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Standard exercise in Calculus uses the intermediate value theorem to prove
that every real polynomial of odd degree has at least one real zero. In this note
we give a simple proof of a (hopefully original) observation that generalizes the
above statement to polynomials of several variables. Namely, we prove that
every ideal of polynomials of odd codimension has a common real zero.
Let R[x] := R[x1; :::; xd] denotes the algebra of polynomials in d variables

with real coe¢ cients. For an ideal I � R[x] we consider the factor-algebra

A := R[x]=I = f[f ]; f 2 R[x]g.

consisting of cosets
[f ] := fg 2 R[x] : (g � f) 2 Ig

with a naturally de�ned operation of addition and multiplication.
The codimension of I is de�ned as dim(R[x]=I).
If d = 1 and a univariate polynomial p 2 R[x] has an odd degree, say deg p =

2n+ 1 then the ideal
I := hpi := ffp; f 2 R[x] g

complements the space R<2n+1[x] of polynomials of degree less than 2n+1, i.e.,

R<2n+1[x]� I = R[x].

Hence R[x]=I is isomorphic to R<2n�1[x] and dim(R[x]=I) is odd. Every zero
of p is a zero of every polynomial in I, hence

V (I) := fx 2 R : q(x) = 0 for all q 2 Ig 6= ?.

We will now extend this last statement to a multivariate setting:

Theorem 1 Let I � R[x] be an ideal of odd codimension. Then

V (I) := fx 2 Rd : q(x) = 0 for all q 2 Ig 6= ?.
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Proof. The argument relies on the well-known properties (cf. [1], pp. 51�55)
of endomorphisms

Mi([f ]) := [xi][f ] = [xif ], i = 1; :::; d,

on the factor-algebra A := R[x]=I.
If f =

X
c(m1; :::;md)x

m1
1 :::xmd

d 2 I then [f ] = 0 and

f(M1; :::;Md) :=
X

c(m1; :::;md)M
m1
1 :::Mmd

d = 0

since for every g 2 R[x], f(M1; :::;Md)([g]) = [fg] = [f ][g] = 0.
Assume that endomorphismsM1; :::;Md have a common eigenvector [h] 6= 0,

i.e., there exist numbers �1; :::; �d such that Mi([h]) = �i[h] for each i = 1; :::; d.
Then for every f 2 I

0 = f(M1; :::;Md)([h]) = (
X

c(m1; :::;md)�
m1
1 :::�md

d )[h]

and since [h] 6= 0, it follows that f(�1; :::; �d) = 0. Thus (�1; :::; �d) 2 V (I).
It remains to show that M1; :::;Md have a common eigenvector if I has an odd
codimension. Once again it is well known (cf. [2], Lemma 4) and the proof
presented below is purely for convenience.
We want to prove that any sequence L1; :::; Ld of pairwise commuting endo-

morphisms on an odd-dimensional R-vector space G have a common eigenvector.
The proof is by induction in d. If d = 1 then the characteristic polynomial of L1
has an odd degree and thus has a real root that corresponds to an eigenvector
of L1. Assume that the statement is true for any sequence of d� 1 commuting
endomorphisms. Let H be a subspace of G of minimal odd dimension, invariant
with respect to L1; :::; Ld. Let ~L1; :::; ~Ld be the restrictions of L1; :::; Ld to H
and let h 2 H be a non-zero eigenvector for ~Ld corresponding to an eigenvalue
�. Consider the spaces

H1 := ker(~Ld � �I); H2 := ran (~Ld � �I).

These two spaces are invariant with respect to L1; :::; Ld and one of the two has
an odd dimension since dimH1 + dimH2 = dimH. Since H1 6= f0g, dimH2 <
dimH and from minimality of H it follows that H1 has and odd dimension
hence H1 = H. Thus Ld is a multiple of identity on H and any eigenvector in
H, common to L1; :::; Ld�1 is also an eigenvector of Ld.

Example 2 Consider the system of three quadratic equations8<: p0(x; y) := x
2 � (a0 + b0x+ c0y) = 0

p1(x; y) := xy � (a1 + b1x+ c1y) = 0
p2(x; y) := y

2 � (a2 + b2x+ c2y) = 0
(1)

The ideal I generated by p0; p1; p2 complements the space R<2[x; y] = spanf1; x; yg
if and only if (see [3])

a0 = �c0c2 + c0b1 � c1b0 + c21
a1 = �b1c1 + c0b2

a2 = �b2b0 + b2c1 � b1c2 + b21
(2)
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Therefore, assuming (2) the codimension of I is odd and the system of equations
(1) has a real solution.
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