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A supertrace identity on Lie superalgebras is established. It provides a tool for
constructing super-Hamiltonian structures of zero curvature equations associated
with Lie superalgebras. Applications in the case of the Lie superalgebra B(0,1)
present super-Hamiltonian structures of a super-AKNS soliton hierarchy and a
super-Dirac soliton hierarchy. © 2008 American Institute of Physics.
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I. INTRODUCTION

The trace identity provides a powerful tool for constructing Hamiltonian structures of soliton
equations.l’2 It is based on the Killing form on a semisimple Lie algebra. On nonsemisimple Lie
algebras, the Killing form is always degenerate, and thus, the trace identity does not help in this
case. Recently, a variational identity—a generalized trace identity—was presented in the theory of
integrable couplings,3 which can be used to produce Hamiltonian structures in the case of nonse-
misimple Lie algebras. In this paper, we would like to discuss and show a supertrace identity and
its applications in the theory of superintegrable systems.‘l_8

Let .4 be a commutative superalgebra over R or C, and G a matrix loop superalgebra over A
with the nondegenerate Killing form. We take a pair of matrix spectral problems:

¢.=Udp=U(u,N) ¢,

d"ou
¢,=Vep=V u,ux,...,axmo;)\ b, (1.1)
where ¢, and ¢, denote the partial derivatives with respect to x and ¢, U,V € G are a Lax pair,
u=(u,... ,uq)T e A7 is a potential consisting of commuting and anticommuting variables, \ is a
spectral parameter, and m, is a natural number indicating the differential order.

Assume that (1.1) determines™’ a superevolution equation:

d"ou
”z:K(”):K<”’“x"~’M s (1.2)
through their isospectral (i.e., \,=0) compatibility condition (i.e., zero curvature equation):
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U,-V,+[U,V]=0, (1.3)
where [U,V]=UV-VU. The zero curvature equation (1.3) means that the triple (U, V,K) satisfies

U'(u)[K]-V.+[U,V]=0, (1.4)

where U’ (u)[K]= 3/ d|,—oU(u+eK). There exist Lie algebraic structures behind this equation for
such triples.lo’ll
For a functional 7, its variational derivative §H/du=(5H/bu,, ..., H/ 5uq)T e A7 is defined
by
i o =L M+ o) (1.5)
—v;= — H(u+ &v)|sm, .
o1 ou; oe &=0

where v=(vy, ... ,vq)T e A7 is a vector like u and € € A is an even parameter (see, for example,
Refs. 12 and 13 for more information). For an operator J=(J;j),x, from A% to A9, define its
corresponding bracket:

Gt = [ S (1o Hz)(J -(Z—[—)%d (1.6)

i,j=1 ou

where H, and H, are two functionals, and p(i)=p(u;) and p(H,) are the degrees of u; and H,
(either 0 or 1). Such an operator J is called a super-Hamiltonian operator (or an even super-
Hamiltonian operator) if its corresponding bracket {-,-} defined above is a super-Lie bracket, i.e., it
is superskewsymmetric:

{H1 Hob = = (= 1PPP0 3, 1, (1.7)
and satisfies the super-Jacobi identity:
(= DPPORTEH, {Hy Ha + eyele(Hy, Ha, Hs) =0, (1.8)

where H,, H,, and H; are pure in the Z, grading. A superevolution equation (1.2) is called a
super-Hamiltonian equation if there is a super-Hamiltonian operator and a functional H such that

oH
u,=Ku)y=J—. (1.9
ou

If so, we say that the evolution equation (1.2) has a super-Hamiltonian structure. A super-bi-
Hamiltonian equation can also be defined, similar to the classical case.'

One interesting question for us is how to generate super-Hamiltonian structures for the evo-
lution equation (1.2) based on the zero curvature equation (1.3). In what follows, we would like to
establish a supertrace identity on matrix loop superalgebras to construct super-Hamiltonian struc-
tures of associated superintegrable equations. We will use the supertrace on a given matrix loop
superalgebra G, which satisfies the symmetric property:

str(ad, ad,) = str(ady, ad,), a,b € G, (1.10)
and the invariance property under the Lie product:
str(ad, adp, ) = str(ad, pad,), a,b,c € G. (1.11)
Here, ad, denotes the adjoint action of a € G on G, which is defined by

ad,b=[a,b], beG, (1.12)
and the bracket [-,-] is the Lie superbracket of G.
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In this paper, we would like to show that there exists a supertrace identity on Lie superalge-
bras with nondegenerate Killing forms and it can be used to construct super-Hamiltonian struc-
tures of soliton equations associated with such Lie superalgebras. Applications in the case of the
Lie superalgebra B(0, 1) present super-Hamiltonian structures of a super-AKNS soliton hierarchy
and a super-Dirac soliton hierarchy. A few concluding remarks are given in the last section.

Il. SUPERTRACE IDENTITY ON LIE SUPERALGEBRAS

Let a spectral matrix U be defined by
U=Uu,\) =EN) +w E\(\) + -+ +u,E,(N), w;e A, E eG, ls<isgq, (2.1)

where A is a commutative superalgebra over R or C, G is a matrix loop superalgebra over A with
the nondegenerate Killing form, and E; € G, 1 <i=<g, are A linearly independent. We need to
select the appropriate ranks, rank(\) and rank(ux), such that U has the same rank, i.e., it is
homogeneous in rank. This way, we can define

rank(U) = rank(ﬁ—i) = const. (2.2)
Assume that if two solutions V|, V, € G of the stationary zero curvature equation
V.=[U,V] (2.3)
possess the same rank, then they are A linearly dependent of each other:
Vi=9V, 7y=const. (2.4)

This is a condition on the selection of the spectral matrix U, which normally implies that there
exists a unique recursion operator associated with the spectral problem (1.1). The condition has
also been used in deriving the trace identity,15 the so-called quadratic form identity,16 and the
variational identity under the general bilinear forms.?

A. Supertrace identity
Let us introduce a functional:
W= f [str(ady ade) + str(ad, advx_[U,V])]dx, (2.5)

where U,=0U/d\, and V,A € G are two matrices to be determined.
The directional derivative V,R € G of a functional R with respect to a € G is defined by

. beG. (2.6)
=0

Jd
f str(ady % ad,)dx = a—R(a +¢&b)
a &

It is obvious that based on the nondegenerate property of the Killing form, we can have

vV, J str(ad, ady)dx=a, V, J str(ad, ad, )dx = - a,.

Therefore, it follows from (1.10) and (1.11) that
va= U)\—Ax+[U,A], VAW= VX—[U,V]. (27)

In what follows, we would like to prove that the supertrace identity on Lie superalgebras
holds, similar to the trace identity.2

Theorem 2.1 (The supertrace identity): Let U=U(u,\) € G be homogeneous in rank. As-
sume that the stationary zero curvature equation (2.3) has a unique solution V € G of a fixed rank
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up to a constant multiplier. Then, there is a constant 7y such that

P) 9
- Str(adv ad(;U/(;)\)dx =NT7—\7 Str(adv ad[;U/(pu) (28)
ou 2N

holds for any solution V e G of (2.3), being homogeneous in rank.
Proof: Let us begin with the functional W defined by (2.5). In order to compete the variational
derivative of WV with respect to the potential u, we require the following constrained conditions on

W:

VW= U, = A, +[U,A] =0, (2.9)

VW=V, -[UV]=0, (2.10)

which determine V and A. The two conditions also imply that V and A are related to U, and thus,
they are related to the potential u.
Based on (2.10), we have

1) ow
5 str(ady, adU)\)dx = E’ (2.11)

where o/ du is the variational derivative with respect to the potential u. Noting both the above
constrained conditions [(2.9) and (2.10)] and the property that if V,R(a)=0, then
(8/ 6u)R(a(u))=0, we know that only the dependence of u in U (but not in V and A) needs to be
considered in computing 6/ du. Thus, based on the invariance property (1.11), we have
S 124%
— | str(ady ady, )dx = —— =str(ady adyy /5,) + str(adpy vy adyya,) - (2.12)
Su A ou N '
On the other hand, using (2.9) and (2.10), and the Jacobi identity, we have
[A VI =[ALVI+[A V] =[U\+ [UALVI+[A[UVI]=[U), VI + [V.[AUIT+ [A LU V]
=[U)\9V]+[U9[A9V]]7 (213)

and from (2.10), we have

V=V =0, V]+[U.V,]. (2.14)

Therefore, Z:=[A,V]-V, satisfies Z,=[U,Z]. Now, based on the uniqueness condition in (2.4)
and rank(Z) =rank(V,)=rank((1/\)V), there exists a constant y such that

[A,V]-V,= %V, (2.15)

because (1/\)V is a solution to (2.3).
Finally, (2.12) can be further computed as follows:

1)
Y f str(ady ady, )dx = str(ady ad,y, /5,) + str(ady, adsya,) + %str(adv ad 00
u

J 9y 9\
= astr(adv adyya) + | N 5)\ str(ady ad5,) =N 5)\ str(ady ad g5, -

(2.16)

This completes the proof of the theorem. O
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B. An expression for the constant y

Let us now consider how to compute the constant y through the solution V to the stationary
zero curvature equation.

Theorem 2.2: Let V be a solution to the stationary zero curvature equation (2.3). Then we
have

d
d—str(adw adym)=0, m=1. (2.17)
by

Proof: Noting that V,=[U,V] leads to
vn,=[u,v"], m=1,
and thus,
ad(vm)x = [adU, advm], m= l,

it then follows from the symmetric property (1.10) and the invariance property under Lie bracket,
(1.11), that

d d
d—str(advm adym) =2 str d—advm adym | =2 str(ad(ym) adym) =2 str([ad;, adym]Jadym)
X X x

=2 str(ady ym) adym) = 2 str(ady adpym ym) =0,

where m= 1. This proves the theorem. O
By (2.17), str(ady ady) is independent of the space variable x.
Theorem 2.3: Let V be a solution to the stationary zero curvature equation (2.3). Then the
constant vy in the supertrace identity (2.8) is given by

_ M lsu(ady ady) (2.18)
Y= 2 dn nistr(ady ady)|, .

if str(ady ad,) # 0.
Proof: Differentiating str(ady ady) with respect to A and using (2.15) engenders

d 2
Estr(adv ady) =2 str(ady, ady) =2 str(adjs y}-(,)v ady) = 2 str(adpy vy ady) - Tystr(adv ady)

2 2
=2 str(ad, adpy, ) - Tystr(adv ady) =- Tystr(adv ady).
This implies that (2.18) holds. O

lll. APPLICATIONS
We take the Lie superalgebra B(0,1) given by

8o 81 83
8=80E0+81E\ + 8By +g3E3+84Es=|82 —80 84| &€ A 0sisd4, (3.1)
g+ —8& O

where A is a commutative superalgebra over R or C, g,,g,,g, are even, and g3,g, are odd.'"'8
The generators of the Lie superalgebra B(0,1), E;, 0<i=<4, satisfy the following commutation
relations:

[Eo.E|]=2E,, [EyE)]=-2E,, [EE)]=E,,
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[EO’E3] :E3’ [E()’E4:|:_E4’ [E19E3] =O’
[E\.EJ]=E;, [EyE;]=Ey [EyE4]=0,

[Es.Egli=Eg, [E3.Es3]l,=-2E,, [E4E] =2E,,

where E,E,,E, are even and E,E, are odd, and [-,-] and [, -], denote the commutator and the
anticommutator, respectively. The loop superalgebra

G=B(0,1)=B(0,1) ® CIA\,N"'] or B(0,1) ® R[N

will be our starting Lie superalgebra.
It is direct to compute that

0 -a a a as
- 2611 2610 0 - 2a3 0
ad,=| 2a, 0 —-2aq, O 2ay

-a3; —ay; O ay a;

ay 0 —daj a) )

for a=ayEg+a,E,+a,E,+azyE+a,E, € B(0,1), where ad, is defined by (1.12). Therefore, if we
define the compact supertrace
str(c) = ¢y + cp—c33,  c=ab, a,b e B0,1), (3.2)
where c=(c;;)3x3 and ab is the matrix product of a and b, then the Killing form on B(0,1) can be
computed as follows:
str(ad, ad,) =3 str(ab), a,b € B(0,1), (3.3)

where the supertrace is defined by

Str(P) =pi1+ Py +p33—Ppas—pss  if P=(p;))sxs. (3.4)

For other Lie superalgebras, an identity similar to (3.3) can be obtained (see, for example, Ref.
18).

A. The super-AKNS soliton hierarchy
1. The super-AKNS hierarchy

The super-AKNS spectral problem associated with B(0,1) is given by

N r o« ’
b.=Ub U=|s -\ B|, u= i , (3.5)
—a 0
B -« 3

where \ is the spectral parameter, r and s are commuting variables, and « and 8 are anticommut-
ing variables.'” When the anticommuting variables, a and S, are taken as zero, the above super-
spectral problem reduces to the classical AKNS spectral problem.20

As in Refs. 21 and 22, let us try to find the following solution to the stationary zero curvature
equation (2.3):
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A B p A B p;i
V=|C -A o|=2VNI=D|C -4, o [\, (3.6)
i=0 i=0
o -p 0 o —p; 0

where A;,B;, C; are commuting fields, and p;, o; are anticommuting fields. Then, (2.3) is equivalent
to

A,=rC—-sB+ aoc—-pf,
B,=2\B -2rA -2ap,
C.,=—2NC+2sA+2[0,
p,=Np+ro—aA - BB,

o, =— Ao+ BA—aC +sp.
Upon choosing the initial data:

Ap=1, By=Co=py=07=0,

we see that the above relations generate
By = %Bi,x"' rA; + ap;,
Ciy1=- %Ci,x +5A; + Boy,
Piv1 = Pix—ro;+ aA;+ BB, (3.7)
O == 0+ BA; — aC; + sp;,
A1 x=1Cipy — By + a0y — pi1 Bs

where i=0. Assume that the constants of integration are selected to be zero. Then, the recursion

relations in (3.7) uniquely define a series of sets of differential polynomial functions in u with
respect to x. The first three sets are as follows:

Bi=r, Cy=s, p=a, o0=8 A =0;

B _1 C, = 1 _ _ A, = 1 .
2_2rx? 2__2Sx? P2 = &y, 0-2__18)0 2——2}"S—C¥,B,
B.=1 12 C.=1t 1.2 .

3=1ha— 3 S —raf+aay, 3= 1S — 5T —saf - BB,
_ 1 1 _ 1 1 .
p3= 1Bt arB-arsa, 03= Byt sat i s,a—orsp;

Ay = le(er -rs)+ (af,— af).

The compatibility conditions of the matrix spectral problems

¢x — U¢, d)tm — V[m]d,’ V[m] - ()\mV)+’ m=0, (38)

determine the super-AKNS soliton hierarchy:
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Mlansz(_ 2Bm+la2Cm+]’_pm+1’0-m+l)T9 m= O, (39)

the first nonlinear supersystem of which is as follows:

r,=- %rxx +rs+2raB - 2aa,,
S1,= %sxx —rs? = 2saB-2PpB,,
(3.10)

1 1
at2=_axx_rﬁx_§rxﬁ+§rsa’

1 1
Bi,= B+ sa + 35,0 575,

From the recursion relations in (3.7), we know that the hereditary recursion operator ® of the
super-AKNS hierarchy reads

%&—rﬁ_ls —rd'r 2rﬂ‘1B+2a -2rd '
sdls ~10+sa'r  —2s7'B 255 'a+2p
—%aﬁ_15+%ﬂ —%a&_lr d+ad'p r—ad'la

%B&‘ls %B&_lr—%a —[3(7_1,8—s —-d+ Bﬂ_la

d = (3.11)

2. Super-Hamiltonian structures of the super-AKNS hierarchy

Let us now apply the supertrace identity (2.8) to construct super-Hamiltonian structures for
the super-AKNS soliton hierarchy (3.9).
Noting ad;, =4, ad;, and using (3.3), we have

str(ad,, adUA) =06A,
str(ady ad,y,5) =3C,  str(ady adgy,,) = 3B,

Str(adv adHU/(ga) =— 60’, Str(adv adau/aﬂ) = 6p.

For example, we can compute that

A B pllt 0 o0 A -B 0
str(ady, adUA) =3str(VU,)=3str| |C —A o ||0 =1 0| |=3str)C A 0 |=3(24)=6A.
g —-p 0[O0 O O g p O

Then, an application of the supertrace identity (2.8) gives rise to

o 0 r
— | 2Adx=N"—\"(C,B,-20,2p)".
ou N

Comparing the coefficients of N™"~!, this identity equivalently yields

1)
5 ,f 2Am+ld-x = (_ m+ 7)(Cm7Bm7_ 20—m’2pm)T’ m=0.

Since str(ady ady) =6, we know the constant y=0 by Theorem 2.3. Therefore, we obtain
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o 2Am+l

— dx=(=C,= B,.20,,—2p,), m=1.
ou m

It then follows that the super-AKNS soliton hierarchy (3.9) possesses the following super-
Hamiltonian structure:

u,m:Km:J—, m=0, (3.12)

where the super-Hamiltonian operator J and the Hamiltonian functional H,, are given by

0 200
-200 0 24,.
= = | —— = (). .
=1, 00%,71,,, fm+1dx, m=0 (3.13)
0 010

Now obviously, this super-AKNS soliton hierarchy has the following super-bi-Hamiltonian
structure:

O _ g SMmt m=1 (3.14)
ou o ew o T :

u, =Ky,=J

where the second compatible super-Hamiltonian operator reads

2rd 'y d=2rd s —rd'a nTIB+a
d-2sd'r 2sd s sdla+pB —-sd'B
M=o/ = 3.15
ad’'r  —ad's+B ir—jad'a  i+iad'B (3.15)
- B 'r+a B s —%8+%,8(T1a —%ﬂﬁ_lﬁ—%s

This super-bi-Hamiltonian structure also implies that each super-AKNS system in the hierarchy
(3.9) possesses infinitely many commuting conserved quantities {,},_, and infinitely many com-
muting symmetries {K,,}"_.

B. The super-Dirac soliton hierarchy
1. The super-Dirac hierarchy

Let us take a super-Dirac spectral problem associated with B(0,1):

r A+s a
s
b,=U¢p, U=|-N+s —-r B, u= , (3.16)
a
B -a 0
B

where \ is the spectral parameter, r and s are commuting variables, and « and (3 are anticommut-
ing variables. Similarly, when the anticommuting variables, a and 3, are chosen as zero, the above
superspectral problem reduces to the classical Dirac spectral problem (see, for example, Refs. 23
and 24).

Let us start to find the following solution to the stationary zero curvature equation (2.3):
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C A+B p Ci Ai+Bi pi
V=[A-B -C o|=2VN'=>|A-B; -C: o; |\, (3.17)
i=0 i=0
T -p 0 a; -p;i 0

where A;,B;, C; are commuting fields, and p;, o; are anticommuting fields. Then, (2.3) is equivalent
to

A ==2\C+2rB-ap+ o,
B,=2rA-2sC - ap- Bo,
C.,=2NA-2sB+ aoc+ Bp,

pr=—BA+B)—aC+(\+s)a+rp,

o,=(-N+s)p-ro—-alA-B)+ BC.
Upon choosing the initial data:
By=1, Ag=Co=py=0p=0,

we see that the above relations yield
Ap1=5Ci, + 5B~ 500,- 5 Bp;,
Cipi=- %Ai,x +rB;— %aPi + %ﬂgis
Pis1 == 0 —ro;+sp;— alA; - B)) + BC;, (3.18)
Tir1 = Pix— TP = 50+ B(A; + B) + aC;,
Bi1x=2rA = 25Ciyy — apiy = Boiggs
where i=0. Assume that the constants of integration are selected to be zero. Then, the recursion

relations in (3.18) uniquely determine a series of sets of differential polynomial functions in u# with
respect to x. The first three sets read

A1=S, C1=r, P1=Q, 0-1=,37 B1=O;
1 1 1,2 2 .
Ary=3r, Cy==3s, p=—B, ora=a, By=5(r"+s)+ap;

1 o2, 2 1 1 .

Ay=— 785, +5(F +57)s+saB - saa, +5BB;

1 1 1 1
Cy=— 7+ zr(r2 +52) +raB+ saB - ra.b;
1 1 |

py== g ray= s ara=ys B+ (7 + f)a;

— 1 1 1c2, 2y

0'3__:8xx+er_sax+zrxﬁ_zsxa'i'z(r +S)B,

1
By=—5(rs,—rs) + aa, + BB,.
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Evidently, the compatibility conditions of the matrix spectral problems:

¢.=U¢, ¢ =V"g, VI"=(\"V),, m=0, (3.19)

determine the super-Dirac soliton hierarchy:

th = Km = (_ 2Am+1’2Cm+1’_ 0-m+1’pm+1)T7 m = 0’ (320)

the first nonlinear supersystem of which is given by

fy= 5= (4 5= 250 + - BB

5, == %rxx +r(rP + 52 + 2raB+ aB, — a8,

2

(3.21)
&, = BBt say = yrifi+ 3sa =57 + 5B,

1 1 oo, 2
B, == oy —ro—sB = 3qa= 35+ 5(r" +57)a.

From the recursion relations in (3.18), we know that the hereditary recursion operator ® of the
super-Dirac hierarchy reads

250" _%07‘"2307_15" -2s'B-a 2sd'a+p
o-2e 'y —2rdls 2r'B-B  -2rd'a-a

= Ba—l’”‘%ﬁ BJIS—%C! -BI'B-s —9+BT'a+r : (3.22)
—ad'r+ya —ad's+ 3B d+ad'B+r  —ad'a+s

2. Super-Hamiltonian structures of the super-Dirac hierarchy

Let us now apply the supertrace identity (2.8) to construct super-Hamiltonian structures for
the super-Dirac soliton hierarchy (3.20).
Similarly, noting ad;, =4, ad;, and using (3.3), we have

str(ady ady, ) = - 6B,
str(ady ad;p5,) =6C,  str(ady adgy,s) =64,

str(ady adyy50) == 60, str(ady adyy56) = 6p.

For example, we can compute that

C A+B p 0 10 -(A+B) cC 0
str(ad,, adUA) =3str(VU,)=3str| |A—B —-C oa|[-1 0 0||=3str C A-B 0
o -p 00 0O p o 0

=3(-2B) =-6B.

Then, an application of the supertrace identity (2.8) gives rise to

8 J
— | (<=B)dx=N"—\"C.A,- o,p)T.
&J( )dx Py ( a,p)

Comparing the coefficients of X!, this identity equivalently leads to
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1)
5 f (_ Bm+])dx = (_ m+ 7)(Cm’Am’_ O-m’pm)T’ m=0.

Since str(ady ady)=-6, we know from Theorem 2.3 that the constant vy is zero. Therefore, we
arrive at

6 (B
o — dx= (Cm’Alw_ a-m’pm)T’ m=1.
ou m

It then follows that the super-Dirac soliton hierarchy (3.20) possesses the following super-
Hamiltonian structure:

m

ou’

u, =K,=J m=0, (3.23)

where the super-Hamiltonian operator J and the Hamiltonian functional H,, are defined by

0 -2 00
20 00 B,.,

J= . M= | —=dx, =0. 3.24
0 0 10 Jm+1x " (3.24)
0 0 01

Now similarly, this super-Dirac soliton hierarchy has the following super-bi-Hamiltonian
structure:

SH, M,
u, =Ky =J— =M71, m=1, (3.25)

where the second compatible super-Hamiltonian operator reads

—9+4sd s —4sd'r -2s'B-—a 2s7'a+pB
—4rq's —d+4rdtr Zr&_IB—B - 2r'a—-a
M=>J= r | | . . (3.26)
2B 's—a =2Bd 'r—-B —-Bd B-s —-9+BJ a+r
—2a0's+B 2ad'r-a d+ad'B+r -—adla+s

It now follows from this super-bi-Hamiltonian structure that each super-Dirac system in the
hierarchy (3.20) possesses infinitely many commuting conserved quantities {H,,},_, and infinitely
many commuting symmetries {K,,}_.

IV. CONCLUDING REMARKS

The supertrace identity has been established for zero curvature equations associated with Lie
superalgebras with nondegenerate Killing forms. It can be used to construct super-Hamiltonian
structures of supersoliton equations. Two applications in the case of the Lie superalgebra B(0,1)
present the super-bi-Hamiltonian structures for the super-AKNS and Dirac soliton hierarchies.

The supertrace identity provides a tool for us to construct super-Hamiltonian structures, based
on zero curvature equations. It shows us that there is always a bridge to go between superspectral
problems and super-Hamiltonian structures, if the spectral matrix U is well selected. The super-
trace identity was also mentioned without proof in Ref. 25 and applied in Refs. 21 and 25. We
presented here a proof of the supertrace identity with an explicit expression for computing the
constant vy appearing in the identity and illustrated by two examples how to generate super-
Hamiltonian structures. Our construction of superintegrable systems can be also applied to other
soliton hierarchies,”®*® and the supertrace identity can be used to generate their corresponding
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super-Hamiltonian structures. A more general variational identity, which could be applied to su-
persymmetric integrable systems, e.g., fully supersymmetric KdV and AKNS hierarchies,”* >
should be more interesting.

There is a question to us related to the supertrace identity. In the expression for the constant
v, we required the condition str(ady ady) # 0. Is there any general expression for the constant 7y
that works for all cases even if str(adyady)=0? It seems that we should find another way to express
the constant y while str(ady ad,)=0.

There are other interesting questions. For example, how can one construct Darboux transfor-
mations for the super-AKNS and Dirac hierarchies? Do there exist any Darboux matrices similar
to the ones for the nonsuper-AKNS and Dirac hierarchies?**** We also mention that like the
classical case of binary nonlinearization, symmetry constraints®  (or adjoint symmetry
constraints®®) could link supersoliton equations with super finite-dimensional Hamiltonian sys-
tems. We hope to see some good supplements to existing theories on Darboux transformations and
binary nonlinearization in the near future.
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