼ 1
ð�1þrÞ3=2 þ

lnðr�1Þ
2ð�1þrÞ3=2 , then using vector V2 to reduce Eq. (13), we get

�������
3�� þ �3������� þ 3�����

2� 2
� � 6�� 3

���� þ 3�5
� þ 12�4� 3

� ¼ 0; ð28Þ
where

� ¼ s
ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p
� lnðr� 1Þ

ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p
�; ð�Þ ¼ F ðr; sÞ: ð29Þ

This equation has no analytical solution, so we try to solve it using the integrating

factors as follows.

. Integration method

First, multiply Eq. (28) by 1
�3��2

then integrate it once with respect to � and set the

integration constant equal to zero to obtain

���� ¼ � ��ð�12�4 þ 3�2
� � 6����Þ

2�2
: ð30Þ

For more solutions, we multiply Eq. (28) by
ð���2�2Þð��þ2�2Þ

�5��2
then integrate it once to

obtain

���� ¼ � ��ð48�8 þ 80����
5 � 88�4�2

� � 4�2�2
�� � 4�����

2
� þ 3�4

�Þ
4�2ð4�4 � �2

�Þ
: ð31Þ

Equating Eq. (30) to Eq. (31) results in

4�4 þ 3�2
� � 2���� ¼ 0; ð32Þ

which has an analytical solution

�ð�Þ ¼ 4c1
c21c

2
2 þ 2c21c2� þ c21�

2 � 16
: ð33Þ

Using Eq. (33) and back substituting using the invariant transformations in (29),

(9), (10), we get

Fðr; sÞ ¼ 4c1

c21c
2
2 þ 2c21c2ðs

ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p � lnðr� 1Þ ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p Þ
þ c21ðs

ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p � lnðr� 1Þ ffiffiffiffiffiffiffiffiffiffiffi
r� 1

p Þ2 � 16

; ð34Þ
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wðx; z; tÞ ¼ 4c1

c21c
2
2 þ 2c21c2

z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
ffiffiffiffiffiffiffiffiffiffi
t� 1

p � lnðt� 1Þ ffiffiffiffiffiffiffiffiffiffi
t� 1

p� �

þ zc 21
z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
ffiffiffiffiffiffiffiffiffiffi
t� 1

p � lnðt� 1Þ ffiffiffiffiffiffiffiffiffiffi
t� 1

p� �
2 � 16

; ð35Þ

vðx;z;tÞ¼

2ðt�1ÞKðr;sÞ�x 4c1

c21c
2
2þ2c21c2

z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
ffiffiffiffiffiffiffiffiffi
t�1

p � lnðt�1Þ ffiffiffiffiffiffiffiffiffi
t�1

p� �

þ zc21
z
ffiffiffiffiffiffi
t�1

p �xffiffiffiffiffiffi
t�1

p
ffiffiffiffiffiffiffiffiffi
t�1

p � lnðt�1Þ ffiffiffiffiffiffiffiffiffi
t�1

p� �
2�16

0
BBBBBBBB@

1
CCCCCCCCA

0
BBBBBBBBB@

1
CCCCCCCCCA

2ðt�1Þ :

ð36Þ

3.2. Subalgebra X2 in Eq. (6)

X2 ¼
1ffiffi
t

p @

@x
þ @

@t
þ 1

2t
3
2

w

� �
@

@v
: ð37Þ

So, the characteristic equation will be

dx
1ffiffi
t

p ¼ dt

1
¼ dw

1

2t
3
2
w
: ð38Þ

Solving this equation leads to

wðx; z; tÞ ¼ Fðr; sÞ; vðx; z; tÞ ¼
ffiffi
t

p
Kðr; sÞ � wðx; z; tÞÞffiffi

t
p ; ð39Þ

where Fðr; sÞ and Kðr; sÞ are new independent variables and

r ¼ �2
ffiffi
t

p
þ x; s ¼ z: ð40Þ

Using the new similarity and the dependent variables, system (2) will be reduced to

Kr ¼ 0; ð41Þ
�4F 4Fs þ F 2Frrs þ 4F 2Kr � 4FKFr � FFrrFs � 3FFrFrs þ 3F 2

r Fs ¼ 0: ð42Þ
This system has an analytical solution as follows:

F ðr; sÞ ¼ ð�3c1f1ðsÞ þ c2Þ1=3
ð�3c1rþ c2Þ1=3

; Kðr; sÞ ¼ d

ds
f1ðsÞ; ð43Þ

where f1ðsÞ is an arbitrary function in the variable s.
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Back substitution process will explore new solutions for system (2) as follows:

wðx; z; tÞ ¼ ð�3c1f1ðzÞ þ c2Þ1=3
ð�3c1ð�2

ffiffi
t

p þ xÞ þ c2Þ1=3
; ð44Þ

vðx; z; tÞ ¼ d

dz
f1ðzÞ �

ð�3c1f1ðzÞ þ c2Þ1=3ffiffi
t

p ð�3c1ð�2
ffiffi
t

p þ xÞ þ c2Þ1=3
: ð45Þ

4. Results and Discussion

Now, we analyze our solutions from the physical meaning view. Starting with solu-

tion (24) in ðx� zÞ domain we notice that the resulted wave has a Lump wave shape

but in ðt� zÞ domain, which presents an interaction between two waves as depicted

in Fig. 1.

In Fig. 2, we plot solution (26), which presents in ðx� zÞ domain a Lump solution

but in ðt� zÞ domain it will present multi peaks of waves move in curved path.

Moreover, in Fig. 3, we plot wðx; z; tÞ in the third row in Eq. (34) in two di®er-

ent domains. First in ðx� zÞ domain, which show two Lump solutions together

(a) (b) (c)

Fig. 1. (Color online) Three-dimensional plots for wðx; z; tÞ for C ¼ 1: (a) t ¼ 0; (b) x ¼ 2 and

(c) t ¼ 0; t ¼ 2;x ¼ 2:

(a) (b) (c)

Fig. 2. (Color online) Three-dimensional plots for vðx; z; tÞ for C ¼ 1: (a) t ¼ 0; (b) x ¼ 2 and (c) t ¼
0; t ¼ 2;x ¼ 2:
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(a) (b) (c)

Fig. 3. (Color online) Three-dimensional plots for wðx; z; tÞ in Eq. (34) for c1 ¼ 2; c2 ¼ 1: (a) t ¼ 0;

(b) x ¼ 2 and (c) t ¼ 0; t ¼ 0:9;x ¼ 1:

(a) (b) (c)

Fig. 4. (Color online) Three-dimensional plots for vðx; z; tÞ in Eq. (35) for c1 ¼ 2; c2 ¼ 1: (a) t ¼ 0;

(b) x ¼ 0:1 and (c) t ¼ 0; t ¼ 0:5;x ¼ 1:

(a) (b)

Fig. 5. (Color online) Three-dimensional plots for wðx; z; tÞ; vðx; z; tÞ in Eqs. (44) and (45) for

c1 ¼ 1; c2 ¼ 1. (a) t ¼ 20; and (b) t ¼ 10.
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but in ðx� zÞ domain ðt� zÞ domain, we ¯nd two curved obliques of some wave's

peaks.

Figure 4 presents vðx; z; tÞ in Eq. (36), which also show two closer Lump solutions

di®erent than Fig. 3(a) in x� z domain and in t� z domain. Figure 4(b) represents

interaction between one soliton solution moves in time axis and multi soliton waves

move in curved oblique path. In solutions (44) and (45), we select f1ðzÞ ¼ 1þ tanðzÞ2
and plot the functions for wðx; z; tÞ and vðx; z; tÞ, which represent periodic interacted

solutions and multi soliton solutions, respectively.

5. Conclusion

We study the nonlinear time-dependent Schwarzian Korteweg{de Vries equation

in (2+1) dimensions and by using some logarithmic transformations, we transfer the

(2+1)-dimensional SKDV equation to system of PDEs. The transformed system

admits in¯nite numbers of in¯nitesimals. We determined optimal functions forms via

a commutative product. Based on our method, we investigate new Lie vectors.

Through two methods the Riccati-Bernoulli sub-ODE and integrating factor

methods and using the new Lie vectors, we generate new solitary wave solutions.

The summary of our results is as follows.

. The investigated Lie vectors are di®erent and new compared with Ref. 8.

. Based on the new Lie vectors, we reduced system (2) to some ODEs and solved

these equations using the direct, integration and Riccati–Bernoulli sub-ODE

methods.

. We can analyze our solutions as follows:

(I) Figures 1(a) and 2(a) imply one Lump soliton solution.

(II) Figures 1(b) and 4(b) represent an interaction between multi-soliton waves

with one soliton solution together and this means the physical properties do

not change after the interaction.

(III) Figure 2(b) presents multi peaks of waves move in curved path.

(IV) Figures 3(a) and 4(a) represent two Lump soliton solutions.

(V) Figure 4(b) represents two hyperbolic waves.

(VI) Figures 5(a) and 5(b) represent periodic and multi-soliton solutions that

their amplitude decreases with increasing the time and the wave peaks moves

to lift direction.
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