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We study the (2+1)-dimensional Schwarzian Korteweg—de Vries equation (SKdV).
The explored solutions describe new Lump soliton colliding with visible soliton, an interaction
between multi-soliton waves with one soliton, multi peaks of waves moving in a curved path,
two hyperbolic waves moving together without interaction and some of periodic waves. We
examine the commutative product between multi unknown Lie infinitesimals for the (2+1)-
dimensional (SKdV) equation, and this study result in some new Lie vectors. The commutative
product generates a system of nonlinear ODEs which had been solved manually. Through two

H Corresponding author.

2550028-1


https://orcid.org/0000-0002-0795-0709
https://orcid.org/0000-0003-1951-4565
https://orcid.org/0000-0001-6954-5517
https://orcid.org/0000-0003-4097-1621
https://dx.doi.org/10.1142/S0217984925500289

Mod. Phys. Lett. B Downloaded from www.worldscientific.com

by CASE WESTERN RESERVE UNIVERSITY on 09/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. R. Ali et al.

stages of Lie symmetry reduction, SKdV equation is reduced to non-solvable nonlinear ODEs
using various combinations of optimal Lie vectors. Using the Riccati-Bernoulli sub-ODE and
Integration methods, we investigate new analytical solutions for these ODEs. Back substituting
for the original variables generates new solutions for SKdV. Some selected solutions are illus-
trated through three-dimensional plots.

Keywords: Lie symmetries; invariant solutions; commutative product; (2+1)-dimensional
Schwarzian Korteweg—de Vries equation.

PACS Nos.: 02.20.Sv; 02.30.Jr; 04.20.Jb; 05.45.Yv

1. Introduction

The differential equations play important role in medical, fluid, signal processing and
engineering applications.! ® Here, we consider the Schwarzian Korteweg—de Vries
(SKdV) equation in (2+1) dimensions as follows:

1 Uy Uy, Ugy Uy uiuz Uz H-1 Uf:
gy, — 22 T -2 =2) =o. 1
U s T gy w2 39\, (1)

In Ref. 7, Toda and Yu derived Eq. (1) from a well-known higher-dimensional
manner to the Lax pair for the SKAV equation. Here, 3! is the integration w.r.t. (z).
Following the Mébius transformations in Refs. 8 and 9, we will transfer the (241)
SKdV to nonlinear system of PDEs as follows:
4w v, —wow, +wAw,,, — WW,,w, — 3ww,w,, + 3wiw, — dwiw, = 0, @)
wy — v, = 0.

The Korteweg—de Vries (KdV) equation.'? has an important role in the physical
and optical fields. So, many researchers are interested in KdV equations and its
extensions and originated from them. Furthermore, we can say the SKdV equation is
the most essential equation.

In Ref. 9, the authors used Miura transformation and the connection between KdV
and SKdV equation to explore some of the solitary waves. Ramirez et al.® applied the
classical Lie method to obtain reductions with optimal system of vectors to reduce the
SKdV equation. Through Lax Pair of (1), the authors in Ref. 11 derived the Darboux
transformation and then they generated multi soliton solution for (1). The extended
simplest equation method, the sech-tanh method, the Adomian decomposition method
and the cubic spline scheme were applied in Ref. 12 to explore analytical, numerical
solutions for (1). Li'? applied the projective equation method which satisfies the Riccati
equation to generate rouge wave-type and cross-like fractal soliton solutions. Some of
the Isochronous Solutions were presented in Ref. 14 for the modified version of (1).
Some numerical solutions were obtained in Ref. 15 using Adomian and B-spline
methods. Lax pairs equations with Darboux transformation were applied in Ref. 16 to
obtain some explicit solutions. Miscellaneous solutions were obtained in Ref. 17 as
rational soliton, hyperbolic function and bright soliton solutions.

2550028-2



Mod. Phys. Lett. B Downloaded from www.worldscientific.com

by CASE WESTERN RESERVE UNIVERSITY on 09/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Investigation of a new similarity solution for the (2+1)-dimensional
In this paper, we consider the SKdV equation and based on Lie algebra,'® 2%
system (2) has four unknown vectors as determinate in Ref. 25, so, we optimize Lie
vectors containing arbitrary functions of time through a commutative product for
various values of functions. Through one or two stages of reduction, some ODEs that
have no quadrature are solved using two methods: the Riccati-Bernoulli sub-ODE.25
and the integrating factors as in Ref. 19.

The rest of the paper is organized as follows. In Sec. 2, we investigate the unknown
subalgebras for system (2) We explore new solutions for SKdV system in Sec. 3 using
the new Lie vectors that we obtained in the previous section. In Sec. 4, we analyze
our solutions based on the physical meaning. In Sec. 5, we end the work with the
conclusion.

2. Investigation of Lie Symmetry Generators of (2)

The system (1) admits four Lie vectors. Each of these vectors has arbitrary functions
in time. Through the commutative product between the resulted vectors, we inves-
tigate new infinitesimals for SKAV system.

X, = f1<t>§+3 (i) 5

%7
(9
3
(f3() )aax”%Jr;Uai (f3())aav

B R Ko P O s
There are an infinite number of possibilities for these vectors due to the existence of
the arbitrary functions f;(¢),7 = 1...4. We derive optimal values for these functions
first by evaluating the commutative product of these infinitesimals as listed in
Table 1.

Simplifying Table 1 by the commutative product properties generates a nonlinear
system of ODEs as follows:

f1+f1 tfi =0,
it (@)
5 tfﬁfQ padice

Solving this system of differential equations manually and the assumption of some
values results in

Hhi=Vt=1, fo= !

%7 f=Vt+t1+Vi+e, fi=c. (5)
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Table 2. Commutator table after optimization.

X X X3 Xy
X, 0 —2X) — Xy + X3 + X, X, —2X, —t X+ X3+ X,
Xy 2X) +tXy — X3 — X, 0 —2X) = tXy + X5 + X, X,
X, -X, 2X) +1Xy — Xy — X, 0 —2X, — X + Xy + X,
X, 2X) +tXy — X3 — X, X, 2X) Xy — Xy — X, 0

Substituting from (5) in (3), we explore the four unknown Lie infinitesimals then

simplifies Table 1 to an optimized form described in Table 2.

o 0 w 3}
X, =12, Y (Y <
! t Ox + 0z (2\/15 — 1> o’

X —i3+2+ Lw 2
2T Vkox ot \op ) o’

3. Reduction of the Independent Variables in SKdV System

3.1. Subalgebra X, in Eq. (6)

0 0 w 0
Xi=vVt—-1l—+———— | =—.
! 8w+82 (2,/151) ov
So, the characteristic equation will be

dz dz dv

Solving this equation leads to

0 0 0
XB(V”lﬂ/”Clg)ax”aﬁgaw‘( 3
z\ O 0 w 0 0
%= (0+5) e 3o Way

(2(t — V)K(r,s) — zw(z, 2, 1))

(6)

+w><’9
2V/E+1  2y/t) ov’

w(z, z,t) = F(r,s),v(zx, z,t) =

2(t—1)
where F(r,s) and K(r,s) are new independent variables and
' wWt—1—=x
r = y S =—.
vt—1
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Using the new similarity and the dependent variables, system (2) will be reduced to

1 F
r—1F, +— +K,=0, 11
% s =tk (11)
F2F. r—1 F3 F3
—%+<FE§SFS—3 L+ FYr—1)F, + )
4 4 2 (12)

Vr—1+ F(FF,— KF,)(r—1)=0.

Separating the function K(r, s) from Eq. (12) and differentiating it w.r.t s once, then
substituting from (11) into (12) generates nonlinear fourth-order PDE as follows:

F. F.F —12F3F'r + 12F3F* + AF, ,F,F*r — AFF, F°r
— 3F FIF? — Fy F F* = 3F] + 6F)F,,F —2FF"
— AF.,F,F* 4+ AF,F.F3 = 0. (13)

So, Eq. (13) admits two unknown vectors as follows:

0 F 0

0
Vi= (*1+7')—+91(7’)£*56—F;

or
—s 0

_ 1 5}
_ﬁ5+ <m+gz(r)) 55

Through the commutative product between Vi, V,, we get

Vs

0
Vi Vo = [V, Vol = Vi(Va) = Va(Vh) = ot (-1+7)

-3
2147

3s 91 g1 /) o -3
(4(—1 +7)2 2(=147)%% (=1+71)*? P2 )95~ 2 (15)

Comparing the two sides in (15) results in

3 9 91
gl 4o = + . 16
( T)QQ 292 2(—1+T)3/2 (_1_'_7_)1/2 ( )
By solving Eq. (16), we get
_ 1 g:(r)
QQ(T) - (_1 + 7")3/2 |:gl(r) + / 2(_1 +7') dr + Cl . (17)

Here, we will introduce some choices of g; as follows:

Case 1
Assume g; = r, then select V] to reduce Eq. (13) as follows:

: 3 5 3 2
97”7,7,70397) — 9397],707]7]7] —6600,,0,, + 30, + 129497] + 4039,]6’77777] — 297],794 =0, (18)
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where
n=—r—In(-1+7)+s,60(n) =vV-1+rF(rs) (19)

has no analytical solution. So, we solve Eq. (18) using the Riccati-Bernoulli sub-
ODE method as follows: Suppose the solution of Eq. (18) be in the form solution of
Riccati equation

0'(n) = ab(n)? + bd(n) + c. (20)

By getting the second, third and fourth derivative of 6 and substituting from (20)
into (18) and set the coeflicients of (7)) to be zero, we obtain an algebraic system in
a, b, c. Solving this system, we obtain a set of solutions as follows:

+27 b 0
a:—’ = CcC= .
VT

(ﬁl )1. (21)

Back substituting using (19) and (21), we get

So

H(—p—In(-1+7)+s+C))"!
F(r,s):(‘ﬁ( \(/T-i-: ) . (22)

Using Eq. (11) we get the function K(r, s); as follows:

VI (4(3C — Br + 3s) In (=1 +7)2 — 3(—r + 5 4 C)

(C—=Z+s)In(=1+7)+g(r,s))

K = 23
(r,s) (—r—In(—1+7) +s+CP(—1+r) @9
where
g(r,s) = —In(=1+47)3 = 3r3 + (7C + 7s)r® — 5(s + C)*r + C* + 3C?s
+3Cs* + s* + 4. (24)
Using the transformations in (10) and (9), we will get a new solution for system (2)
as follows:
(F(—t—In(—1+1t)+ 2212 4 O)7
w(x, z,t) = v Vel ; (25)
V=14t
WI( (30 5t+32@__”)1n( 1+t)2—3(—t+2\jt’711’“+0)
C— T 22 ) Iy (—1 +¢) + G(w, 2, 1)
oz, 2, t) = ( 3 Vi-1 ) = )3 7
(—t —In(=1+41t) 4 2 +C) (—1+1)
(26)
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where
. Vi—1-— 2Vt—1—=x 2
G(z,z,t)=—1 —1+t3—3t3+<7(]—|—7z ) —5<7+C)t
(z,2,t) n ( ) = T
+C*+3CQZVt 1-— +3C(z\/t 1— ) +<Z\/t—1—$)3+4
Vit—1 Vit—1 t—1

Case II. Assuming g1 = 1 and solving Eq. (16),

= 1+r)3/2 + (ln(r 1)1/2, then using vector V, to reduce Eq. (13), we get

2 5 3
9,],,,,,,939,] + 9397],,9 + 39,,,,,1920 — 6003 O + 36, + 12949 =0, (28)

we get gy =

mmn

where
n=svr—1—In(r— )vr—10,(n) = F(r,s). (29)

This equation has no analytical solution, so we try to solve it using the integrating
factors as follows.

e Integration method
First, multiply Eq. (28) by # then integrate it once with respect to n and set the
n
integration constant equal to zero to obtain

0,(—126* + 307 — 606,

Oy = — 202 : (30)
For more solutions, we multiply Eq. (28) by W then integrate it once to
obtain
2 2 2 4
0 - 6,(486° + 800,,0° — 88010, — 46%0;, — 4600,,0; + 367) . 31)
mm 46%(40* — 67)
Equating Eq. (30) to Eq. (31) results in
2
46* + 30, — 200,, =0, (32)
which has an analytical solution
4c
0(n) = : (33)

cics 4+ 2c2em+cin? — 16
Using Eq. (33) and back substituting using the invariant transformations in (29),
(9), (10), we get
4cq
c2e2+2c%cy(svVr—1—In(r—1)vVr—1) '
+ 2(svVr—1—In(r—1)vVr—1)> - 16

F(r,s) =

(34)
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4C1

w(z,z,t) = )
35
cicl +2cicy <Z \;;Tl;” Vit—1—-In(t — 1)Vt — 1)
. 2
+ zc%<z s E— T —In(t — 1)v/E - 1) ~ 16
2t—1)K(r,s)—x 4o
cie3+2cic, (%\/t— I-In(t—-1)vt— 1)
2
+zc%(%\/t—l—ln(t—l)\/t—l) —16
v(z,z,t)=
2(t—1)
(36)
3.2. Subalgebra X, in Eq. (6)
1 0 0 1 0
Xo=——+—+4+|—w|=—. 37
2 \/Eax+8t+(2t%w>8v (37)
So, the characteristic equation will be
dr dt dw
Vi 2
Solving this equation leads to
tK - t
w(zx, z,t) = F(r,s),v(x, 2,t) = VIK(r,5) — w(z, 2,1)) , (39)
Vit
where F(r,s) and K(r,s) are new independent variables and
r=—-2Vt+x,s=z (40)

Using the new similarity and the dependent variables, system (2) will be reduced to

K, =0, (41)

—4F'F, + F°F,,, + 4AF’K, — AFKF, — FF, F, — 3FF,F,, + 3F}F, = 0.  (42)
This system has an analytical solution as follows:

“3e fu(8) 4 )3
Flr,s) = (3—35172;)1/)3 , K(r,s):%fl(s), (43)

where f1(s) is an arbitrary function in the variable s.
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Back substitution process will explore new solutions for system (2) as follows:
(=3c1fi(2) + )
(=3cr(=2VE+2) + )/

_ 4y (=3c1fi(2) + )
v(z,2,t) = — fi(2) V(30 (=2 +3) + )P

w(x, z,t) = (44)

e (45)

4. Results and Discussion

Now, we analyze our solutions from the physical meaning view. Starting with solu-
tion (24) in (z — z) domain we notice that the resulted wave has a Lump wave shape
but in (¢t — z) domain, which presents an interaction between two waves as depicted
in Fig. 1.

In Fig. 2, we plot solution (26), which presents in (z — z) domain a Lump solution
but in (¢ — z) domain it will present multi peaks of waves move in curved path.
Moreover, in Fig. 3, we plot w(z,z,t) in the third row in Eq. (34) in two differ-
ent domains. First in (z — 2z) domain, which show two Lump solutions together

Fig. 1. (Color online) Three-dimensional plots for w(x,z,t) for C=1. (a) t=0, (b) =2 and
(0)t=0,t=2,2=2.

Fig. 2. (Color online) Three-dimensional plots for v(z, z,t) for C =1. (a) t =0, (b) 2 =2 and (c) t =
0t =22 =2

2550028-10



Mod. Phys. Lett. B Downloaded from www.worldscientific.com

by CASE WESTERN RESERVE UNIVERSITY on 09/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Investigation of a new similarity solution for the (2+1)-dimensional

(a) (b) ()

Fig. 3. (Color online) Three-dimensional plots for w(z, z,t) in Eq. (34) for ¢, =2,¢p =1. (a) t =0,
(b)z=2and (¢) t=0,t =09,z =1.

Fig. 4. (Color online) Three-dimensional plots for v(z, z,¢) in Eq. (35) for ¢; =2,¢0 =1. (a) t =0,
(b)z=0.1and (c)t=0,t=0.5,z=1.

[REE

Fig. 5. (Color online) Three-dimensional plots for w(z,z,t),v(x,2,t) in Egs. (44) and (45) for
¢ =1,¢0=1. (a) t =20, and (b) ¢t = 10.
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but in (z — z) domain (¢ — z) domain, we find two curved obliques of some wave’s
peaks.

Figure 4 presents v(z, z,t) in Eq. (36), which also show two closer Lump solutions
different than Fig. 3(a) in  — z domain and in ¢ — z domain. Figure 4(b) represents
interaction between one soliton solution moves in time axis and multi soliton waves
move in curved oblique path. In solutions (44) and (45), we select f;(2) = 1 + tan(z)?
and plot the functions for w(z, z,t) and v(x, z, t), which represent periodic interacted
solutions and multi soliton solutions, respectively.

5. Conclusion

We study the nonlinear time-dependent Schwarzian Korteweg—de Vries equation
in (241) dimensions and by using some logarithmic transformations, we transfer the
(24+1)-dimensional SKDV equation to system of PDEs. The transformed system
admits infinite numbers of infinitesimals. We determined optimal functions forms via
a commutative product. Based on our method, we investigate new Lie vectors.
Through two methods the Riccati-Bernoulli sub-ODE and integrating factor
methods and using the new Lie vectors, we generate new solitary wave solutions.
The summary of our results is as follows.

e The investigated Lie vectors are different and new compared with Ref. 8.

o Based on the new Lie vectors, we reduced system (2) to some ODEs and solved
these equations using the direct, integration and Riccati-Bernoulli sub-ODE
methods.

o We can analyze our solutions as follows:

(I) Figures 1(a) and 2(a) imply one Lump soliton solution.

(IT) Figures 1(b) and 4(b) represent an interaction between multi-soliton waves
with one soliton solution together and this means the physical properties do
not change after the interaction.

(IIT) Figure 2(b) presents multi peaks of waves move in curved path.
(IV) Figures 3(a) and 4(a) represent two Lump soliton solutions.
(V) Figure 4(b) represents two hyperbolic waves.

(VI) Figures 5(a) and 5(b) represent periodic and multi-soliton solutions that
their amplitude decreases with increasing the time and the wave peaks moves
to lift direction.
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