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Abstract

We discuss some simple problems of interpolating individual func-
tions. In particular the problem of simultanecus interpolation of sev-

eral functions and the problem of Newton interpolation.

1 Introduction

A well-known Faber theorem asserts that given any sequence P, of projec-
tions from Clgy) onto the space of polynomials P, of degree n—1, there exists
a continvous function f such that P, f does not converge to f in the uniform

DOTHL.
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In particular let A, : 0 < " < M < ... < t{” £ 1 be a sequence of
partitions of the interval {0, 1]. Let L{A,) : Clo — P be the usual Lagrange
interpolation operator. Then there exists f € C such that AN A .

Also Jet i be a positive Borel measure on [0,1]. Let pi(p) be a sequence
of orthonormal polynomials with, respect to p. The Faber theorem implies
that for any sequence of positive Borel measures p, there exists a function

f € Cpop such that the functions

n-1
Fu(i)f = 3 (f polun) i) pulp) # .
k=0
An elegant observation of Marcinkiewicz tells us that the situation changes
dramatically if the function f is given is advance.

Theorem. Given a function f € Cloy there ezists a sequence of interpolation

points A, such that L{Aa)f — f.

Proof. Let b,(f) € P, be polynomials of best uniform approximation to f.
Then f — b,(f) alternates sign at least n 4 1 times, hence is zero (by the
intermediate value theorem) at least n times. Pick these n points to be An.

Then L(A,)f = by and L{A)f — f. =

My general question is:
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Given a sequence of “random” projections Py : Clog) — Pn and a “ran-
dom” function f, what are the chances that Pof — f7

The answer must be either 1 or 0. But which one?

2 Open Problems

What happens if at least one of the arguments in the proof of the Marcinkiewicz
theorem does not apply? As far as I know nothing is known. My interest in

this area was started by E. Levin who asked me the following:

Problem 1. Given two functions f,g € Cjoyy), does there exist a sequence of
interpolation points A, € [0,1] such that L{Az}f — f and L{An)g — ¢7

I conjecture that the‘. answer is “yes”, Some numerical experiments sup-
port this conjecture. Of course there are obvious generalizations of this prob-
lern. What happens if we have a fixed number of functions and/or change
P,. by an arbitrary subspace E, C C(K)?

If we do not demand that the interpolation property holds for our pro-

jections then the answer is affirmative.

Proposition 1. Let X be ¢ Banach space, E, C X be an n-dimensional

subspace of X. Let fy,..., fm € X be m fized elements in X. Then there is
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a projection P, + X - E, such thal
Wi — Pufell < (Vo + 2) dist (fii, B) forall k=1,...,m.
"Proof. Consider an (n + m)-dimensional sulbspa.ce

Koem =span {fi,.. ., fn} © Fn
of X. Then E, C Xnym is a subspace of codimension m. Hence (cf. {2])

thete exists a projecﬁon B, : Xppm — B, such that 1Pl € /i +1. Let Py

be an arbitrary extension of P, onto X. Then

I f ~ Pufili = I1fi = Bufill € (Vm +2) dist (fi, Bn)-

o
Remark. With a bit more effort the estimate can be improved to
175 = PAell < v/m dist (fr, Bn).
Proposition 2. Given two functions fy, fa € Cloyy, there exisls a sequence

" of positive measures i, on {0,1] such that

Tl

g_a (f pk(#n)fjff#n) pilpn} = fi 7=12.

Proof. Consider a complex valued function

gt} = fi(t) +fa{E).
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Let P, C @u'gg be a subspace of complex polynomials of the space of complex-
valued continuous functions on [0,1}. Let b, € P, be the polynomial of best
approximation to g. Then (by the Hahn-Banach theorem) there exists a

measure », such that jli,| =1
[piva=0 forall pe
and

[(g=b:)dvn = llg = ).

Hence the modulus of g — b, is constant on the support of v, and dv, =
arg (g — bo}dp, where g, is a positive measure.

Letting gy 1= g — b, we have

f a1 pdpta = ol f psiga (g1 )dun = llgall f pdvy, =0

and
-1 \
> ( f 5 'Pk(#n)d”n) Pi(pta) = 0.
k=0 N
Thus
n-1

x ( [e pk(un)dnn) Pelftn} = b

But pr{pts) are real-valued polynomials, therefore

g ( f fxpk(nu)dun) pi(kn) = Rebe
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and
S ([ FpuCpa)din) pa(an) = T

| |
Remark. Perhaps one way to solve Problem 1 is to interpolate at the zeros
of pry1{tn) Where g, is from Proposition 2.
Problem 2. Given three functions fi, fa, fs € Cloy) do there exist measures

fn o7 (0,1} such that

ﬂi ( ] fj?k(#n)dﬂn) pelpa) = 5y §=1,2,37

k0

Problem 3. Let K C [0,1] be an arbitrary closed subsel. Let f € C(K).
Does there exist o sequence of interpolation points A, such that L(A,)f — f?
Remark. In this case the intermediate value theorem does not apply. Using
an argurent identical to the one in P‘roposition 2, one can show the existence
of weighted orthogonal projections Fo{p,) with F(ua)f — f.

We now turn to the Newton Interpolation. Let A = {f;,ts,%3,...} be an

ordered countable collection of distinct points in 0,1]. Let
Lo(A) o= L(B,) with Ap = {t, foreeertal.

This is the Newton interpolation in the special case of the Lagrange interpo-

lation where A, C A,41, ie, ab each step we add just one extra point.
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Problem 4. Given a funciion f e Clo) does there ezist A C [0,1] such that
La(D)f — f7

I conjecture that the answer is “no” in general. Here is one small fact to
support this conjecture,

Let T be the unit circle, ie., T = {z : |2] = 1}. Let P, be the set of
complex polynomials of degree n — 1. Let f(z) == 7.

Propesition 3. For every set A
limsup {[La(8)f]] = co.

Proof. 1t is easy to check that for A, = {z1,...,2.3}

Hence |~ La(8)f] = | T3z} (25~ 2)|. By [3] we have limsup | T3z (2 —2)] =
o0,
Remark. This propc‘)sition is of no practical interest since f can not be
approximated by polynomials at all. But it is peculiar that the Newion
interpolants are unbounded on the same function f independent of A.

The appearance of limsup in Proposition 3 is not accidental.

Proposition 4. Given any function f € Cpyy there ezists A C [0,1] such
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that

Bminf |f — L.(A) ) = 0.

Proof. Let b, be the best approximation of f. We appeal to the theorem of
Iéadec f1] according to which there exists a subset V; C NV and sequences of
points z, = {0 < s{™ < -+ < () < 1} such that bn(sg-")) = f(sgv"}) and
. 1
t?[:la] dist {t,7) = —\/—ﬁ for n & Ni.
Since the operators L(7,) depend continuously on the 7, we caa find &, such

that for every collection’ A, (g,) = {#, ..., M} with
M e U(s,e0) = {5 — 1] < e}

we have _
”.f - L{An(en))fgl S 2 dist (fvpn)7

and U(s?,e.) U (s, 6,) = 0 for § # k. We now proceed with the con-
3 3

struction. Let Ag == {sJ}. There exists n such that
dist (59, Ar,) < 0.

We reorder A, so that s&) @ U{s3,e0). Next, there exists ny such that

for some reordering of A, we have [sF! — s32| < €, and s5? < U{sg, o).
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Continuing this way we obtain 2 collection of sets

U(Sgs EU)
U, en)y UG, 80) - U8, 60,)

U(ED, 6n)y U™, 6np) - U0, €0s) - Us5) )

Ty )

so that every row consists of non-intersecting sets and every column has the
nested property
U(si™ €n,) C U(S] 1 6mps):
Hence there exist points £; € ﬂU(sg-“'*"),sn,ﬁ_l). Let A = {#1,1,...}. Then
k

|t; — st < £n; and we have ||f ~ L, (A)f} < 2 dist (fs Py} »
Remark. Unfortunately the proof of Proposition 4 utilizes the same idea as
the proof of the Marcinkiewicz theorern and adds Little to the understanding
of Problem 4.

Problem 5. Given ¢ function f € Cloy), does there exist one measure p

such that

Thome

> ( f fpk(u)dﬂ) p()

=0

o

converges to f7
Remark. The problems in this paper and the avenues to the solutions

of these problems were formed during the numerous conversations with my
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friends. Specifically I would like to mention Bruce Chalmers, Eli Levin,

Doron Lubinsky, Ed Saff, Herbert Stahl, and Villi Totik.

i
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