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|. ltroduction

Multi-component generalizations of KP hierarchy
attract a lot of interest both from physical and
mathematical point of view.

m Jimbo Miwa Date et. al. 1981-83, M. Sato et.
al. 1982

m Kac, Leur 1998, 2003
m Aratyn et. al. 1998

Multi-component KP (mcKP) given by Date Jimbo
et. al. 1981 contains

m Darvey-Stewartson equation
m two-dimensional Toda lattice
m three-wave resonant interaction



|. ltroduction

Several equivalent formulations of mcKP hierarchy
m Matrix pseudo-differential operator (Sato)
formulation

m 7-function approach via matrix Hirota bilinear
identities

m multi-component free fermion formulation

Coupled KP hierarchy was generated through
Pfaffianization (Hirota,1991). This coupled KP
hierarchy can be reformulated as a reduced case of
the 2-component KP hierarchy (Kakei, 2000).



|. ltroduction

Another kind of mcKP equation is the KP equation
with self-consistent sources ( Mel'nikov, 80").

m First type of KPSCS

(4Ut — 12uu, — Uxxx)x - 3Uyy

N

+ 4Z(qiri)xx — O; (13)
i=1

Giy = Gixx + 2uq;, (1b)

iy = —rlix—2ur, i=1---N. (1c)



|. ltroduction

m Second type of KPSCS

N
(Aur — 12uuy — Uy )x — 33Uy, = 3Z[qi,xxri

— Gifisc + (Gifi)ylx, (2a)
3
di.t = Gixxx + 3qu7x + Eq, / Ude
N
3 3
T 54 Z qjfj + 5Uxi, (2b)

3
Fit = lixo + 3Urx — Er,- uy dx

3 & 3
o Z qjtj + 5 UxTi- (2¢)



Il. The extended KP Hierarchy

The Lax equation of KP hierarchy (KPH) is given
by (Sato)

L:, = [Bn, L]. (3)
L=0+ 0+ wd2+---

pseudo-differential operator with infinite many
potential functions u; and B, = L. Commutativity

of 0, flows give raise to zero-curvature equations of
KP hierarchy

Bn,tk - Bk,t,, + [BIH Bk] = 0.



Il. The extended KP Hierarchy

The squared eigenfunction symmetry constraint

given by
N
L* = Bi + Z g0~ 'r; (4a)
i=1
git, = Bu(qi), rit,=—B.(r)), i=1,...,N

' (4b)

is compatible with the KP
hierarchy(Konopelchenko, Chen Y).



Il. The extended KP Hierarchy

We introduce the extended KP hierarchy(exKPH)

N
L'rk = [Bk + Z q,-a_lr,-, L] (53)
i=1
L= (B L], n# k (sb)
qi,t,, — Bn(q/); r,"tn == _B:;(rl) [. = 1’ . e ’N.
(5¢)

[Br, q0~*r]- = By(q)0'r — g0 B;(r)




Il. The extended KP Hierarchy

The commutativity of (5a) andf(5b) under (5¢) give

rise to zero curvature equation for exKPH

nTk_ Bk"‘zq/ t,

+[Bn, Be + Zq, -0 (6a)
i=1

9i,t, = Bn(ai), (6b)
rie, =—B,(ri), i=1--- N. (6¢)



Il. The extended KP Hierarchy

Under(6b) and (6¢) the Lax representation for (6a)

U= (Bt Y a0 )W), (7a)
by = By(0). (7b)



Il. The extended KP Hierarchy

For n =2, k = 3, first type of KPSCS. The Lax
representation

Yy = (0% + 2u)(¥),
Ve = (0% + 3u0 + (g / uy, + gux)

o Z g0 'r) ().



Il. The extended KP Hierarchy

Eg. 2

For n = 3, k = 2, second type of KPSCS. The Lax
representation

N
Yy = (8°+2u+ ) o 'n)(¥)

3 3 3¢
e = (a3+3ua+(§/uy+§ux+Equ))(@b)



[11. reductions

Reductions 1: The t,-reduction of exKPH

L"=B, or L" =0, (8)
one can drop t, dependency from exKPH =-

N
k
Bn,Tk == [(Bn)—'(- 4 Z q,'a_lr/, Bn];
B.(qi) =("qi, Bi(ri)=—-C"r;, i=1,--- N.

which is Gelfand-Dickey hierarchy with
self-consistent sources.



[11. reductions

m For n =2, k = 3, first type of KdVSCS

1
ug — 3UUX - ZUXXX + Z(qiri)x — 07

Qi+ 2uq; = C,-zq/', fixx = 2Ur = —C,-Zr,-.

Lax representation

(0% + 2u) () = M,

(83+3u8+2u +Zq, ) ().



[11. reductions

m For n =3, k = 2, the first type of Boussinesq equation with sources

1
e + 3 Uoooe + 2(u)xx +Z(q,xr, Gilix)xx +Z qiri)xe =0
3 3 3
qi,xxx ate 3uqi,x + ql(§ / uy + Eux ate 5 Z quJ) - Cl?’ql
N
3 3 3
Fisoox F 3UF 5 — r,-(§ / Uy = 5 U + 5 Z qir;) = i

with Lax representation

N
(0 +3u10+3up+3u1,,) (1) = M, ¥ = (P +2u1+ Y g0~ r)(1))
1



[11. reductions

Reductions 2: The 7,-reduction of exKPH

= B+ ) _ g0 ',

dropping 7, dependency from exKPH

N N N
<Bk +Zqia_1ﬂ'> (Be+>_ a0 'r)5, B+ Y qd'r

Git, = (Be+ Y qi07'r)%(q0),
fit, = —(Bk + Zq, L) (n).

tn

k-constrained KP hierarchy (Konopelchenko, Cheng Yi, Dickey)



[11. reductions

m For k =2, n =3, second type of KdVSCS

N

1 3
ur = Z oo+ Uy + 5 Z[(qi,xxri - Clifi,xx)
3
_ Z(qiri)xx]
N
3 3
di.t = qixxx + 3qu,x + qu Z q;ri =+ Euxqi

3 3
lit = Fixxx T 3ur,-,x - §l’i Z qjri + Euxri-



[11. reductions

m For k = 3, the second type of Boussinesq
equation with self-consistent sources

1
Uit + 3Uxxxx + 2(“ - 5 Z(q/r/

di.t = qixx + 2uql
fit = —I’,')XX—2UI’,', I = ]., ,N.



m The exKPH contains two time series {t,} and

{7k} and more components by adding
eigenfunctions and adjoint eigenfunctions

m The exKPH enables us to find the first type and
second type of KPSCS and their Lax

representations in different way from Mel'nikov,
Zeng Y.B., Wang H.Y., Hu X.B.



m Reductions lead to Gelfand-Dickey hierarchy
with sources and k-constrained KP hierarchy,
including the first and second type of soliton
equation with sources

So exKPH provides a more general approach to find
(141) and (2+1)-dimensional soliton equations with
self-consistent sources and their Lax representations.



IV. Generalized Dressing method

L can be written in the dressing form(Sato):
L=Wowt,

where W =14+ w10 + w02 + - -+, dressing
operator. |If W satisfies

oW=—-L"W, n+#k (11a)
N

O W =—LKW+> g0 'nW (11b)
i=1

where g; and r; satisfy (5c), then L satisfies exKPH.



IV. Generalized Dressing method

Take
W=1+wo 4+ w0 %+ - +wyo V.

Let h; be linearly independent functions satisfying

0o hi = "(h), i=1,...,N. (12)
hl h2 hN
Wi(hy,. .., hy) = hll hé hl”
th—l) th—l) hSVN_l)



IV. Generalized Dressing method

hh hy -+ hy 1
W 1 W, Hy o Ky 0
_Wr(hl,---,h,v) : : 5 : :
th) th) . hS\IN) aN

(13)

Then W provides a dressing operator for KPH.
Let f;, g; satisfy

O, f = 0"(f), 0. f =0 (f), (14a)
Ongi = 0"(gi), Ong = 0(&) (14b)



IV. Generalized Dressing method

Take
hi = f;+ CY,'(Tk)g,' I = 17 SR N7 (15)
qi = —o;W(gi), (16a)
_Wr(hy, - - hi - hw)
= (—1)NV ’ I . . 16b
S (16b)

Proposition 2.

Let W defined by (13) and (15), L = WOW 1,
then W, q;, r; satisfy the equation for W (11).




IV. Generalized Dressing method

Lemma 2. (Oevel & Strampp)
w1 = ZlNzl h,-(?‘lr,-.

Lemma 3.

Respd 1P = P*(f).

Lemma 4.
W*(r)=0,i=1,...,N.

Lemma 5. (Key lemma)

0~1r;W is a pure differential operator



IV. Generalized Dressing method

Proof of Proposition 2.
taking 0, to the identity W (h;) = 0, we have

0 =(8, W)(h;) + (WO¥)(h)) + 6: W (g)

=0, W)(h)) + (L“W)(h:) — Z qjji

N
=(0n W + LXW =)~ q0 ' W)(hy).

J=1



IV. Generalized Dressing method

W defined by (13) and (15), q; and r; defined by
(16), L = WOW 1 satisfy exKPH.

LfkfwfkaW*1 wow'w, wt
Lk—l—Zq@ YL+ L(LE — an r)

:[—L’: + Z q,'a_ll‘,'7 L] = [Bk + Z q,-a_lri, L]
i i=1

W) =3 K07 5+ hid i,
=W - WTB, =Y K07 =3 ko B (n)



V. Solutions for the second type of KPSCS

Let k=2, n=13in (14)
fi = exp(\ix + Ny + \t) = €%, g = exp(uix + iy + pit) := e

where X; and pu; (for i =1,..., N) are different parameters.

£it+m;
2

hi = fi + ai(y)gi = 2/aie” 7 cosh(€;)

where Q; = —5’;”" — 2in(ay).

1. One soliton solution

IR
u= w sech?(Q),

&1+ 1 _&tm

q = \/aly()\l — ,ul)elTn1 sech(Q4), n = e~z sech(y).




V. Solutions for the second type of KPSCS

2. Two soliton solution

u=238%*Int

(M —Ml)T()\z — fi1) (1+ a0

(M M2)(M2 — 1) )
= 2) (% — 1)

(A2 — Ml)(ul 2) .
( i) ) )

g1 = Qq,y

(A2 — p2) (A1 — p2) (1 +ay

A= 2.y T )\2 - )\1)(
o 1+ apeX? e_fl = 1+ apext e_gz
1= ()\1 — )\2)7’ 2= ()\2 — /\1)7'

where x; =n; — & (i =1,2) and

A2 A1
r=l40 2 Men g 0,27 Moy 0,2 7 B gt

e — A1 A2 — A1 A2 — A1



VI. The extended mKP hierarchy and gauge transformation

The Lax equations of mKP hierarchy
Ly, =By L] n>1, B,=L%. (18)

L:8+V0+V18_1+V28_2‘|—"'

The commutativity of 0; and 0, flows gives the
zero curvature equation

Bn,tk - Bk,t,, + [Bm Bk] =0.
When n =2 and k = 3, mKP equation:

AV, — Vyyy + 6V2v, — 3(D*1vyy) — 6VX(D*1vy) =0.
(19)



VI(A). Extended mKP hierarchy (exmkPH)

The extended mKP hierarchy (exmKPH) is defined

by

N
LTk = [Bk + Z q,-@‘lr,-(?, L],
i=1

L, =[Bn, L], n#k,
dit, = Bn(qi)7 I = ]-7 T 7N
lit, = —(8Bn8_1)*(r,~).

(20a)

(20b)
(20c)
(20d)



VI(A). Extended mKP hierarchy (exmkPH)

The compatibility of (20a) and Eow leads to the
zero curvature equation for exm

N
Bit, — Bor, + [Be, Bal + ) [0 rid, Byls1 = 0

(21a)
qi,t,, — Bn(qi)7 I = 17 Ty N (21b)
P = —(0_1326)(r,-). (21c)

the Lax pair for (21)

N
VU, = B,(V), WV, =B+ Y g 'ro)(w).



VI(A). Extended mKP hierarchy (exmkPH)

When n =2 and k = 3, the first type of mKP with
self-consistent sources

Bvy — iy + 62V, — 3D_1vyy — 6vXD_1vy

N
+ 4Z(qiri)x =0,
—

Qi.y = Qi xx + 2ti,X7
liyy = —lixx + 2Vri,x



VI(A). Extended mKP hierarchy (exmkPH)

When n = 3 and k = 2, the second type of mKPSCS

Avi — Visx + 6v> vx — 3D~ — 6viD 1vy

N
+ Z[S(Qiri,xx - qf,xxrf) - 3(qiri)y - 6(qurf)x] = 07 (223)

i=1
3, 3 3
qi,t = qixxx T 3qu,x>< T E(D lvy)qi,x T Equi,x T §V2qr‘,x

N
3
+t5 > (41 qix (22b)
j=1

3,1 3 35
rijt = Fixxx — 3Vfi,xx + *(D Vy)ri,x - Eeri,x + EV i x

I\J\w

N
Z Gy (22¢)



VI(A). Extended mKP hierarchy (exmkPH)

Let N=2,go:=q,n=1, ¢g=—-1landn=r,
then we obtain the non-standard exmKPH:

Bk,t,, — Bnﬂ'k
+ [Bk, B+ [q—r+ 07, B)s1 =0 (23a)
qt,, — Bn(q)7 (23b)

ri, = —(07*B,0)(r). (23¢)



VI(B). Reductions of exmKP hierarchy

1. The t,-reduction

L2g=0, or L"=B,. (24)
the t,-reduction for the exmKPH,

[ Z G010, L] (25a)
Alqi = L(qi) (25b)
Nri=—010(r), i=1,...,N (25¢)

where L= L" = 0"+ V, ,0" 1 + ... + V3. which
can be regarded as (1+1 d/menS/ona/ integrable
soliton hierarchy with self-consistent sources.



VI(B). Reductions of exmKP hierarchy

2. The 7,-reduction

Lgo = Z g0~ tro
dit, = B (q/)
rie, = —(0” 1B ~0)(r;)

exmKPH reduces to k-constrained mKPH

(L), = [(LO)2 L, (26a)
qi,t,, - Bn(q/); (26b)
lit, = —(8_18:8)0’,') (26C)

where L, = L5, + 5. qi07'r0, B, = (Lk)"/k



VI(C).Gauge Transformation between exKPH and exmKPH

Theorem 2.

Suppose L, q;, r; satisfy exKPH, f is a particular
eigenfunction for Lax pair for exKPH, then

L:=f'Lf, §:=f"q, F:=-D'(fr)

satisfies the exmKP hierarchy.



VI(C). Gauge Transformation between exKPH and
exmKPH

- W(l) _ (_l)Nwr(hllv R h;\l)

Wr(hla R hN)

the Wronskian solution for exmKP hierarchy is

z_ WI'(h]_,"‘ 7hN7a)8 Wr(hla'” ,hN,@) !
a Wr(h{lf” 7h;v) Wr(hllv'” ’h;\l)
(27a)

& 5 Wr(hh'” 7hN7gi)

N | 27b
BN ) ()
NZWI'( ,1?7h:77h;\/) (27C)
Wr(hy, -, hy)




VI(D). Solutions for exmKPH

one soliton solution of mKPSCS with N =1 is

Ry
u= M sech?(Q),

q1 = Va1, (A — e g sech(21),

1 £1+n1
h(Q
2 041 sech(1).

n =

two soliton solution for mKPSCS with N =2 is

v=20Inf,
_ (A1 — pa) (X2 — pua) (A1 — p2) (2 Nl) o

= 1 2 1
R AT T (A1 = A2) (X2 ) °
- (A2 — p2) (A1 — p2) (>\2 pa)(pa “2) X

— 1 1 2
L W RSV TG VTS Ay
joo Netoome? o At alme’“ —&

()\2 — /\1)7‘ € ’ 2= ()\2 — )\1)7‘



VII(A). New extended DKP hierarchy

the shift and the difference operators [ and A,
F(F(1) = f(1+1) =),
A(f(N) =f(1+1)—f(]).

Ajfi({ )(A"(f(l+jfi)))Af*", (J’ ) f(f—l)'~}!0—i+t).)
28

adjoint operator A*

A(F(1)) = (T = 1)(F(1) = £(I = 1) = £(), (29)

A =3 (4) (@(F(+i = )))aT (30)

i=0



VII(A). New extended DKP hierarchy

The Lax equation of the DKP hierarchy is
L. = [Bn L], (31)

L=A+h{h+ AT +HA?+ -

B, = L stands for the difference part of L". The
zero-curvature equations for DKP hierarchy:

Bn,tm - ijtn —|_ [BIH Bm] - O (32)
with the Lax pair given by
wtn = Bn(7/))a thm = Bm(@/})' (33)



VII(A). New extended DKP hierarchy

For n=2, m=1, (32) gives rise to the DKP
equation

A(fbtz + 2fbt1 - 2"6&)1”1) - (A + 2)f0t1t1' (34)

The new exDKPH
Ltn = [Bm L]a (358)
N
Ly =[Be+ ) wid "6 L], (35b)
=l

i = Ba(0r), b1, = —Bi(@r), i=1,--- N,
(35¢)



VII(A). New extended DKP hierarchy

Proposition 4. The zero-curvature representation for
exDKPH

N
By — (B + Z Vi ;)

+[Bn,Bk+Z¢,A gl =0, (36a)
i, = Ba(¥i), cb,tn —B,(¢i), (36b)

N
U, = By(V), W, = (Bt Y A ¢)(V).

Vet AY



VII(A). New extended DKP hierarchy

Eg. 1 n=1, k = 2 the first type of DKPESCS

N
A(for, + 260, — 2fofo) = (B + 2)fore, — A2Y (36l V),  (382)
i=1

VYie = AWi) + i, ¢iy, = =A% (¢i) — fodhi. (38b)
Its Lax representation is

Vi = (A+f)(V) (39)

N

Vr, = (824 (o + DA+ AMR) + A7+ + 7+ 3 i o)(V).
i=1

(39b)



VII(A). New extended DKP hierarchy

Eg. 1 n=2, k=1, the second type of DKPESCS

N
A(fbtz + Zfb"'l - 2f6f67’1) = (A + 2)fb"'17'1 + Z[A2((f0 + fO71 - 2)¢i¢71)

i=1
+ AW ¢ — i) + AT+ 1) (gt )n)], (40a)
Yiey = D2(%1) + (f + AW + (A(R) + KV + i + £), (40b)
iy = =D (Wr) = A ((h + 0)) — (A(R) + KV + i+ ). (40c)
Its Lax representation is

W, = (A + (o + A + A(f) + £V + fi + ) (W) (41a)

Vo = (A+ i+ Y hiA ¢)(V). (41b)

i=1



VII(B). Reductions

1. The t,- reduction

["=B, or L"=0 (42)
drop t, dependency from (36) and obtain

By, = [(Ba)7 + Zw,A i, Bal, (43a)
Bn(¢i)_A7¢l7 n(gbl):A?Cbla - 727"' 7N7
(43b)

with the Lax pair given by

((B,): + Z¢, 1h)(V), By(V) = A"V,



VII(B). Reductions

Eg. 1 When n=2, k=1,

N
20 (for, = fofor) = (B +2fomry + DA (fo + £ = 2)upig;!
i=1

+ AW ¢ — i)+ AT+ 1)l V)] (44a)
D2(y) + (fo + AW + (A(f) + £ + A + £2); = A2, (44b)

A7) + A ((fo + H)r) + (A(f) + A7) + fi + )by = Ny,
(44c¢)

which can be transformed to the first type of Veselov-Shabat equation
with self-consistent sources (VSESCS).



VII(B). Reductions

2. The 74~ reduction

N
1K= B+ vir g,
i=1
By dropping 7« dependency , we obtain

N
(Be+ > i1y, —[Bk+2w,A Pi +,Bk+z¢,A &il,

= i=1

(45a)
1pi,t‘,, = Bk + Z"/}l 1¢)I (77[]/)’ (45b)
ity = —(Bi+ Zz/},-A—l@)i*(cb,-), =12, N, (45¢)

i=1

which is the k-constrained DKP hierarchy.



VII(B). Reductions

Eg. 1 Whenn=1, k=2,
(45) leads to

N
2A(for, — fofon) = (A + 2o, + A2 (w6l ), (462)
i=1

wi,tl - A(wl) aF ﬁ)wh ¢i,t1 = _A*(¢l) - fb¢ia i = 1) 27 o 7N7 (46b)

which can be transformed to the second type of VSESCS.



VII(C). Dressing method for exDKPH

Assume that

L=wAaw™, (47)
W =AY + AV L+ i ANT2 4wy
if W satisfies
W, = —L"W, (48)

then L satisfies DKPH.



VII(C). Dressing method for exDKPH

Assume that h; satisfies

hiy, = A"(Chi), i=1,---,N (49)
) BGe) A A
W:m (:1) (52) 5 (5N) | ©9
AN(h) AM(hy) - AM(hy) AV
hy hy hy
Wrd(hy,- - . hny) = A(./71) A(./72) A(.h/v)
ANI(hy) ANY(hy) oo AN(hy)

Proposition 5.

W is dressing operator for DKPH.



VII(C). Dressing method for exDKPH

Lemma 6.
If W satisfies (48) and

N
W, =LKW+ A 'gW  (51)
i=1

then L satisfies exDKPH.
Let g;, g satisfy

g, =A0A"g), &n=20g) (52a)

B, =A"E), &n.=0%E),i=1... N
(52b)



VII(C). Dressing method for exDKPH

hi=gi+ai(m)g i=1,...,N, (53)

¢i - _di W(gl)u
v iWr(Thy, -« Thi - Thy)

¢ =(=1) Wr(The, -, [hy)

(54)

Proposition 6.

W, L, 1;, ¢; satisfy the equation for W and
exDKPH.




VII(D). N-soliton solutions for exkDKPH

N-soliton solution for the first type of DKPSCS

Let

Si=eM —1, kpj = e — 1,
gi = exp(I\i + 6it1 + 67m) = €%, g = exp(lpi + kit + ki) = €7
hi == gi+ai(n)g = %/(T,@Xp(#)cosh(ﬂ,-)7 Q= %({;—n;—ln a;). (55)
Since L= WAW '=A+fh+AA 4+ we have
fo = Resa(WAW™'A™Y) (56)

then fo, i and ¢; given by (54) gives rise to the N-soliton solution for first
type of DKPSCS.



VII(D). N-soliton solutions for exkDKPH

Example. N =1, 1-soliton solution for first type of DKPSCS

A1+ cosh(Q; + 26 cosh(; + 0
=oAL (SHOLL2) oDy +0))

2 COSh(Ql —+ 91) - cosh
A1 —
01 = : 2 ;
d/
P = _dva (e~ M) exp i sech Q,
dT2 2

e_()\l"ﬁul) exp( M)
2,/0&1

o1 = sech(Q2; + 61).



VII(D). N-soliton solutions for exkDKPH

Example. N = 2, 2-soliton solution for first type of DKPSCS

Vi

3),

6 eM2 _ M) (ghl _ gh2

'1/11 - _7 (1 T Eeh e>\1;EeH1 — eMgeXz) (eMl - eAl)(e‘ul - e)\z)em’
o eHl _ gM2)(gh1 _ gh2 A N

P = - (l + a1 Ee*Z — eklggeﬂz — e)‘lgem (e" —e™)(e" — e 1)e7]2’

- 1 =+ a26X2 —& . 1 + OélEXl —&
o=" (@ s ) s =" (e ®).

with
A2 M1 H2 A1 12 M1
e —e @ = et? —e
X1 X2 X1+x2
v=1+4+a« e [ e aro €
+ 1o —en + 2% Zent + a1 2% e )
222 241 242 221 2p2 241
e’ — ¢ e — et — ¢
X1 X2 X1+X2
vi=14a« e « e o e .
1 + o e — et + a2 o — e + aion o — e



VII(D). N-soliton solutions for exkDKPH

N-soliton solution for the second type of DKPSCS

gi = exp(I\i + 6 + (5,-2t2) — ¥,

gi = exp(/,u,- + kT + /i?tg) = e

i+
hi == gi + ai(m1)g = 2\/a_ieXp(§ 5 d
Then
fo = Resa(WAWIA™Y), f; = Resp(WAW ™)

') cosh(€;).

together with 1; and ¢, given by (54) presents the
N-soliton solution for (40).



for your attention!
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