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1 Introduction

This document is posted at http://math.usf.edu/~saito/DNAweb/background.pdf. This is an
overview of a series of work [2, 3, 4] on template models of DNA recombination and their combi-
natorial studies from point of views of graphs and knot theory. The purpose of this document is
to provide a background material for research projects and their results presented in this web site

http://math.usf.edu/~saito/DNAweb.



2 Background from Biology

2.1 Gene assembly in ciliates

Several species of ciliates, such as Ozytricha and Stylonychia, undergo massive genome rearrange-
ment during sexual reproduction. These massively occurring recombination processes make them
ideal model organisms to study gene rearrangements. See [47] and references therein for details of
the descriptions below.

There are two nuclei, a micronucleus and a macronucleus in these ciliates. Micronuclear genes
are reassembled to macronuclear genes during sexual reproduction. These DNA processing events
involve global deletion of 95-98% of the germline DNA, effectively eliminating all so-called “junk”
DNA, intervening DNA segments (internal eliminated sequences, IESs) that interrupt genes. Be-
cause IESs interrupt coding regions in the micronucleus, each macronuclear gene may appear as
several nonconsecutive segments (macronuclear destined sequences, MDSs) in the micronucleus.
During macronuclear development, the IESs that interrupt MDSs in the micronucleus are all
deleted. Moreover, the order of MDS segments for thousands of genes in the micronucleus can
be permuted or sequences reversed. Formation of the macronuclear genes in these ciliates thus
requires any combination of the following three events: unscrambling of segment order, DNA in-
version, and TES removal. Fig. 1 shows an example of a typical scrambled gene requiring all three

events.
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Figure 1: DNA recombinations in cilliates

2.2 Template models for RNA-guided DNA recombination

The general mechanism that guides this process of assembly, as recently proposed in [2], is guided
by maternal RNA template sequence. It has been observed that there exist pointer-like sequences
that are repeated at the end of each nth MDS and the beginning of each (n + 1)st MDS in the
micronucleus. Each pointer sequence is retained as exactly one copy in the macronuclear sequence
[109, 127]. Such repetition of sequences suggests “pointer guided” homologous recombination.
Several models for these processes have been proposed, including the models in [47, 96] which all
assume that a correct pair of pointers align and splice.

Using the DNA recombinations in ciliates as a model system to describe DNA rearrangements
that may occur more generally [110], Prescott et al. [128] and later [2] proposed an epigenetic model
in which an RNA or DNA template derived from the maternal macronucleus guides assembly of the



new macronuclear chromosomes. By our model, macronuclear templates could provide a scaffold
to organize the layout of segment order and DNA deletion, using strand displacement and branch
migration to align pointer pairs for recombination. Recently, our model was supported by several
experimental observations that maternal RNA templates guide DNA rearrangement in the early
development of the macronucleus [120].

For reviewing the template model, we include (edited) excerpts from [3] for the rest of the sub-
section. First we establish notations to present the model with a dsRNA template. Our assumption
that templates are dsSRNA molecules means that the portion of the molecule that plays the role of
templates is double-stranded. The whole molecule itself may be part of a secondary structure of
a ssRNA, such as a hairpin-like ssRNA. For easier representation, we depict the double-stranded
molecules as ladders, ignoring the helical structure.

Let T be the dsRNA molecule that plays the role of a template, and let X and Y be two portions
of a DNA molecule(s) that contain the same pointer.
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Figure 2: Two segments X, Y to be recombined, and a template T’

The figures represent X, Y and T as ribbons oriented 5" to 3'. Base pairs are represented as
vertical stripes (Fig. 2). The “upper” strand of X (denoted uX) reading 5-3' contains block a/34,
where « is a portion of the ith MDS, (3 is the (i + 1)st pointer, and ¢ is a portion of an IES. The
“upper” strand of Y (uY), read 3'-5', contains a block €37, where  is a portion of the ith MDS and
e a portion of an IES (barred symbols represent Watson-Crick complements of unbarred symbols).

We propose a dsRNA template T, such that its “upper” strand in direction 3’ — 5" (denoted with
uT) has a block a3y composed of sequences &, 3 and 4. The lower strands of T, X and Y (denoted
IT, X, 1Y) are complementary to the upper strands. The proposed steps of the recombination are
as follows:

[A.] All three molecules X, Y and T are present in the environment at the same time and the
template strands find their corresponding complements in molecules X and Y as shown in Fig. 3(A).
We postulate that the template is short enough to initiate branch migration.

Even if the pointer sequence 3 is as short as two nucleotides and occurs more than twice in the

DNA sequence, the context of 5 in T (), the left context in X («) and the right context in Y
() would be sufficient to lead to the alignment of the correct pointer sequences.
[B.] Through branch migration the ends of the strands of template 7', once in a neighborhood of
complementary sequences, can easily anneal with their complements. An unzipping of the three
double-stranded stripes occurs, from point a; to as on X, from by to by on Y and from a; to by
on T (see Fig. 2). A portion of [X and a portion of [Y, containing 3 and 3, respectively, become
single-stranded. Because they are in close proximity of each other and single-stranded, hydrogen
bonds form between the complementary regions connecting X and Y, as shown in Fig. 3(B).

The original pairing and the new pairing are considered probabilistic. At some point during this
process, cuts are made at ci, co, c3 and ¢4 on the lower and upper backbones of X and Y as shown



al
>

5’ dsRNA
et

Template guides
alignment

a,V

- _branch migration

T

HH/JJ,\J‘HH

X a ]
X AL C{>x‘~r JLOTTTY

uy ¢ B ¥ g
(A) Y
Iy ®
€ B Y
- 8
. “SpESs
AN RN L e
17 ‘ [ _ X v
y T
Ly B
©
(D) B only four
cuts
7 The blue piece
1 is the assemble
@ ] molecule
Template gone / R ‘
T > G
NNEEE ll:
x T, | N IR
| C3 ' \,_P’

B \

Gy
(F) The green piece contains the IESs
as one circular molecule

X and Y in DNA braiding position

Figure 3: Step by step model of DNA braiding guided by dsRNA template.

on Fig. 3(F). These cuts may depend on the way in which the pointers align and which portion of
the pointer sequence participates in the branch migration process.

[C.]
strings might remain unpaired. RNA-DNA hybrids are stronger than DNA-DNA, so the process

Note that the substrings of a, 3, v, @, 3 and & that can not find their complementary

(to be successful) may be thermodynamically driven. In the situation depicted in Fig.3(C), only
the single-stranded subsequences 3 and 3 from T hybridize to the corresponding complementary
sequences of uX and uY.
[D.] In the next step, illustrated in Fig. 3(D), the hydrogen bonds, between uX and uT on one
hand and IT and uY on the other hand, start to dissociate. Through branch migration, because
RNA duplexes are more stable than RNA-DNA duplexes, the template strands release uX and uY'.
At the same time, enabled by strand complementarity, new hydrogen bonds develop between uX
and uY.
[E.] Branch migration permits the complementary regions of uX and uY corresponding to ( to
hybridize, releasing the template (shown in Fig. 3(E)). Thus the template is available to serve for
further recombinations if needed.

We refer to the pairing between molecules X and Y shown in Fig. 3(E) as a DNA wvertex. This
portion shown in Fig. 3(E) is a molecule that has been studied and characterized in-vitro before
(e.g., [135]) as a type of DX molecule known as ‘double parallel cross over molecule’.

[F.] Fig. 3(F) shows the resulting molecules obtained after the cuts are introduced at ci,...,c4.



The blue portion of the braiding molecule indicates the new recombined molecule containing the
sequence a/37y. If we view this process schematically, when the cuts are introduced relieving possible
strain, the right portion of molecule Y rotates towards molecule X (“falls down”) and the left
portion of molecule X rotates towards molecule Y (also “falls down”), permitting the nicks to be
ligated, forming product strands.

Assuming that the portions that have undergone recombinations, portions X and Y, belong to
the same DNA molecule, after recombination, the remaining fragments (containing sequence €39)
could be released as a circular molecule, indicated with green in Fig. 3(F). Schematically, in this
case, the left portion of molecule Y rotates towards molecule X (“goes up”) and the right portion
of molecule X rotates towards molecule Y (also “goes up”) at which point, the nicks are ligated.
With the braiding process, the part of the molecule that needs to be extracted easily can become
circular when it is removed.
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Figure 4: Schematic view into the postulated steps of strand branch migration in the braiding
process described in previous sections.



The proposed dsRNA template guided recombination is presented in Fig. 4 on the left and
the case of ssSRNA template is presented in Fig. 4 on the right. Both cases can be described in a
similar way. In these figures, the double helical structures of DNA are taken into considerations,
and possible physical positions during the proposed recombination processes are shown.
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Figure 5: (Left) Two possible pathways to assemble the S. lemnae actin I gene from its precursor form,

experimental data from [118]. (Right) Two assembly strategies corresponding to the pathways.

2.3 Pathways of DNA recombination processes

DNA rearrangements may occur in more than one ways. Different sequences of DNA rearrangement
processes that result in the same final molecule are called pathways. For the S. lemnae actin I gene
two different assembly pathways have been detected [118], which theoretically correspond to two
distinct assembly strategies, as depicted in Fig. 5.



3 Background from Mathematics

3.1 Knots and spatial graphs

In this section we briefly review basic concepts in knot theory that will be used in our study of
assembly graphs.

3.1.1 Knot diagrams and Reidemeister moves

In knot theory, combinatorial studies of knot diagrams have been used extensively in the last few
decades. The concepts of (regular) knot diagrams and their Reidemeister moves can be found in
any book on knot theory and in many web sites. A brief overview, for example, can be found in
http://shell.cas.usf.edu/quandle/Background /qcocyweb.pdf.

Figure 6: Reidemeister moves of spatial graphs involving rigid vertices

For modeling DNA assembly, we use spatial graphs. Diagrams and Reidemeister moves of
spatial graphs have been known (see, for example, [101]), and knot invariants have been extended
to spatial graphs. There are two approaches to deal with vertices of graphs; one is to regard a
vertex as a point in space and the edges adjacent to it are allowed to move and rotate freely around
the vertex, and the other is to consider rigid vertices, where a vertex is considered to be a disk, and
edges are regarded as pasted onto it, so that the cyclic order of edges are fixed. Singular knots (see,
for example, [12]) are a special family of spatial graphs with rigid 4-valent vertices called singular
points. Here we include additional Reidemeister moves in Fig. 6 for rigid vertices. The variations
are to be included, such as the case where the horizontal arc in the left of the figure are behind the
edges from the rigid vertex.

3.1.2 Gauss words

To represent knot projections and diagrams symbolically, Gauss codes [52] has been used. Such
codes have been used to produce knot tables [62], and compute knot invariants by computer. There
are several conventions for such codes. Here we follow the conventions in [98]. We start with codes
for projections. Pick a base point on a projection, and travel along the curve in the given orientation
direction. Assign positive integers in this order to the crossings that are encountered, where is the
number of crossings. Then the Gauss code of the projection is a sequence of integers read when the
whole circle is traced back to the base point. A typical projection of a trefoil has the code 123123,
see Fig. 7 (left).

To represent over- and under-crossing, if the number j corresponds to an over- or under-crossing,
respectively, then replace j by jo or jy, respectively. Thus the right-hand trefoil has the code
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Figure 7: Trefoil knot

102u301203y. To represent the sign of the crossing, replace them further by joi or jo— if
corresponds to a positive or negative crossing, respectively, where C' = O or C = U depending on
over or under. The convention for the sign of a crossing is depicted in Fig. 8). The signed code for
the right-hand trefoil is 104 2y+30+1v+20+3v+, see Fig. 7 (right). In this convention, there are
redundant information encoded, and there are other, simpler conventions.
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3.1.3 Braids

Braid groups can be found in any knot theory book, for example [100, 95].

Two theorems play key roles (see, for example, [100, 95]): Alexander’s theorem says that any
knot or link can be represented as a closed braid, and Markov’s theorem says how closed braid
forms of the same knot are related (related by congugations and Markov de-stabilizations).

Braids are defined for spatial graphs with rigid vertices. In particular, for singular knots (knots
with 4-valent rigid vertices), the analogues of Alexander’s and Markov’s theorems are known [10, 13].

3.2 Assembly graphs

The model in [2] utilizes graphs as a physical representation of the DNA at the time of recom-
bination. Schematically, the moment of homologous recombination, the alignment of the pointers
can be represented as a vertex in a graph as depicted in Fig.9 (left). The pointer alignment and
recombination can be seen as a 4-valent rigid vertex v made of two DNA segments where each edge
e, incident to v, has predefined “predecessor” edge, and a predetermined “successor” edge with
respect to v, which constitute the neighbors of e. The homologous recombination corresponds to
removal of the crossing (vertex) called “smoothing” (see Fig.9 (right)). The RNA or DNA template
enables alignment of pointers and, as shown in [2].

In Fig. 10 (A), a DNA molecule aligned at a pointer, when the cuts are about to occur, is
depicted with half a twist with the double helical structure. Since it has half a twist, it is assumed
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Figure 9: (Left) Schematic representation of the pointer alignment shown as a 4-valent vertex. Two
micronuclear DNA segments exchange pointer nucleotides through branch migration as in Fig. 3(E) with
MDS segments indicated in blue (top). This alignment is represented as a 4-valent vertex in a graph (bot-
tom). (Right) Two molecules after the recombination (top), with the MDSs joined on the same molecule.

Schematic representation of the finished recombination as smoothing of the vertex (bottom).

that the length of a pointer is about several base pairs. In (B) and (C), two strands are depicted
with a particular choice of cuts, after a recombination, In (D) and (E), the other choice for cuts is
depicted. The situation depicted in Fig. 10 (B) and (C) resembles the schematic diagram at the
bottom right of Fig. 9.
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Figure 10: Twisted box in a template model

The graph depicted in Fig. 11(A) is a schematic planar representation of the MDS-IES structure
of the scrambled gene in Fig. 1 at the time of rearrangement. Joining the neighboring MDSs forms
a path in the graph which in some sense determines the smoothings of the vertices as depicted in
Fig. 11(B). The resulting graph, after smoothing of every vertex, is depicted in Fig. 11(C). As
shown, this result is composed of three connected components, although in reality these molecules
are likely non-circular. Two of them are labeled only with IESs indicating TES excisions, while one
of the components contains MDS;—MDSy — - -- —MDSy, i.e., the assembled macronuclear gene in



correct MDS order. In [2] and subsequently in [4] we showed that every MDS-IES micronuclear
gene structure can be modeled by a spatial graph, and the assembly of a macronuclear gene can be

viewed as a smoothing of every vertex in the graph.

MDS;  WDSg

Figure 11: (A) Graph structure of simultaneous recombination for Actin I gene, at the moment of recom-
bination; (B) polygonal path in the graph containing the MDSs for the macronuclear gene; (C) smoothing

of the vertices relative the polygonal path in (B) and the resulting molecules after recombination.

In these models, a micronuclear sequence is represented by an assembly graph which is a finite
connected graph with 4-valent rigid vertices. We often allow assembly graphs to have two end
points (1-valent vertices) representing the initial and terminal points of a DNA molecule, instead of
circular molecules. A macronuclear gene consisting of the ordered MDS segments are modeled with
a polygonal path, an open path such that consecutive edges are neighbors with respect to the joint
incident vertex. In other words, a polygonal path makes a 90 degree turn at every rigid 4-valent
vertex. A (transverse) component of an assembly graph is a path of maximal length containing
non-repeating edges, such that no two consecutive edges are neighbors. The graph in Fig. 11 (A)
consists of a single component made of edges labeled with the micronuclear sequence of MDSs and
TESs.

Similar concepts have appeared in knot theory, in particular those called singular knots (see,
for example, [12]) that also have rigid 4-valent vertices. While singular knots are used in finite type
invariants and the rigid vertices are replaced by two crossings, in assembly graphs, there may be
end points, and the vertices are smoothed, and their properties related to DNA are studied.

Definitions of assembly graphs and related concepts are listed below from [4] for the rest of this
subsection.

e An assembly graph is a finite connected graph, where all vertices are rigid vertices of valency
1 or 4. A vertex of valency 1 is called an end point.

(Note that the definition of assembly graph implies that the number of end points is always
even.)

e The number of 4-valent vertices in I" is denoted with |T'|. The assembly graph is called trivial
if [T =0.

e Denote by (v, (e1, €2, e3,e4)?) a pair of a rigid vertex v of valency 4 and the equivalence class
of (e1,eq,e3,e4)Y¢) of a cyclic order (e1, ez, e3,e4). Specifically, (e, e, e3,e4)¢) is generated
by (e1,ea,e3,e4) ~ (e2,e3,e4,e1) and (eq,ea,e3,e4) ~ (eq,€3,€2,€1).

e A transverse path in T is a sequence v = (vg,e1,v1,€2,...,€n,0y) if vy, v, are endpoints,
or (vg,e1,v1,€2,...,6e,), if vy is a 4-valent vertex and e, € E(vg), satisfying the following
conditions: (1) wp,...,v, is a sequence of a subset of vertices of I', with possible repetition
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of the same vertex at most twice, (2) {e1,...,e,} is a set of distinct edges, and (3) each e;
is not a neighbor of e; 1 with respect to the rigid vertex v;_1, ¢ = 2,...,n, and in the case
where vy is a 4-valent vertex, ey is not a neighbor of e, with respect to the rigid vertex vy.

( A transverse path can be considered as an image of a map from the unit interval [0, 1] to
', where the image of the boundary points ({0} U{1}) consists of either two end points of T,
or a single 4-valent vertex.)

Two transverse paths with end points are equivalent if they are either identical, or, one is
the reverse of the other. Two transverse paths 7,+" without end points are equivalent if they
have the same cyclic order: y&¥¢ = /%¥¢,

An assembly graph I' is called simple if there is a transverse Fulerian path in I', meaning,
there is a transverse path v that contains every edge from I' exactly once.

Given a simple assembly graph I with two endpoints, choose one of them to be initial (i) and
the other to be terminal (¢). We call such I' a directed simple assembly graph with direction
from ¢ to t. We consider the transverse path of a directed simple assembly graph as a path
starting at the vertex ¢ and terminating at the vertex t¢.

A composition I'; o I'y of two (directed simple) assembly graphs I'y and I'y is the directed
simple assembly graph, obtained by identifying the terminal vertex of I'y with the initial
vertex of I's.

(Note that initial vertex of I'; o I'g is the initial vertex of I'; and terminal vertex of I'y o I'y is
the terminal vertex of I's. In general, I'y o I's is not isomorphic to I's o I'y; for example take
Iy represented by aa and I'y by bbedde.)

Let I' be a simple directed assembly graph with two end points, the initial vertex 7 and the
terminal vertex t. Identify the set of 4-valent vertices V' = {v1,...,v,}, where n = |T'|, with
an alphabet set. Starting from 4, read off the vertices that are encountered in order, to obtain
a word in V called an assembly word. Abstractly, an assembly word is a double-occurrence
word (i.e., each alphabet appears exactly twice) in a finite alphabet set.

(There is a one-to-one correspondence between the set of simple directed assembly graphs
with two end points and the set of assembly words.)

If a double occurrence word w can be written as a product w = uv of two non-empty double
occurrence words u, v, then w is called reducible, otherwise it is called irreducible. Similarly,
if ' = I'y o I'y for some non-trivial directed assembly graphs I'y and I's, then I' is called
reducible. Otherwise it is called irreducible.

A circular word over an alphabet A is an equivalence class of words over A, where two words
are equivalent if they are related by a reverse and/or a cyclic permutation. We sometimes
‘

denote the circular word by w® for a word w, but often abbreviate the notation and say “a

circular word w” if no confusion arises.

A (multi-component) assembly word over an alphabet A is a set W = {wg, w{,w§, ..., ws},
for a positive integer n consisting of one word wp and n circular words w{, ws, ..., wy, over A,
such that each letter of A appears exactly twice in W. We say that two (multi-component)
assembly words are equal if they are equal as sets. Each word in W is a component of W,
and n + 1 is the number of components of W.

11



e Reducibility of simple, directed assembly graphs and words are generalized as follows. An
assembly graph I' is reducible if there are two assembly graphs I';, ¢ = 1,2, with at least one
4-valent vertices, such that I' = I'; UT's when the graphs are regarded as topological spaces
(1-dimensional complexes), and I'y NT's = {vp}, a single point. In the last expression of the
intersection, I'y and I'y are regarded as subsets of I', and vy € I" is a point on an edge of I,
as well aa an end point of I'y and I's.

If T is not reducible, it is called irreducible. A (multiple-component) assembly word is reducible
and irreducible, respectively, if the corresponding assembly graph has the corresponding prop-

)X

p—smoothing n—smoothing

erty.

Figure 12: Smoothings of a vertex

e A smoothing of a rigid vertex is a replacement of the vertex by two parallel strings without
crossings as depicted in Fig. 12. If an assembly graph is directed, then one is compatible with
the orientation (Fig. 12 left), called the p-smoothing, and the other is not compatible (Fig. 12
right), called the n-smoothing.

o

Vo: & v, &v, &g & . &
Va® es € ]
(A) (©

Figure 13: Examples of assembly graphs. Simple assembly graphs (A) and (B), and a non-simple
assembly graph (C).

In Fig. 13 examples of assembly graphs are depicted. Note that the graphs in (B) and (C) do
not have any end points, and the broken under-arc depicts the crossing information as in standard
knot diagrams as already mentioned. A transverse path for each example is given by

(A) ('U(],61,Ul,62,U2,€3,U2,€4,U1,€5,U3), (B) ('U(],61,'[)1,62,'[)0,63,'[)1,64), and (C) (U07627U17€4)'

In the case of (C), there is another transverse path (vg,es,v1,e1), which is not equivalent to
(vo, €2, v1, €4).

3.3 Assembly numbers

In [4], the assembly number is defined and studied for assembly graphs. This subsection is a
summary of definitions and results from [4].
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Definitions.

e Let I be an assembly graph. An open path in I' is a homeomorphic image of the open interval
(0,1) in I.

An open path is also represented by a sequence:

(el \ UO)7 Ula 627 1)27 637 L 7Um—17 ema UM7 (em—i-l \ Um-i—l)a
where v;’s are vertices in I" for ¢ € {1,2,...,m} such that v; # v; when i # j, e;’s are edges
in T fori e {1,2,...,m} with end points v;_; and v; respectively, such that the initial vertex

of e; (and possibly part of e;) and the terminal vertex of e, 11 (and possibly part of e,,1)
are not included. We say that the open path is a cycle if e; = €41

e Two open paths are disjoint if they do not have a vertex in common.

e A set of pairwise disjoint open paths in T {71,...,7%} is called Hamiltonian if their union
contains all 4-valent vertices of I'. An open path ~ is called Hamiltonian if the set {~} is
Hamiltonian.

e A polygonal path is an open path v: (e \ vg),v1,€2,. .., Um—1,€m, Vm, (€m+1 \ Um+1), such
that e; and e;+1 are neighbors for every i € {1,2,...,m}.

(Intuitively, the polygonal paths indicate the way a DNA rearrangement can occur, and
indicate the types of smoothings that correspond to these rearrangements.)

e Let I' be an assembly graph. The assembly number of T', denoted by An(T"), is defined by
An(T") = min{ k| there exists a Hamiltonian set of polygonal paths {7y1,...,7%} in I'}.

e Motivated by realizable words discussed in [47], a simple assembly graph I is called realizable
if An(I") = 1, otherwise it is called unrealizable.

e For a positive integer n, we define minimal realization number for n to be Ryin(n) = min{|T| :
An(T") = n}, where |T'| is the number of 4-valent vertices in I'. A graph I' such that Ry, (n) =
IT'| is called a realization of Ryin(n).

e Each smoothing s of all vertices in an assembly graph I' gives rise to a set of circles (compo-
nents) obtained from I' by performing s. Let u(s) denote the number of resulting components
(representing the number of molecules after the recombination). The assembly polynomial of
a given assembly graph I is the polynomial St(p,t) = >, pP()r()=1 where ps(s) denotes
the number of p-smoothings in s.

e v,
ViT & € Vo ==, v, Vs
(A) (B)

Figure 14: Polygonal Hamiltonian paths

The assembly graph depicted in Fig. 13 (A) has a Hamiltonian path represented by (e; \
vp), V1, €2, V2, (€3 \ va) that is not polygonal. In Fig. 14, polygonal Hamiltonian paths are depicted

13



by thick dotted curves. Note that for the graph I' depicted in (B), there is no single component
polygonal Hamiltonian path, and therefore An(T') = 2, and T is unrealizable.

Properties.

e For each pair of directed simple assembly graphs I'y and I's, one of the following equalities
hold: An(I'; oI'y) = An(I'y) + An(I'y), or An(I'; oT'9) = An(I'y) + An(I'y) — 1.
e For any positive integer n, there exists
(i) a reducible assembly graph I" such that An(T") = n,
(ii) an irreducible assembly graph I' such that An(T") = n, and
(iii) an assembly graph I" with no endpoints such that An(T") = n.

e The following properties hold for Rpyy.
(i) For every positive integer n, Ryin(n) < Rmin(n + 1).
(i) If Rmin(n) = k for some n and k, then for every s > k there is an assembly graph I' with
s 4-valent vertices such that An(I") = k.
(i) Rmin(n) < 3(n —1) + 1 for every positive integer n.

Through case by case inspection, we find that An(I") = 1 for all assembly graphs I" with |T'] < 3,
and the graph I in Fig. 14 (B) has An(I") = 2 and |T'| = 4, so we have Rpyin(1) = 1 and Rpyin(2) = 4.

3.4 Linking numbers and writhe of links

In knot theory, the linking number (k (K1, K3) of two oriented circles (a two-component link)
L = K; UK is defined in several ways (see, for example, [130]). A diagrammatic definition we use
is that ¢k (K7, K3) is defined to be the number of positive crossings where K7 goes over Ky minus
the number of negative crossings of such. The signs of crossings are defined diagrammatically in
Fig. 8. It is known that ¢k (K7, K3) = Ck (K3, K1).

L

K Ky

el k=
+

Wr(K)=3 Ik(L)=Tw(B)+Wr(K)=5

Figure 15: Smoothings of a vertex

In biology, supercoiling sometimes refers to the linking number of circular DNA molecule con-
sisting of two single stranded circles, and the following is a famous formula computing such a
self-linking number (see, for example, [119]). Consider a planar diagram of such a molecule repre-
sented by a knotted and twisted band B. Let K be the knot that corresponds to the center line of
B, without consideration of the twists of B. The boundary of the band consists of two circles K3
and Ky with parallel orientations induced from an orientation of K, representing single stranded
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DNA molecule, and the band represents the double-helical structure. The twist Tw(B) is the num-
ber of helical turns in the DNA seen as twists of the band in the diagram, and the writhe Wr(K) is
the number of times the band crosses over on itself counted with signs. The relationship of twist,
writhe, and the linking number is expressed by the equality: ¢k (K1, K2) = Tw(B) + Wr(K). The
situation is depicted in Fig. 15.

There are variations of the linking number. The following is found in [119], for example. Let
L =K;U---UK, be an n-component un-oriented link (n > 1). Then define

lk (L) ={ Z lk (K;, Kj) | all possible orientations on each component}.

1<i<j<n

3.5 Chirality of spatial graphs

Let r : R? — R? be an orientation reversing homeomorphism, for example, R > (z,y,z) —
(x,,—2). A subset X of R? is called chiral if X is not equivalent (ambient isotopic) to r(X), and
otherwise achiral. The image r(X) is called the mirror (image) of X, and also often denoted by
X*.

Chirality of molecules are of interest in chemistry, and topological methods have been used for
analyzing chirality of melocues (see, for example, [49]). In this section, first we give a brief overview
on methods in knot theory (mostly reviewed from [49, 119]) that are used to detect chirality of
knots:

e Knot invariants. Many knot invariants detect chirality of knots, such as the HOMFLYPT
polynomial and in particular, the Jones polynomial, while others do not, such the Alexander
polynomial.

It is known that the quandle 3-cocycle invariant with the three element dihedral quandle
detects chirality of trefoil [131], and Suzuki graphs [134].

e Linking numbers. For two component oriented link L = K7 U Ko, it is easy to see directly
from diagrams that the linking number of L and that of its mirror L* satisfy the equality
Ck (L*) = —tk (L). Hence a chiral link L has the vanishing linking number.

Even for un-oriented links, the generalized linking number discussed in an earlier section,
defined as a set of linking numbers over all possible orientation possibilities, can be used to
detect chirality (see, for example, [119]).

e Writhe of alternating knots and links. It is proved [140] that the writhe Wr(L) of a
reduced alternating diagram is an invariant of alternating links L. Again from diagrams we
obtain Wr(L*) = —Wr(L), and this can be used to detect chirality of alternating links.

e Using branched coverings, Suppose a spatial graph I' C S contains a sub-circle + that is
unknotted. Then the cyclic branched cover S3 of §3 along v is again homeomorphic to S3,
but as a branched cover, it contains the lift I of T'. If T is chiral, then so is I'. In some cases
the lift can be shown to be chiral easily by some methods, while the original graph I' is hard
to detect its chiality.

We mention what we call Kauffman’s principle, which enable us to define invariants for spatial
graphs with rigid vertices from any knot invariants. Although the methods discussed below can be
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easily extended to spatial graphs with rigid vertices of other than 4 valencies, we concentrate on
4-valent rigid vertices for simplicity and to concentrate on our situations.

Kauffman’s principle: Let T be a set of (2,2)-tangles. For a given spatial graph I' with rigid
vertices, let C'(I') be the set of all spatial graphs obtained from I' be replacing all its rigid vertices
by the tangles in T. Then the set C'(I") is an invariant for spatial graphs with 4-valent rigid vertices.

Due to this principle, we can use any method of detecting chirality of knots for detecting chirality
of spatial graphs with 4-valent vertices. With this situation in mind, we review methods in knot
theory for detecting chirality for knots, in addition to known methods for spatial graphs.
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