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Lipschitz Extensions on
Generalized Grushin Spaces

THoOMAS BIESKE

1. Background and Main Results

In this paper, we look to extend the concept of viscosity solutions to Grushin-type
spaces, which are constructed using R” but lack a group structure. The first part of
this article is dedicated to background material and the establishment of Grushin
maximum principles. This allows us to prove comparison principles, including
one for viscosity infinite harmonic functions. After doing so, the final section is
used to prove that C!  absolute minimizers are viscosity infinite harmonic. (For
the definitions of C ;ub and C szub functions, see Definition 1.) This result is inspired
by the work of Capogna and the author in [5], in which absolute minimizers in
Carnot groups are shown to be viscosity infinite harmonic and C|; minimizers in
free vector fields are also shown to be viscosity infinite harmonic. The main nicety
of the proof here is that the Rothschild—Stein lifting theorem [18] is not needed,
for the Taylor polynomial is directly computable.

We begin by constructing the Grushin-type spaces. We consider R” with coor-

dinates (xy,x»,...,x,) and the vector fields
d
X = pi(x1,x2,..., %)) —
Bx[
fori =2,3,...,n, where p;(x1,x2,...,x;_1) is a (possibly constant) polynomial.
We decree that p; = 1 so that
0
X =—.
8)61

A quick calculation shows that when i < j, the Lie bracket is given by

3pj(x1,x2,-.-,xj—1)i

Xij = [Xi, Xj1 = pi(x1,%2,...,Xi-1) o, o,

(1.1)

Because the p; are polynomials, at each point there is a finite number of iterations
of the Lie bracket such that d/dx; has a nonzero coefficient. This is easily seen for
X and X», and the result is obtained inductively for X;. (We remark that the num-
ber of iterations necessary is a function of the point.) Thus, Hérmander’s condition
is satisfied by these vector fields. Endowing R” with an inner product (singular
where the polynomials vanish), so that the X; are orthonormal, produces a mani-
fold that we shall call g,. This is the tangent space to a generalized Grushin-type
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space G,. Points in G, will also be denoted by p = (xy, x2,...,x,), with a fixed
point denoted po = (x?,x9,...,x9). In addition, we use the notation p — py =
(x1 — x0,x2 — x9, ..., x, — x9) and denote the evaluation p;(po) by p).

Even though G, is not a group, it is a metric space whose natural metric is the
Carnot—Carathéodory distance, which is defined for the points p and g as follows:

1
de(p,q) = ilgf/ lly' (o)l dt,
0

where the set I is the set of all curves y such that ¥ (0) = p, y (1) = ¢, and y'(¢)
isin span{{X;(y(¢))}i_;}. By Chow’s theorem (see e.g. [3]) any two points can be
connected by such a curve, which means d¢ (p, ¢) is an honest metric. Using this
metric, we can define a Carnot—Carathéodory ball of radius » centered at a point
Po by

B = B(po,r) ={pe€Gy:dc(p,po) <rl;

similarly, we shall denote abounded domain in G,, by 2. The Carnot—Carathéodory

metric behaves differently when the polynomials p;(x, x5, ...,x;_1) vanish. Fix-
ing a point pg, consider the n-tuple r,, = (rll o? rpzo, --> Ty, ), Where r[’; , 1s the min-

imal length of the Lie bracket iteration required to produce
[Xji» [Xjo, [+ [X;, » Xi] -+ - 1(po) # 0.

Note that even though the minimal length is unique, the iteration used to obtain
that minimum is not unique. Note also that

pi(po) #0 — r,’;o =0.

Using Theorem 7.34 from [3], we obtain the local estimate at py:
de(po.p) ~ Y |x; — x0V0+0), (12)
i=1

Given a smooth function f on G,, we define the horizontal gradient of f as

Vof(p) = (Xif(p), Xaf(p),.... Xu f(P))

and the symmetrized second-order (horizontal) derivative matrix by

1
«Wﬂmmﬁ=;x&ﬂm+&xﬂm)
fori,j =1,2,...,n.

DEFINITION 1. The function f: G, > Ris said to be C!, if X; f is continuous
foralli =1,2,...,n. Similarly, the function f is Cszub if X;X; f(p) is continuous
foralli,j=1,2,...,n.

It should also be noted that, for any open set O C G,,, the function f is in the hori-
zontal Sobolev space W4(O) if f, X, f,..., X, f are in LY(©). Replacing L(QO)
by L% (), the space W,24(O) is defined similarly. The space W, 4(O) is the clo-
sure in W4(O) of smooth functions with compact support. Locally Lipschitz

functions are those functions f such that
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V0 fllzz, < oo.
(See [11] and [12] for further details.)
Using these derivatives, the class of equations we consider are given by
F(p,u(p),Vou(p), (D*u(p))") =0,
where the continuous function
F:G,xRxg,xS"—R

satisfies
F(p,r,n,X) < F(p,s,n,Y)

whenr < sand Y < X. (Thatis, F is proper [9].) Recall that " is the setof n x n
real symmetric matrices. An example of this type of equation is the quasilinear
horizontal g-Laplacian

div([| Voul| " Vou) = Y Xi([[Voull'~*Xiu)
i=1
for 2 < g < oo. Formally taking the limit as ¢ — oo yields the horizontal infinite
Laplacian

Aooof = Y Xif X fXiX;f
i,j=1
= (Vofs (D*f)*Vof).
For a more complete discussion of the g-Laplacian and infinite Laplacian, see
[4;13].
We first define solutions to the equation
F(p,u(p),Vou(p), (D*u(p))*) =0
in the viscosity sense. In order to do so, we must define the subelliptic jets. (For
a thorough discussion of jets, the interested reader is directed to [9].) Given a

function f: G, +— R, it is natural to consider inequalities based on the Taylor
expansion.

DEFINITION 2. We fix the point py and let A/ be the set of indexes so that
keN <= pp=0.
Then, given a function u: G, — R, a vector > :_ n;X; = n € g,, and an S"

matrix X, the pair (n, X) € J2’+u(p0) if

1
u(p) < u(po) + Yy 0<xj X + Z(O)zu X)X

jeN i ]¢N
1 1 1 9
+ ) i —x))(x — >( ’(po)n-)
% T 2 G
i<j
1
+Z Z(xk X)) 0( (m)) X + o(dc(po, p)),
keN

where § is the number of nonzero terms in the final sum.
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Here, we understand that if ,on = 0 or (3px/0x;)(po) = O then that term in the

final sum is zero. The second-order subjet of u at pg, denoted J 2=u(po), is de-
fined by

T>"u(po) = —J>*(—u)(po).

Using these jets, we can define viscosity solutions to our class of functions.

DEerFINITION 3. Let O be an open set in G, and let u: O +— R. If u is upper
semicontinuous and

F(p,u(p),n,X) <0 foral peO, forall (n,X)eJé’+u(p),

then u is a viscosity subsolution of F(p,u(p),Vou(p), (D*u(p))*) =0.
If u is lower semicontinuous and

F(p,u(p),n.X)=0 forall peO, forall (n,X)eJ5 u(p),

then u is a viscosity supersolution of F(p,u(p),Vou(p), (D*u(p))*) = 0.
The function u is a viscosity solution if it is both a viscosity subsolution and a
viscosity supersolution.

In order to use the machinery of [9] to prove comparison principles, a relationship
between Euclidean and subelliptic jets must be established. This is accomplished
through the following lemma.

MAIN LEMMA. Let the points p, pg € R" be denoted by p = (x1,x2,...,Xy)
and py = (xl,xz, ...,xg). Let n € R" and X € S§". Also, let (-, )euc denote the
Euclldean inner product in R". Then, define the standard Euclidean superjet, de-
noted J2 by

eucl’
euclu(po) ={®,X) :u(p) <u(po) + (N, P — Po)euc

HX(p = po). P — Poeud
+o(p — po, P — Poleucl) @S p —> po}-

If n=(n, 772» ...»Np) is a Euclidean vector and X = {X;;} is an S" matrix such
that (n, X) € iz 1 u(po) then (n,Y) € J% Tu(po), where the vector ij is defined by

ceuc.
= Zﬂ?mX,
i=1

and the symmetric matrix Y is defined by
10p)
0,0 ) | <
Y, = piP; Xij +2a o, i<,
Y, i> .
This lemma is the key to proving comparison principles. The first comparison
principle involves strictly monotone elliptic equations. Such equations satisfy the
following properties:
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o(r—s) < F(p,r,n, X) = F(p,s,n, X),
|F(p,r,n, X) — F(q,r,n, X)| = wi(dc(p,q)),
|F(p,r,n, X) = F(p,r,n, Y)| < wa(||lY = X])),
|F(p,r,n, X) — F(p,r,v, )1 < wa(llnll = [vIID,
where the constanto > 0 and the functions w; : [0, 00] — [0, oo] satisfy w;(0") =

0 fori = 1,2, 3. The appropriate comparison principle is given next.

THEOREM 1.1. Let F satisfy the four properties just listed. Let u be an upper
semicontinuous subsolution and v a lower semicontinuous supersolution to

F(p, f(p),Vof(p),(D*f(p))*) =0

in a domain 2 such that

lim sup u(q) < liminf v(q)
q—p a=r

when p € 02, where both sides are neither 0o nor —oo simultaneously. Then

u(p) = v(p)
forall p e Q.

The second comparison principle involves Jensen’s auxiliary functions [13], which
are used in the proof of uniqueness for infinite harmonic functions in certain
Grushin spaces (see Section 5 for complete details). This function is defined by

Fe(n.X) = min{[[n]* — &2, —(Xn. n)},
where ¢ is a positive real number.

THEOREM 1.2.  Let u be an upper semicontinuous subsolution and v a lower semi-
continuous supersolution to

F.(Nof(p),(D*f(p))*) =0

in a domain 2 such that

lim sup u(g) < liminf v(q)
q—p a=r

when p € 02, where both sides are neither co nor —oo simultaneously. Then

u(p) < v(p)
forall p e Q.

This comparison principle produces a corollary whose proof is similar to that of
the theorem.

COROLLARY 1.3. Let € be a positive real number. Then a comparison principle

for
H.(n, X) = min{e? — In]l% —(Xn,n)}

holds as in Theorem 1.2.
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We then let ¢ — 0 to obtain a comparison principle for infinite harmonic func-
tions, as follows.

THEOREM 1.4.  Let u be an upper semicontinuous subsolution and v a lower semi-
continuous supersolution of
A(),oou =0

in a domain 2 such that, if p € 092, then

lim sup u(g) < limsup v(g),
q—>p q—p

where both sides are neither —oo nor +o0o simultaneously. Then, for all p € €2,
u(p) = v(p).

Having shown that viscosity infinite harmonic functions are unique, the relation-
ship between absolute minimizers and viscosity infinite harmonic functions is es-
tablished. Recall that minimal Lipschitz extensions are Lipschitz functions defined
inaset 2 C G, with the property that, for all Lipschitz w such that u = w on 9€2,

lullwr o) < lwllwtoog)-

In general, minimal Lipschitz extensions are neither smooth nor unique. In [1],
Aronsson introduced absolutely minimizing Lipschitz extensions, or absolute min-
imizers, which have the foregoing property on every subset € C Q. In[13], Jensen
showed that every Euclidean absolute minimizer is viscosity infinite harmonic, and
this proof was simplified by Crandall in [8]. In [5], Capogna and the author prove
the same result for Carnot groups, showing also that the result is true in free vec-
tor fields if the added hypothesis of C., regularity is added. Using ideas from this
paper, the following theorem is proved.

THEOREM 1.5. Ifuisa Cslub absolute minimizer, then u is viscosity infinite har-
monic. Hence, it is unique in a certain class of Grushin spaces.

This paper is divided up as follows. Section 2 is concerned with formulating
Taylor’s theorem on Grushin-type spaces; Section 3 defines second-order jets on
Grushin-type spaces and proves needed properties. Section 4 establishes a Grushin
maximum principle, and Section 5 proves various comparison principles. In Sec-
tion 6, absolute minimizers are shown to be viscosity infinite harmonic.

2. Taylor Polynomials

We begin by formally expressing the Taylor polynomial of a function. The Taylor
polynomial will depend upon the base point, changing at the zeros of the vari-
ous p;.

ProposiTION 2.1. Let f: G, — R bea CSZub function and let po be as before.
We define the set N by
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keN < p)=0.
Then the Taylor polynomial is given by the following formula:

1 1 1
f(p)=f(po)+ piChe DIXif(po)+ 5D o XXX (po)

jgN Ti j§£./\/'( J
I X X; + XX,
+ Z(xi—x?xx,-—xf)( R At

l,]¢/\/ Pi J

i<j
1 1 8,0]

X;

T30 0)23 (po) f(Po))

+Y (- xk)—f(po> +o(dc(po, p)).

keN

Proof. Denote the right-hand side of the preceding formula by P(p). Letr,l ¢ N.
Then we calculate that

X,P(p)
- P/(pi?Xzf(Po) + (p]%,)zm - x?)xlxlﬂpo))
+p1§<x, ?<p?1p?x,.x,;x,x,.f( OREY 2)28 (o) zf(Po))
+,Oz§(x, ‘ (pjolp? ST fpo) - : ﬁ)z (o) ,f(po)>

so that at point py we obtain X;P(po) = X;f(po). Differentiating again, we
obtain

X XiP(p) = (p)° o O)ZXlef(pO)

so that evaluation at pg produces X; X;P(po) = X; X; f(po).
In order to compute the other second-order derivatives, we must consider the
two cases of r < [ and r > [. We first consider r < l Then

X, XiP(p) (1 LXK XK o) — P po) X f( ))
r =0PI\ 7
1ep I,Orpl B Po (0)28 Po)ArJ{pPo
dp1 X;P(p)
"ax,  pr
so that
X, X1P(po)
090 X, X+ XX, p
Pral f(Po) %f( 0 !

= E[Xr’Xl]f(pO) + E(erz + XiX:) f(po)
=X, X, f(po).
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In the case r > [, we note that (9p;/9x,)(po) = 0 so that

11X.X+ XX,

X, X;P(p) = ,Or,01<———f( 0) —

o o > (Po) rf(Po)>,

( 0)2 0x;
hence we obtain

1 1 ,dp,
X, X,P(po) = JX&+XJ)ﬂm%"w%

1
= E(X’Xl + Xi X)) f(po) — E[Xl»Xr] = X, X1 f(po)-

We now turn our attention to elements of N. Let b, ¢ € N. Then,

0
Xy P(p) = pba—xbf(l?o),

ad
XLXbP(P) = Pc
0x,

and so
XpP(po) = X X P(po) =0.

Using the subindex r as before, we also have

ad
Xy X, P(p) = Pro— (X, P(p)),
Xb

8pb d
X, Xy P(p) = pr— — f(po),
dx, 0xp

resulting in
Xy X, P(po) =0 and X, X, P(po) = X, X}, f(po).

Thus, P(p) is the Taylor polynomial. By Theorem 4.10 in [3], the error is
o(dc(p, po)?). O

3. Grushin Jets

In order to properly define jets using the first- and second-order derivatives, we
must first rewrite the Taylor polynomial using only these derivatives. In particular,
the terms involving indexes in the null set A/ need to be adjusted. We accomplish
this by the following proposition.

PROPOSITION 3.1. Leti € N. Then we have

9 ]
8_xif(p0)=EZp_

j=1 "

9p; "
Qp@@ ~(X;Xi + X X)) f(po)

with the understanding that, if,on = 0o0r (0p;/9x;)(po) = 0O, then the whole term
is considered to be zero. Here also, B is the number of nonzero terms in the sum.
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Proof. As in the proof of the Taylor formula, it is easy to see that, for any fixed j,
XiXjf(po) =0
and also
0 B,Oi d
XjXif(po) = p; 7—(po) 7= f(po)-
E)xj Bxi
We thus obtain

—(x X; + X X)) f(po) = —p;) i (Po)—f(Po)

The proposition then follows, with the observation that if either ,oj(-) = 0 or
(3pi/3x;)(po) = O then the left-hand side of the final equation is also zero. O

With this adjustment, we can now define jets on G,,.

DEFINITION 4.  Given a function u: O C G, — R, a point pg € O, a vector
> " n;X; =n€g, and an S" matrix X, the pair (r;, X)e Jé’Jru(po) if

u(p) <u(po) + Z o(xl Xj )nl +5 Z 0 2(xj_x;))2X
jeN T J¢N( pj)
1 11 9y )
+ (x; —x))(x; — x; )( —(po)n;
= PG T 2 P
i<j

1
+Z Z(xk x) 0( (Po)> X+ o(dc(po. p)»). (3.1)

ke/\/

Here again, we understand that if ,oJQ = 0or (3p;, /0x;)(po) = O then that term in
the final sum is zero. We define the subjet J>~u(pg) by

T2 u(po) = —J* T (=u)(po).

Using these jets, we can define viscosity solutions to our class of functions.

DEerINITION 5. Let O be an open set in G, and let u: O +— R. If u is upper
semicontinuous and

F(p,u(p),n,X) <0 forall peO, forall (y,X)eJ5 u(p),

then u is a viscosity subsolution of F(p,u(p),Vou(p), (Dzu(p))*) =0.
If u is lower semicontinuous and

F(p,u(p),n,X) >0 forall peO, forall (n,X)eJé’fu(p),

then u is a viscosity supersolution of F(p,u(p),Vou(p), (D*u(p))*) = 0.
The function u is a viscosity solution if it is both a viscosity subsolution and a
viscosity supersolution.
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The following proposition establishes the correspondence between elements of the
superjet and functions that touch from above. The proof is an extension of proofs
in [7] and [4], so only key points of the proof will be highlighted.

ProPOSITION 3.2.  Letu: G, — R and let A, be the set of C2. functions such

sub
that
e A, < u— ¢ hasalocal max at py.

Then we have the characterization of the superjets by
T2 u(po) = {(Vod (po), (D*$(po))*) = ¢ € Apy ).
Proof. The containment

{(Vod (o), (D*¢(po)*) : ¢ € Apy} C J*Tu(po)

follows easily from the Taylor polynomial. To show the other direction, we define
the function a: G, — R by

a(p) =) _xi.
i=l1

Then a(p — po) is C2, and O(dc(p, po)*). Assuming (7, X) € J> u(py), we
denote the non-error part of the right-hand side of inequality (3.1) by P(p). Define
the function z(s) by

z2(s) = sup{(u(p) — P(p)*},

where the sup is taken over the region d¢(p, po) < s. Then the function

¢(p) = ¢(dc(p, po)) +a(p — po) + P(p),
with ¢ constructed as in [7], has the desired properties. UJ
In addition to having properties similar to those of Euclidean jets, our jets are re-

lated to Euclidean jets through the following twisting lemma. This main lemma
will enable us to prove comparison principles.

MAIN LEMMA. Let the points p, po € R" be denoted by p = (x1,X2,...,X)
and py = (x?,xg, ...,xg). Let n € R" and X € S". Also, let (-, -)euc1 denote the
Euclidean inner product in R". Then, define the standard Euclidean superjet, de-
noted J= T by

eucl ®
T2 u(po) = {(n, X) : u(p) < u(po) + (1, P — Po)eucl
+ 2X(p = p0). P — Po)eud
+o((p — Po. P — Po)eucl) A4S p — Po}.

If 1= (n,n2,...,m,) is a Euclidean vector and X = {X;} is an S™ matrix such
that (1, X) € J2 3 u(po) then (i, Y) € J¥*u( po), where the vector i is defined by

U
n
n= Z piniX;
i=1
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and the symmetric matrix Y is defined by

0 + = ! po <
[ ’ 4 — ’
Y, = LY Xij 2o, —=pin; J
Y},‘, i > ]

Proof. Using the estimate (1.2) yields
h=o(p—pol’) = h=odc(p.po)?)

and so, recalling that when k € A" we have p{ = 0, we obtain

w(p) < upo) + > miCxi —x0) + = S (X(p = po).p = po) +olp = pol’)
i=1

1
=u(po) + Z pﬁi(xi —x))+ Z n;(xj = ;)

igN i JeEN

1 n
+5 > Xin(xr = x))tw — x) + 0(dc(p, po)?)
2 I,m=1

1 1 1
= u(po) + D —5iiCxi —x) + 5 ) —55 Gy Y = x))?

igN i igN
+ Z( ;gp’( ) 2n,)<x, )
1]¢N X ( )
i<j

2 [ 0p; -
+Z Z(x] °>—O<ﬁ<po)> Yij + o(dc(p, po)).
Py \ 0x

jEN

And so the case when (1, X) € Jeucl u(po) follows. Otherwise, there is a sequence
{pi,ni, X;i} e R*xR"x §" suchthat (n;, X;) € Jeuclu(p Yand { p;, u(p;), ni, Xi} —
(po.u(po),n, X). Now, (1;, X;) can be identified with (7;, Y;) € J>Tu(p;). By
construction, 77; — 77 and ¥; — Y. Hence, (p;, u(p;), 1, Y;) = (po,u(po),n,Y)
and so we have (77, Y) € J>tu(py). O

4. Maximum Principles

We begin by stating a lemma analogous to Lemma 3.1 of [9]. The proof is similar
and thus is omitted.

LEmMMA 4.1. Let u be an upper semicontinuous function in Q and v a lower
semicontinuous function in 2. For © > 0 and for points p and q given by p =
(x1,%x2,...,xp) and ¢ = (y1,¥2, ..., Yu), let the function ¢(p, q) be defined by

n

1 i
o(p.g) =) 7 i = i)

i=1
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and let the function M, be defined by

My = sup(u(p) —v(q) — t9(p,q)).
QxQ

Let pr = (x{,x5,...,x}) and g = (¥1,5,...,y;,) be such that

TIL%(MI — W(p:) —v(g:) — 19(pe,q:))) =0.

Then,
lim 7¢(p.q:) =0 4.1
and
lim M = u(p*) = v(p*) = sup(u(p) — v(p)) 42)
Q

whenever p* is a limit point of p. as T + 00.

Using the function ¢( p,, g;), we compute some important vectors and matrices

that are dependent upon the Euclidean derivatives. We begin by defining the vec-
tors Y, and Y, by

d¢(pesqr)

(Yp.)i = pi(pr)a—

X:

1

= pi(p)(xf — yH)* 7,

— o 99(prg0)
(Tq,)i= pt(QI) 3y

1

= pi(go)(xf —yH)* L

Note that Y},_ is the Euclidean derivative of ¢( p-, g-) with respect to p, twisted at
p- using the Main Lemma and that Y, is likewise the negative of the Euclidean
derivative of ¢(p-,q,) with respect to ¢, twisted at g, using the Main Lemma.
Next, we consider the matrix D2¢( p, g;) of second-order Euclidean derivatives.
A straightforward computation shows that (D?@(p.,q:))* + D*¢(p+,q.), which
we shall denote by C, has the block form

B -—-B
—-B B)’
where the n x n matrix B has elements
{ 202 = D2(f =y T @ = DG -y =
Yo, i ]

We now proceed as in [9]. Let u be a viscosity subsolution and v a viscos-
ity supersolution to F(p, f(p),Vof(p),(D2f(p))*) = 0. Denote the points p
and g by p = (x1,x2,...,x,) and ¢ = (y1,y2,...,ya), and let (pr,q:) =
((xf,...,x0), (¥],...,¥,)) be the maximum point of

u(p) —v(g) —to(p.q)

in Q x Q. By the Euclidean maximum principle of semicontinuous functions [9],
there exist subsequences p;, — po and g, — po. Passing to the subsequence,
we shall denote these points by p. and ¢, respectively. In addition, there exist S”
matrices X© = {X;;} and Y* = {Y¥;} such that

(tD,¢(pr,qe), XT) € 2 u(p,) and  (=tDy@(pr,qe), Y) € J 2 v(ge).-
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In addition, the matrices X* and Y* satisfy the estimate
(X", 8)euct — (YK, K)euct < TC X5 X euel 4.3)

for any vectors € and « in R”, where (-, )y 1S the standard Euclidean inner prod-
uct and the vector x = (¢, «). Using the Main Lemma, we obtain

(Y. X7 e > u(p,) and (t7,.Y") €T v(qy),

where the matrices X'* and )* are defined using the Main Lemma—namely, by

79

l 8pj - 27— . .
pi(po)pi(po)Xij + Ea—xi(pf)p;(pf)r(xj =y T, i<

XT =
i
X, i> ],
and by
pi(q:)pj(q)Yij + l%(Ch),oi(qf)r(x? -y i<,
Vi= 2 9x; j -
ﬁ, i>].

These elements of the subelliptic jets also satisfy important estimates, as given by
the following lemma.

LEMMA 4.2, The vectors Y, and Y, satisfy
Y 12 = 10, 171 = O(@(pr.go)?). 4.4)

In addition, with the usual ordering, the matrix X* is smaller than the matrix Y°
with an error term. In particular we have X* < Y* + R, where R* — 0 as
T — 0.

Proof. A straightforward computation shows

n
I 12 = 1, 12 =Y (i (pe))? = (0i(ge) D) (i — yi)* 72
i=l
The definition of ¢ and p; gives the first term as O(¢/?" "), and the second term
is clearly O(p@"'=2/2"); the vector difference estimate follows.

We now focus on the matrix difference estimate. We recall the notation from the
Main Lemma, in particular, the twisted vector v. To emphasize the point at which
the functions p; are evaluated, we denote the vector by v, for evaluation at p, and
with an analogous definition for v,. Using the definitions of X'* and V", we have

(X6, &) — (YK, k)
= (XT8,.5,) — (YR Ry)

. i {{ 3p; 3p;
+ Z Zﬂ:(xjI — yjr)2 1((8—;)]ipi>(17r)8i8j - (a—?ﬂ)i>(4r)/€i'€j> 4.5)

j=1isj '

= t(C&.§)

. j dp; 9
+3 3 waf -y 1(<a—)’;{pi><pf>eis, - (a—’jpi)(qax,«,), (4.6)

j=1i<j !

where the vector § = (€,,ky).
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By the foregoing computation of C we obtain

(C&.£) = Z(mpf)e, pi(g=)i)’

X (220 =12 — )T Q= (T =) ), @)

so that if ¢ = « then the term corresponding to i = 1is 0; hence

i—l1 i i
(CE, &) ~ Z 2/ (21 -2)2

and so
lim 7(C&,&) = 0.

We now focus on the polynomial term. Observe that, as in the matrix difference,

we have 5 5
Oj 0j i
=i J(po) = 20 ) (ge) ~ 9V
8 3)6,'

therefore, if ¢ = « then

- i ap; ap;
Tim 33w (xf —yp)? 1((8—2pi)<p,) - (8—2;),)(%)) =0.

j=1i<j
We thus conclude that X* < YY" 4+ R with R* — 0ast — oo. O

In order to study infinite harmonic functions, we need to extend Lemma 4.1 to the
multivariate case. This extension is given by the next lemma.

LEMMA 4.3. Let u, v, and 2 be as in Lemma 4.1. Let

sup(u(p) — v(p)) = u(po) —v(po) >0

@
occur in the interior of Q2. Consider a real vector & = (a1,a2,...,a,) With
nonnegative components as well as the points p and q with coordinates p =
(x1,x2,...,xp) and g = (y1,¥2, ..., Yn). We define the following functions:

n

i=1
1

Yoo, (P 0) = ) ei(xi = i)’
i=2

n

1
(pag,a4 ..... Dt,,(p9 51) = Z Eai(xi - yi)zv
i=3

- Ean(xn - yn)z-

Using these functions and upper semicontinuity on a compact set, we can consider
the following functions:

Pay,
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My, 0s,....a, = SUP(U(P) = V(G) = Pay,ar,....a, (P> )
QxQ

= u(pal,az,...,an) - U(qal,az,...,a,,)

- (pot],utz,...,an(pal,az,...,an’ Qal,az,...,a,l)’

Motz,a3,...,a,, = §UE(M(P) - U(CI) - ¢a2,a3,.“,an(l7,q) LXp = )’1)
QxQ

= u(paz,oq,...,an) - U(Qaz,a3,...,zxn)

- (potz,on,---,Oln(polz,w,...,dn’qazyaz,---,an)’

Moy s, ... a0 sup(u(p) —v(q) — Par,a,....an (D q) X1 =Yy, X2 =Y2)
QxQ
= u(pag,a4,...,a,,) - v(qa3,ot4,..4,an)

- 900!3,014,...,an(paz,OtA,---,otn’ qwz,azt,...,an)’

Mﬁtn _SUP_(M(P) - U(CI) - goﬂtn(p9Q) X = Yis i=12,....,n— D
QxQ

= u(pan) - U(‘Ian) - (ﬂan(Pana‘Ian)'
We then have

lim lim --- lim lim My, q,,.. .« = u(po) — v(po)
oy —>00 Apy_1—>00 ) —>00 a]—>00
and
lim lim --- lim lim (poq,zxz,...,a,,(pzx],(xz,...,otn’qal,az,...,a,,) =0.
oy —>00 0y —]— 00 oy —00 ] —> 00

Note that as a consequence, for each i, py; a;.,,....an A0 qq; o;.,...,a, have their
first i — 1 coordinates equal. That is, for j =1toi — 1,

x“iv%#lwua“ [T RY 7 RS PRRRPe ]

i = y
Proof. Begin with «;. Since we are taking iterated limits, we hold the other coor-

dinates fixed. Then, as in the one-dimensional case [9], we have that

M Mo a....ar

exists because it is decreasing as o; — 0o and
My, as,....a, = u(po) — v(po) > 0. (4.8)
Thus, it is also finite. We then have
Maar,ar, .00 Z U(Payas,.an) = V(Gay,ar, . 00)

- @al,az,...,an(pal,az,...,a,,, qg],az,...,a”)

1 AL,02,...,0 AL,002,...,0p\2
+1a1(x1 "=y ")

1 o1,002,..., ¢ oL,02,...,0p\2
= May,ar, ..., T 7001(X; "= ")
We thus conclude that
lim Cll(xftl’az""’a" _ xgl,az,-»-yoln)Z = 0.

o1—> 00
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In addition,

M0127013’-~-,01n = Ma1,a2,a3,...,an

u(pal,az,...,an) - U(QaI,az,...,a,,)
- @al,az,...,a,,(pal,otz,...,an’ Qahaz,...,an)’
so that

< 1
Meus,as,..0, < 1M My, 45 05,0,
o] —>00

= lim (u(pal,az,,..,a,,) - U(Qal,az,...,a,,)
a)—00
- ‘pm,az,..-,an(pm,az,--A,otn»Qal,rxzy---,an))

= M(P*) - U(q*) - </)a2,a3,...,an(l7*, q*) = Mozz,otg,...,a,,s

where
* : * M
p'= lim py o, .a, and g = lim Gu 4, . a,-
o] —00 o] —00
Therefore,
Meus,as,..0, = 0M Mo, 0 a5, 00
o] —> 00
im po,,as,....0n = Pas,as,....ans
o] —> 00
im Gy as,....0n = Gar,as,....c05
o]—> 00
and we observe that pgy, «s,....«, a0d Gu, as,...,a, have the same first coordinate;
that is’ xi)5270‘37~~~aan — y‘;‘ZaaLuwan.
We then proceed by fixing a». As before, limy,— 00 My, a3, ....«, €Xists and
1 o2,...,Q o2, ...,0p\2
M nar,as,...oan = Mas,as,...a, + 302(X5 "=y, ")

so that we also conclude

. a,...,dp a2,...,0n\2 __
i e (xp T =y )T =0,

‘We then obtain

MD(},O(4,..‘,Ol,,
M()tz,ot3,...,ol,,

= u(Paz,m,..‘,an) - U(Qaz,aa,‘..,an) - (Pozz,az,...,a,l(pozz,m,...,anaQaz,ag,‘..,a”)
and hence

Mvt3,014,--~,0tn = azlinoo Motz,tx3,--~,otn

= ayinoo(“(Paz,%,m,an) = V(Gas,03,....a0)

- ‘Paz,a3,Man(l’az,as,..‘,an’%z,az,...,an))

= M(P*) - U(q*) - (pa3,a4,..4,ct,,(p*, 6]*) =< M(xg,om,...,a,,a

where
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* : * .
p'= lm po,a;. ..« and ¢" = lm Gu,a;, .. 0,-
o2—> 00 o—> 00
We then have
Ma3 A4y, o, — lim Maz a3,..., o
) —>00
im po, as,...00 = Pas,au,....cn
ap—>00

all_r)noo oz,as,...,an = Yoz,o4,... 0

We repeat this process through the » limits, with the last iteration directly follow-
ing from the one-dimensional version. The lemma then follows. O

The same methodology as used in the proof of Lemma 4.3 yields our next corol-
lary; the details are left to the reader.

COROLLARY 4.4. Under the hypotheses of Lemma 4.3, it follows that each iter-
ated limit of the form

lim lim lim --- Iim My, ...«
Dt,'|~>0001[2—>0001,'3~>00 ®j, —>00

exists and is finite. Thus,

lim lim lim --- m @(Pa,,an,....00 Qar,a0,...,0n) =0
ailﬁooa;z%oovt,-}»oo Ct,’ﬂ*)OO
and
lim  lim  lm - M My e,...a, = sup((p) —v(p)) = u(po) —v(po).
Qj; —>00 Uj,—>00 Ajy—>00 aj,—>00 a

Using Lemma 4.3 and Corollary 4.4, we deduce that every possible iterated limit
exists. We do note, however, that the intermediate limit points at which the max-
ima occur change with each different iteration. It is natural to ask whether the full
multivariate limit exists. We answer this in the affirmative via the next lemma.

LEMMA 4.5.  Under the hypotheses of Lemma 4.3, the full limit exists and equals
the common value of the iterated limits. That is,

lim My, 4,0, = sup(u(p) — v(p)) = u(po) — v(po).  (4.9)
Q

1,2, ...,0,—>00
As a consequence,

lim oo(pal,az,...,a,,(potl,otz,...,a,,’qgl,az,...,a,,) =0. (410)

Proof. Given ¢ > 0, the fact that

lim lim --- lim lim My, 4, ... a, =u(po) —v(po) =L
oy —>00 Apy_1—>00 w0y —>00 o] —>00

allows us to find a large oeg such that we have, in the notation of the lemma,

e
Mo—L < —.
n 2n
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Note that, since we have a decreasing function, the absolute values are not needed
and the inequality holds for all o, > . We may then find a large &°_, such that
e
Md,?,],ag — Mag < o
Again, absolute values are not needed owing to the decreasing function, and the
inequality holds for all larger «,,_;. We proceed iteratively until we have a large
! such that

€
— < —.
Moo, a0 o) = Mad, a0 af < o
By the triangle inequality, it follows that
—L<e. .
Me9,00,... 000 a0 — L < (4.11)
We then let each
o > max{ajo}
J
and obtain
Mala("Z ~~~~~ Up—1,0n L S Mal,az,...,an,l,ag —L
< —
=My 0y, 000 00 — L

<M, o 0 0 —L

a0y, 1%
from the facts that each ; > o and My, o, .4, 1.« is decreasing in each vari-
able independently. The lemma then follows from (4.11). O

5. Comparison Principles

Comparison principles for general equations of the form F = 0 can be established
using the previous section. In our first example, we consider strictly monotone
elliptic functions F. That is, we require F to satisfy the following properties:

U(”—S)SF(P”’”?»X)_F(P»S,W,X), (51)

|F(p,r.n, X) = F(g,r.n, X)| < wi(dc(p.q)), (5.2
|E(p,r.n, X) = F(p,r,n, Y)| = w2 (Y — X]]), (5.3)
|F(p,r.n, X) — F(p,r,v, X)| < ws({lInll = [[vIID. (5.4

where the constant o > 0 and the functions w; : [0, oo] — [0, co] satisfy w; (0%) =
0 fori =1,2,3. We then formulate a comparison principle for such functions F.

THEOREM 5.1.  Let F satisfy (5.1)—(5.4). Let u be an upper semicontinuous sub-
solution and v a lower semicontinuous supersolution to

F(p, f(p),Yof(p), (D*f(p)*) =0
in a domain Q2 such that

limsup u(g) < liminf v(q)
q—>p Eingis
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when p € 02, where both sides are neither co nor —oo simultaneously. Then

u(p) < v(p)
forall p e Q.

Proof. Suppose supg(# — v) > 0. Using the Grushin maximum principle from
the previous section, we obtain

ou(p:) —v(go) < F(pr,u(po), 1Y, , X%) — F(pr,v(ge), T Yp,, XT)
= F(pr,u(pe), tYp,, X)) — F(qr,v(q0), T, VT)
+ F(qe, v(q:), Ty, VT) — F(pr,v(ge), T Y, V)
+ F(pr,v(qe), TV, Y7 — F(pr,v(ge), T, VT)
+ F(pr,v(qe), T, V) — F(pr, v(qe), T, 7).

The first term is negative because u is a subsolution and v is a supersolution. Using
(5.1)-(5.4) and Lemma 4.2 yields

0 < ou(pr) —v(ge) = wildc(pr.qe)) + w2l Rell) + w1 g, | = 1, 11D,

which goes to 0 as T approaches co. UJ

Our second example involves infinite harmonic functions. We wish to prove a
comparison principle on a certain class of Grushin spaces using the multivariate
maximum principle (Lemma 4.3). We will now use the notation p; to represent
Doy, ... a,» €tC. We restrict ourselves to Grushin spaces in which the polynomials
satisfy, for all i and j withi < j,

lim  lim .- lim (aﬁp?pj)wa) - (ﬂp?pj)(qw ~(xf =y, (59
@100 @j_2—>00 w00\ 0X; 0x;
Note that (5.5) is trivially satisfied when j = 1, since then the expression is O.
When j = 2, we have i = 1 and the condition is satisfied because p, = p»(x1).
Observe that the case n = 2 then satisfies this condition, as well as arbitrary n
with each p; a function of x; only. We also observe that the case n = 3 with
p3(x1,x2) = x1 + x, does not satisfy this condition, for

ap3 8,03 - = o -

<3—xl012)03)(p&) - (a—xlpfm (qa) = (x{ +x5) — (¥f +¥9).
We thus have the following comparison principle.

THEOREM 5.2. Let G,, be a Grushin space in which (5.5) holds for all i, j with

i < j. Let u be an upper semicontinuous subsolution and v a lower semicontinu-
ous supersolution to

Fo(n,X) = min{||n|* — &% —(Xn,n)} = 0
in a bounded domain Q. If

limsup u(g) < liminf v(q)
q—>p Eingis



22 THoOMAS BIESKE

when p € 02, where both sides are neither oo nor —oo simultaneously, then

u(p) < v(p)
forall p e Q.

Proof. We begin by noting that, as in [4], we can construct a strict supersolution
of F, = 0 called w such that

F(Vow(q), (D*w(g)*) > n(g) = p > 0.

We may therefore assume without loss of generality that v is a strict supersolution
associated with the constant p. Because we are using the multivariate maximum
principle (Lemma 4.3), we need only consider interior points by taking the «; to
be sufficiently large.

Proceeding as in Section 4, we have the vectors Y. and Y, defined by

(Tpa)i = pi(P&)Oli(x,‘& - y?)’
(YToo)i = pi(ga)ei(xF — y).

Using the construction of the vectors, we have

n
g 7 = 1 17 = D 0 (0P (ga) — o7 (pa)) (x — ¥i)?
i=1

n
=Yl (p}ga) — P} (pa)) (x¥ — y§)?,
i=2
since p; = 1. We now note that every term in the sum lacks an «;. Using that p; =
pi(x1,x2,...,x;_1), we observe that

Jim a3(p3(qa) — p3(pa)) (x5 — y5)* =0,

w0 —00 o] —>00

lim lim a3(p3(ga) — p3(pa))(x¥ — y$)? =0,

lim  lim - lim o?(p2(ga) — p2(pa))(xf — y9)? = 0.
Op—1—>00 ap—2—>00 o] —> 00

As a consequence, we are able to conclude that
lim lim --- lim Lim ||, [I* — [Y,,]I* = 0. (5.6)
oy —>00 oy —> 00 a2 —00 a]— 00
Turning to the matrices X &aand Y% in the second-order Euclidean jets, we con-
struct the matrices X* and Y* by
P (PDXE + = 2 () pipaey(xF —v0), i < ]
Xg _ Pilpa)PilpPa)A;; 2 9x; Pa)pilpa)ajlx; =y ), 1 =],
X, i>j,
and
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a 1 8,0] a a . .
Vi = pi(qa)pj(qa) Vi + Ea—m(q&)pi(q(z)aj(xj =y, i=s

e, i>j.
We then have

(Y, X%) € T u(pa),

(Ygar V) € T*Tu(qa).

The matrices X* and Y satisfy a relation similar to the estimate (4.3)—namely,
for vectors ¢ and y we have

(X&S, €)eucl — (Y&K’ K)eucl = {CX, X eucls
where again the vector x = (g,k). This time, however, the matrix C is a block
matrix of the form
B —-B
—B B
whose submatrix B is defined by
{ o +02a?, i=]j,
Lo, i #J,

for a fixed small constant o.
Using the construction of the matrices, we are now able to compute

(XT3 M) — (Y Vg V)
< (B, — 1) Ty — Yg)

n B R 90;
+ Z Z o (x — y}’)«a—?m)( Pa)(Tp3)i(Ypg)j
j=1i<j !
8 .
- (a—;)’ipi)(qa)(Tq&)i(Tqa)j)

We recall (as in Section 4) that, given a vector «, k is the Grushin twist of the
original vector using the Main Lemma. Therefore, this sum can be expressed as

Y (@i +020)) (0} (pa) — pi(ga)) & (xf = yi)’

i=1
n = = . . a . a .
+Y > ata(xf =y (- y,f*)2<(a—)’;{p3pj)(p&) -~ (%p?p,)(qa)).

- . X
j=1i<j

Because p; = 1, we see that the term corresponding to i = 1 in the first sum
and the terms corresponding to j = 1 in the second sum are zero. Proceeding as
in the vector difference estimate, we observe that the first sum has no «; terms and
that the construction of the polynomials again produces
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Jim (@ + 0203) (03 (pa) — p3(qa) @3 (x5 — y3)* =0,
lim  lim (a3 + 0202)(p3(pa) — p3(ga) a3 (xé — y§)? =0,

a)—> 00 o] —> 00

lim  lim - lim (o, + 0202 (p2(pa) — p2(ga)) al(x§ — yH? = 0;

Op—1—>00 ap—2—>00 o]—>00

we may therefore conclude that

lim lim - lim Y (e + 020} (p}(pa) — p7(qa)) ef (xf — y&)* = 0.
op—>00 Apy—1—> 00 a]— 00 =

We now turn to the second sum. First, consider the term where j = 2 (which
forces i = 1). We note that

902 9p2 & _ . d
(8—xlp%p2>(m> - (a—mp%pz (ga) ~ (xf = »})
and so we obtain
. N VI 9p2 9p2
1 2 a _ o« a a2 e 3) — [ — 5 =0.
mgnooazal(xl y(x3 —y3) <(8x1p2)(p ) (8x1 P2 |(qa)
Next, consider the terms where j > 2. We denote
i ayga_ a2 ([ 9P 9p)
- _ _ 2(( 25 52, N 2552, g
Tij = ajoi(x — y)(x) =) <<8xi P; p,)(pa) (Bxi 0; p,)(qa)>.
Since i < j, we can easily control

lim lim --- lim T}
oj 100 Aj_2—>00 o] —> 00

through the polynomials, since Tj; contains only «; and «;. In particular, after
evaluating these limits, assumption (5.5) leaves us with

Ty ~ i (xf — yH(xf — vy (xf — ),
so that taking o; — oo produces 0. We then conclude that

lim  lim - lim lim (XY, T,) — (V90 Ys) = 0. (5.7)

oy —>00 Apy—1—>00 w2 —>00 o] —>00

Proceeding with the equation Fy, we assume the maximum occurs at an interior
point. Since we may reduce our discussion to interior points, we know that u is a
viscosity subsolution at p; and that v is a viscosity supersolution at gz. We then
subtract the two equations to obtain

0 < pt < FolXyy, ¥¥) = Fo(Xpy, X%)
= max{[| Ty, |7 = [, 1% (X5 Vs Vs ) — (Vg ).
We thus arrive at a contradiction via equations (5.6) and (5.7). O

Uniqueness of infinite harmonic functions then follows as in [4].
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6. Cl, Absolute Minimizers are Viscosity Infinite Harmonic

Before proceeding, we recall the important derivatives. The horizontal gradient of
the function u is defined as

Vou = (Xju, Xou, ..., X,u),

and the symmetrized horizontal second-order derivative matrix has entries
1
(D*u)j; = E(X,-X,u + X; X;u).
These derivatives are used to define the infinite Laplacian by
Ao.oott = ((D*u)*Vou,Vou).

Our proof of Theorem 1.5 is based on the following lemma, which is proved in
[5] and is an extension of the result of Crandall [8]. The proof is included here in
the interest of completeness.

LEMMA 6.1. Let u € Lip(B(0,r)), u(0) = 0, and set i > 0. If for ¢ > 0 small
enough one can find a function V; € Cfub(ﬁs), where U, C B (O, \/8/,bL) is a neigh-
borhood of 0, such that

‘/6(0) = —¢,
Ve <u in U, (6.1)
Ve =u on oU,

u <V, outside the ball B(O, Vs/u),

and
[VoVe| = 1 in a neighborhood of Us, (6.2)

then u cannot be absolutely minimizing in B(0,r).

Proof. We argue by contradiction. Assume that u is an absolute minimizer; then
IVou| <1 (6.3)

a.e. in U,. Let y be the horizontal curve obtained as a solution of the ODE

and y(0) = 0. (6.4)

d
i —|:(VoVs)V0:| ,

Since |(d/dt)y| = 1 and since y is horizontal, there exist ¢ > 0 and C, > 0 such
that, for0 <t < ¢,
C.'t <lylg, < Cet. (6.5)

Since u € Cslub(B(O, r)), we compute

d
E(VS(V) —u(y)) = —(VoVe, VoVe(y) — Vou(y)). (6.6)
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From (6.3) it follows that

d
E(VS(V) —u(y)) <0.
Hence, for any ¢ > 0,

(Ve(y) —u(y) (@) = (Ve(y) —u(y))(0) = —e&. (6.7)

The latter implies that y € U, for any ¢ > 0, but this is in contradiction with (6.5)
and with the fact that U, C B(0,+//u). In fact, the curve y will exit the ball
B (O, e/ ,u) after a time roughly equivalent to /€. O

The proof of Theorem 1.5 is now reduced to finding a function V, as in Lemma 6.1.

We begin by assuming that the C! function u € Lip(2) is an absolute minimizer

and fails to be co-harmonic in the viscosity sense at the point py. We first con-
sider the case when py = 0. Without loss of generality, we assume that u is not a
viscosity subsolution and so there is a function ¢ such that

$(0) =0,
¢(p) > u(p) for p near 0,
Ao o9 (0) <O0.

Next, we denote the derivatives of ¢ by
D = Vy¢(0),
H = (D*¢(0))",
=—HD,
and define the antisymmetric matrix C by
Cij= %[Xj,XiM)(O)-
First, we wish to construct a symmetric matrix M such that
M>H and MD =CD.
As in Section 2, we define the set A/ by
JeEN pj(-) =0.

We begin by defining the n x n symmetric matrix P by the formula

((C—-H)D,z) (D,z)
Pz = ——————(C—-H)D —
=t ic—mp.o) ¢ P b
for any z = (z1,22,-..,2,). Itis easy to see that

(Pz,z) >0 for z #0,
(Pz,z') = (PZ,2),
PD = (C — H)D.



Lipschitz Extensions on Generalized Grushin Spaces 27

Thus, the matrix M = P 4 H has the properties that
M>H and MD=CD.

We then define the matrix M by
M~—{HU’ icNorjenN,
T My e
To show that M > H, we observe that

Z(M — H),'jOl,'Olj = Z (M — H)ijaiaja

ij=1 i JEN
which is positive because M > H. We next observe that if i € A/ then

XiX;9(0) =0,
and so

ZMl-ij = ZHUDj = %ZXJX1¢(O)DJ = ZCUDj'
= j=1 =l /=

If i ¢ NV, then invoking the properties of the matrix M and recalling that D; = 0
if j € A allows us to write

> MyD; =Y MyD; =Y M;D; =) CyD; = ZC,]D (6.8)
j=1

JEN JEN JEN

Once we have the matrix M, we define the hyperplane L by

L= {inXi : Z Bjxj = 0}
i¢N JjEN
Note that D ¢ L, since B - D > 0, and that D; = 0 when j € N. We have k de-
grees of freedom for the indexes in A/ and n — k — 1 degrees of freedom outside
of AV, so this is indeed a hyperplane.
Next, we define a C2, function (using the Taylor polynomial from Section 2)
as follows:

sub

h(x)—Zplx, D+ = Z 0)2( )M

JjEN T J¢N
1 1 8,0]
+ Z Xi Xj< ij 0 B ( )Dj>
v pPoY 2 (pj)? Ox;
i<j

lem A0k

m=1

we then solve the Cauchy problem
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{ |[VV,| =1 in aneighborhood O of 0, 69)
V. =h, on LN O,
subject to the constraint

0y, V(0) = 0,,¢0(0), i=12,...,n. (6.10)

In order to obtain a solution, we need to verify that L is not characteristic at
po = 0. Define the functions

1 n
f(p, o) = 3 ;(Pi(xl,xb s X))

and

v(p) = Z Bjx;.
JjEN

We compute Euclidean derivatives and use equation (6.10) to obtain:

0
3, £ (0, VeyaV(0)) = (p?)za_v(o)

Xi
= (p)) X;$(0);
Bi, i¢N,
3X,1,”(0) = { 0 IEN

Hence, the Euclidean inner product can be computed as

<V§f(07 Veuclv(o))7pr(()»eucl = Z Xi¢(0)Bi =B-D>0.
i¢N
By [15], it follows that L is not characteristic.
Having verified that a solution V exists, we want to show that

1 def
E(Xin +X;X)V(©O0) =Vij = M.

Differentiating (6.9) with respect to X; (i ¢ ) produces

> (XiX;V)X;V =0.
j=1

When we evaluate at zero, equation (6.8) yields

"1
ViDj =) 5 (XiX;V(0) + X; XiV(0) D;

Jj=1

n 1 n
= 5IX. XVO)D; =) CyD;
j=1 j=1

n
= M;D;.
j=I
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On the other hand, if i € A/ then

1
ViiDj = 5 (X;XiV(0)) D;

_ ! .%(O)—V(O)D

= 2P
1 ,0p;
= 30! »ﬁ(O)—qb(O)D

= E(Xin(P(O))Dj = H;;D; = M;;D;.

Thus, off of L we have V = M. Since V = h on L, we know from the computa-
tion of the Taylor polynomial in Section 2 that

%(Xixj + X;Xi)h(0) =M
An explicit calculation then shows that, for any vectors w; and w; in L,
(Mwy, wz) = (Vw, wa).
Using this equality and polarization identities, we conclude that
V=M.

We have thus constructed a function V satisfying

V(0) = ¢(0) =0,
VoV(0) = D
V=M=>H.

We define the function V, by V, = V — ¢ for some ¢ > 0.
From the general Taylor theorem (see [10]) we immediately obtain that

Vo>¢p—c¢

in a neighborhood of the origin. For a possibly smaller neighborhood and for a
small u > 0, we have

Vp) > d(p)—e+py xl.

i=l

Observe that for ¢ > 0 small enough and for r > +/¢/u with p € 9B(0,r),

u(p) <d(p) <p(p)+ (url —e) =d(p) — e+ Y x> < V(p). (6.11)

i=1
Hence there exists a neighborhood U, of the origin (we may assume without loss
of generality that it is connected) such that

Ve=u ondU, and V, <u in U,. (6.12)
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We then have U, C B (0, «/é:/_,u ) The contradiction now stems from (6.11), (6.12),
and Lemma 6.1.

Next, suppose that the function u fails to be a viscosity solution at some point
Ppo. We then perform a change of variables by replacing x; with x; + x?. Then, for
each vector field X;, we have the vector field

Y; = pi(x; +x?,x2 +xg,...,xi,1 —l—x?_l)%
fori = 2,3,...,n and Y| = X;. Then, elementary calculus shows that equation
(1.1) produces

Y. %] = [X;. X;]
fori < j. Because
Yi(0) =0 < Xi(po) =0,

we conclude that the ¥; vector fields vanish at the same order at 0 as the correspond-
ing X; vector fields vanish at pg. In addition, we also define & (p) = u(p + po) so
that Lip(i) = Lip(u) and i is not a viscosity solution at the origin. We then can
use the proof of Lemma 6.1 to obtain the desired contradiction for i at the origin,
completing the proof of Theorem 1.5. O

Having proved Theorem 1.5, it is desirable to remove the regularity assumption.
Since dilations do not exist in general and since mollifiers may not possess the nec-
essary technical properties even in the special cases when dilations do exist, the
removal of the regularity assumption using this technique is still an open question.
C. Y. Wang [19] recently announced related results in his preprint. By appealing
to the Euclidean case, he answers a more general question.
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