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In this note we offer a short proof of Globevnik’s theorem [Gl1, Gl2] for simply
connected domains. Yet, this idea alone is insufficient to give the proof of his result
in its full generality in finitely connected domains [Gl2].

Theorem 1. Let D be the unit disk, T is the circle, f ∈ C(T). If for any function
g in the disk-algebra A := A(D) such that f + g 6= 0 on T ∆T arg(f + g) ≥ 0, then
f extends analytically to D.

Proof.
Assume that f does not extend analytically to D, then dist(f,A) = d > 0, where

the distance is understood in the C(T)-metric. Of course, then for all rational
functions fn uniformly approximating f on T we can assume that dist(fn, A) =
dn > d/2. Let gn be the best A(D) approximation to fn. As is known from the
rudiments of the theory of extremal problems as in, e.g., [Kh], [Du] (Chapter 8), gn

is analytic across T, and |gn − fn| = dn > d/2 > 0 everywhere on T. Moreover,
since fn is continuous on T, there is an extremal function Fn in the dual problem
of finding

max |
∫
T

fnh dz|

over all h in the unit ball of the Hardy space H1.
Fn is also analytic across T and

Fn(fn − gn)dz = |Fn| dn |dz| ≥ 0 on T. (1)
Since ∆T arg Fn ≥ 0 and ∆T arg dz = 2π, (1) implies that

∆T arg (fn − gn) ≤ −2π (2)
for all sufficiently large n.

The rest is standard. Assume that fn approximate f , so that |f − fn| < ε on T
and |f − gn| = |fn − gn − (fn − f)| ≥ dn − ε > 0 for all n. Then,

∆T arg (f − gn) = ∆T arg [(fn − gn)(1− fn − f

fn − gn
)] = ∆T arg (fn − gn) ≤ −2π,

giving a desired contradiction.

Remarks. (i) The proof could still be shortened if one notices that the function
fn − gn is badly approximable, cf. [Ga] (p.177). Then, Poreda’s theorem yields (2).
(ii) This particular argument does not directly extend to multiply connected do-
mains, the focus of the Globevnik’s paper [Gl2]. There, ∆ arg dz = 2− k, k being
the number of the boundary components, and the latter number is ≤ 0 for all k ≥ 2.
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