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Abstract

We study simultaneous block-diagonalization of cyclic d-tuples of com-
muting matrices. Some application to ideal projectors are also presented.
In particular we extend Hans Stetter’s theorem characterizing Lagrange
projectors.

1 Introduction

Let V be a finite-dimensional space over complex field C and let L := (L1, ..., Lg)
be a d-tuple of pairwise commuting operators on V. Every polynomial p(z1, ..., 24) =

E Chy, kg TR € Clay, ..., 24] defines an operator

p(L) == ey kg LY LY (1.1)
on V. A d-tuple L is called cyclic if there exists a vector vy € V' such that
{p(L)vo,p € Clz1, ..., z4]} = V. (1.2)

A vector vy satisfying (1.2) is called a cyclic vector for L.

A vector v € V is called a common eigenvector for L if for all j = 1,...,d
there exist A; € C such that Ljv = A\ju. The d-tuple X = (A1, ..., \q) € C? is
called an eigentuple of L. The set of all eigentuples of L is denoted by o(L).

In case d = 1, an operator L is cyclic if and only if L is 1-regular, i.e.,
every eigenspace of L is at most one-dimensional. For d > 1 this is false in both
directions as the following example (already used in [4] for different purposes)
demonstrates:



Example 1.1 First consider (L1, Ly) on C? given by

] . (1.3)
1

,1,0) and (0,0,1) are
,LY) is given by

L:
00 0 0 0
Li=|100|,Lo=]|0 0

00 0 10

o o o

This is a cyclic d-tuple, o(L) = {(0,0)} and vectors (0
common eigenvectors for L. On the other hand Lt = (Lt

010 0 0
L!=]10 0 0]|,L5=]00 (1.4)
00 0 0 0

S O =

s not cyclic, yet the only common eigenspace is one-dimensional, spanned by
the vector v = (1,0,0).

Observe that L is 1-regular means that the Jordan form of L does not contain
two Jordan blocks with the same eigenvalue. In other words, the number of
Jordan blocks in the Jordan form of L is precisely the same as the number of
distinct eigenvalues of L: #o(L).

The main result of this paper (Theorem 2.6) shows that a cyclic d-tuple
L of d commuting operators is simultaneously block-diagonalizable into #o (L)
blocks and #o(L) is the largest number of blocks in any simultaneous block-
diagonalization of L. The converse is still false. Indeed, the pair L = (L1, L)
in the preceding example can be decomposed into exactly as many blocks as the
pair Lt = (LY, LY).

Definition 1.2 Let L := (Lq,..., Lg) be a d-tuple of operators on V. A direct
sum decomposition
V=Vielhoe.. oV (1.5)

is L-invariant if each subspace Vi, k = 1,...,t is an invariant subspace for each
of the operators Lj, 7 =1,...,d.
Letting L; , := L; |v, denote the restriction of L; onto V}, we write

Ly =L |y,:=(Lik, - Lak)- (1.6)

The simultaneous block-diagonalization of L into ¢ blocks amounts to noth-
ing more then the L-invariant decomposition (1.5) of V: Indeed, for an appro-
priately chosen bases, the matrix L; of L; can be written in a block-diagonal
form

Lja 0 0
- 0 Ljo -~ 0
L_] = . . . )
0 0 - Lj,

where each f/j, & is a square matrix of size dim V}, representing operator L; ; on
Vi.. We write L = diag(Ly,).



Thus our main theorem shows that for a cyclic d-tuple L of commuting
operators on V, the maximal number ¢ in an L-invariant decomposition (1.5) of
V is exactly the same as #o(L).

In Section 3 we apply this theorem to study decompositions of ideal projec-
tors and associated multiplication operators. In particular, we extend Stetter’s
characterization of Lagrange projectors (cf. [10], [2]) to general ideal projectors.

We use the rest of this section to recall a few well-known facts from commu-
tative algebra (cf. [5], [6]):

For every ideal J C Clzy, ..., z4] we use Z(J) to define the associated variety

Z(J):={zcC%:p(z)=0, forallpe J }

in C? The ideal J is called zero-dimensional if dim C[zy, ..., 74]/J < oo.
An ideal J is zero-dimensional if and only if the set Z(J) is finite. In fact
#Z(J) < dimClxy, ...,zq]/J. An ideal J is radical if f™ € J for some integer
m implies f € J. A zero-dimensional ideal J is radical if and only if #Z(J) =
dim C[zy,...,z4]/J. An ideal J C Clzy,...,2z4] is called primary if fg € J
implies f € J or g™ € J for some integer m. A zero-dimensional ideal is
primary if and only if the variety Z(.J) consists of a single point in C?. The
Lasker-Noether theorem, applied to zero-dimensional ideals, states that every
zero-dimensional ideal has a unique minimal primary decomposition, that
is
J=ntZ9 g,

where each Jj, is a primary zero-dimensional ideal and Z(Jy) N Z(J,) = @ for
n # k.
2 Cyclic d-tuples.

Let V be a finite-dimensional space over the complex field C and let L :=
(L1, ..., Lg) be a d-tuple of pairwise commuting operators on V. A d-tuple L
defines an ideal

JL = {p € Clzy, ..., z4] : p(L) = 0} C Clzy, ..., 24)- (2.1)
Proposition 2.1 The ideal Jy, is zero-dimensional, hence Z(Jy,) is finite.

Proof. Let £(V) be the space of all linear operators on V. Since V is finite
dimensional, so is L(V). Let ¢r, : Clxy, ..., 24] — L(V) be a mapping defined by

ér(p) = p(L) € L(V).

Since ker ¢y, = J,, the factorization

C[xla "‘7xd]



induces an injection f into a finite-dimensional space. Thus dim Clx, ..., 24]/JL <
oo and hence #Z(Ji) < co. m

The following proposition collects a few simple and well-known properties of
commuting d-tuples of operators. The proofs are given purely for convenience.

Proposition 2.2 Let L be a d-tuple of pairwise commuting operators on V.
Then

(i) L has a common eigenvector, i.e., o(L) # &.

(it) If v € V is a common eigenvector for L that corresponds to an eigentuple
X then p(L)v = p(A)v

(i11) If X € o(L) and p € Ji, then p(A) =0, i.e., o(L) C Z(JL).

(i) If L is cyclic and vg is a cyclic vector for L then

JL ={p € Clz1,...,xzq] : p(L)vg = 0}. (2.3)

Proof. (i) By induction. For d = 1 the statement is obvious. Let (A1, ..., A\gq—1) €
C9! be an eigentuple for (L1, ..., Ly_1). Then the subspace H := ﬂ;-l;ll ker(L;—
A;I) C V is non-zero and invariant with respect to Ly. Indeed If h € H then
(Lj = M\;I)Lgh = Lg(Lj — AjI)h =0, hence Lgh € H and any eigenvector of Lg
in H is a common eigenvector for (L, ..., Lg).

(ii) Follows from applying p(L) in the form (1.1) to v.

(iii) Let v € V is a common eigenvector for L that corresponds to an eigen-
tuple A €0(L). For any p € Ji, we have 0 = p(L)v = p(A)v and, since v # 0,
p(A) = 0.

(iv) assume that p(L)vg = 0 and v € V. Then, by cyclicity, there ex-
ists a polynomial g € C[zy,...,z4] such that v = g(L)vy. We have p(L)v =
p(L)g(L)vy = ¢(L)p(L)vg = 0. Hence p(L)v =0forallve Vandpe J. m

Remark 2.3 In the Theorem 2.6 below we will show that o (L) is actually equal
to Z(JL)

The next lemma is the key to our analysis of L-invariant decomposition of
V:

Lemma 2.4 Let L := (Lq,...,Lg) be a cyclic d-tuple of pairwise commuting
operators on V. Let V. =V, & Vs be an L-invariant decomposition of V.. Then
Li =L |V; (k=1,2) is cyclic on Vi, and o(L1) No(Le) = &. In other words
common eigenvectors for L in Vi and Vo correspond to different eigentuples.

Proof. Let vy be a cyclic vector for L and let vy = v}, + v with v € V; and
vy € V. Then clearly v is a cyclic vector for L; and vy is a cyclic vector for
Lo. Let p € Clzy, ..., z4] be such that p(L)vy = vj). Then

vo = p(L)vo = p(L)(vh + vg) = p(L)vy + p(L)vg,

hence
(1 = p)(L)vg = p(L)vg.-



Since V1NV, = {0} and V; and V5 are invariant with respect to L, it follows that
(1—p)(L)vh = p(L)ef = 0. But (1—p)(L)vh = (1—p)(L1)vh = 0 and p(L)of] =
p(L2)v{ = 0. Hence, by Proposition 2.2 (iv), (1 — p) € J,, and p € Jr,. Now,
if A € o(L1) No(Lz) then, by Proposition 2.2 (iii), p(A) = 0 and (1 —p)(X) =0
which is clearly not possible. m

Remark 2.5 The converse does not hold. Since the operators Lt = (LY, LY)
from Ezample 1.1 have (vacuously) the following property: For any decomposi-
tion of C* = Vi @ Vy into L-invariant subspaces, Vi and Vi cannot each have
an eigenvector that correspond to the same eigenvalue.

Theorem 2.6 Let L := (Lq, ..., Lg) be a cyclic d-tuple of pairwise commuting
operators on V. Let
V=VioVhe.. oW (2.4)

be an L-invariant decomposition of V.. Then
(i) t < #o(L) < #Z(Jv).

(i) There exists an L-invariant decomposition of V :
V=VieoVd.. oV, (2.5)

with m = #Z(J,).

(#ii) In particular, o(L) = Z(Ji,) and m = #o(L) = #Z(Jv) is a mazimal
number of subspaces in any L-invariant decomposition of V.

(iv) The decomposition (2.5) with m = #Z(Jv) is unique and o(Ly), where
Ly := L |Vk, is a singleton.

Proof. The first inequality in (i) follows from Lemma 2.4 by pigeonhole prin-
ciple, the second from Proposition 2.2 (iii).
To prove the second statement of the theorem, let Z(J1) = {21, ..., Zm } C C¢
and let
JL =Nt Jx (2.6)

be the primary decomposition of Ji,, i.e., each Ji is a primary ideal with Z(J;,) =
{z1,}. We use J*) to denote the ideal (Mg Js). Let vg be a cyclic vector for L
and define

Vi = {p(L)vg,p € J}. (2.7)

We first claim each Vj, is an invariant subspace for each L;. Indeed L;p(L)vy =
(z;p)(L)vg and if p € JG) | sois x;p thus showing that L;p(L)vy € Vj.

Now if k # { and v € V;;NV; we have v = p(L)vy = q(L)vo with p € (NexxJs)
and ¢ € (Ng11Js). We have (p(L) — ¢(L))vo = 0 implying (by proposition 2.2
(iv)) (p(L) — q(L)) = 0 hence p — g € Ji, = NfL, J. In particular p — g € J¥)
and since p € J1¥), so is ¢. Thus ¢ € JI¥ N JW = Jy, and, by definition of Jy,,
q(L) = 0 implying v = ¢(L)vy = 0. This shows that V3 NV, = {0}. It remains
to prove that

Vi+Vot+ ..+ V=V (2.8)



Let hy € C[zy,..., 4] be such that
hk(zs) = 6k,s- (29)

Since hy is equal to zero for each point of Z(J®*)), by Hilbert’s Nullstellensatz,
there exists an integer n such that h? € J*) for all k. From (2.9)

(1- Zhg)(zs) =0forall s=1,...m
k=1

and again, by the Nullstellensatz, there exists an integer [ so that (1— Z ) €

m m
Ji, thus ( Z = 0. Expanding (1 — Z h" we obtain
k=1 k=1
(1= hp)'=1-=3 hip € Ji
k=1 k=1

for some polynomials py € Clz1,...,24] (px are polynomials in h}). Hence
m m

1= Z hipr(L) and every v € V has a decomposition v = Z hipr(L)v. Since

k=1
v= f( Jvg for some f € Clzy,..., 24|, we obtain

m

’U—thpk Z wpif)(L

k=1

Since AP € J*) it follows that (hPprf) € J*®) and (hPpyf)(L)vy € Vi thus
proving (2.8) and (ii).

(iii) follows immediately from parts (i) and (ii) of the theorem.

To prove (iv), suppose that

V=UoU®..0U,, (2.10)

is an L-invariant decomposition with m = #Z(Jy) and let Ly be the restriction
of L to Uy. The ideal Ji, is primary, for otherwise the primary decomposition
of this ideal would lead to an Lg-invariant (hence L-invariant) decomposition
of Uy and thus decomposition of V' into more then m subspaces. This would
contradict part (i) of the theorem. It is now easy to check that

Ju =Mty Ju, (2.11)

is the primary decomposition of Jy,, hence coincites with decomposition (2.6).
Without loss of generality, let J, = Ji for all k =1,...,m. Let

vo = ul” + .. + ul™ (2.12)



be the decomposition of the cyclic vector vy according to (2.9). For every v € V
there exists a polynomial p € Clxy, ..., 24] such that

v = p(L)vo = p(L)ul” + ... + p(L)ul™ = pL)uld + ... + p(L)ul™. (2.13)
It follows from (2.10) that v € Uy, if and only if

p(Ls)u(()S) =0 for all s # k. (2.14)
But, clearly, u(()k) is a cyclic vector for Ly, hence (2.14) is equivalent to p €
Nszk(Jr,,) = J®. Thus p(L)vg € Uy, if and only if p € J*®) and Uy = V. =

Let us finish this section with another observation on cyclic commuting d-
tuples:

For a d-tuple L := (L1, ..., Lg) of pairwise commuting operators on V define
€(L) to be the set of all operators that commute with every operator Ly, ..., Lg.
In case d = 1, an operator L is cyclic if and only if every operator in €(L) is a
polynomial in L:

e(L) = {p(L), p € Clan)}.

Theorem 2.7 Let L := (L, ..., Lg) be a cyclic d-tuple of pairwise commuting
operators on V. If T € €(L) then T = q(A) for some q € Clxy,...,xq4]. The
converse does not hold. The d-tuple L' = (LY, L%) defined in (1.4) is not cyclic,
yet

Qt(Lt) - {p(Lt)a pe (C[zlva]}'

Proof. Assume that L is cyclic and let vg be a cyclic vector for L. If T' € €(L),
let ¢ € C[zy,...,z4] be a polynomial such that Tvy = g(L)vg. We claim that
T = g(L). Indeed, let

{’Uj = fj(L)Uo, j = 1, ,N}

be a basis for V. Then

q(L)vj = q(L) fj(L)vo = f;(L)g(L)ve = fj(L)Tvo = T f;(L)vo = Tv;

for every j = 1,..., N, which shows that ¢(L) = T.

As to the converse, let T' commutes with L! and L} from example ??. Then
Tt commutes with L; and L. By the first part of the theorem, there exists a
polynomial ¢ € Clxy, 2] such that T% = q(L1, L2). Hence T' = q(L{, L,). m

3 Decomposition of Ideal projectors

In this section we use Theorem 2.6 to extend Stetter’s characterization of La-
grange projectors(cf. [10], [2]) to general ideal projectors acting in the space
C[x] := C[z1, ..., x4 of polynomials in d variables.

Definition 3.1 (cf. [1]) A linear idempotent map P on C[x] is called an ideal
projector if ker P is an ideal in C[x].



Theorem 3.2 (de Boor [2]) A linear operator P on C[x] is an ideal projector
if and only if

P(f9) = P(fPg) (3.1)
for all f,g € Clx].

A standard example of an ideal projector onto an N-dimensional subspace
V C CJx] is a Lagrange projector, i.e., a linear projector P for which Pf is
the unique element in V' such that f(zx) = Pf(zx), j = 1,..., N for some set
{z1,...,zx} of N distinct points in C?. In this case the ideal ker P is a radical
ideal, its associated variety

Z(ker P) := {z €C%: f(z) = 0, Vf € ker P} = {z1,...,zx}.
The minimal primary decomposition for the ideal ker P is
kerP=JiNJN..NJy

where each J; is a maximal ideal J; = {f € C[x] : f(z;) = 0}.
Every ideal projector P onto V generates a d-tuple Mp = (Mj, ..., My)of d
multiplication operators on V defined by

M;(v) .= P(z;v)

for every v € V. The d-tuple Mp is a cyclic d-tuple of pairwise commuting
operators on V (cf. [2]) and

{p(My, ..., Mg)vo, pe C[x]} =V

with vy := P1 € V. Some insight into the relation between P and Mp is shed
by a beautiful observation of Stetter [10] (cf. also [2], [4], [6]):

Theorem 3.3 The ideal projector P is a Lagrange projector if and only if
My, ..., My are simultaneously diagonalizable, i.e., there exists a basis {v1,...,vN}
in 'V consisting of common eigenvectors of M; such that:

Mj’l}k = Zj,kVk, j S ].7...7d7 k= ]., ,N

for some z; 1, € C. In this case the projector P interpolates at sites zj := (zj,
j=1,...d) € C? and the eigenvectors vy are the fundamental polynomials of
Lagrange interpolation, i.e., vg(zs) = 0 if k # s.

Normalizing vy in the above theorem so that vg(zs) = dx s we can write the

projector P as
N
P= Z P
k=1

where each P, is a one-dimensional Lagrange projector defined by Pif =
f(zs)vy satisfying the orthogonality relations:

PP, =0if k # s.

As an immediate application of the Theorem 2.6, we obtain the following
generalization of the Stetter’s theorem to arbitrary ideal projectors:



Theorem 3.4 Let P be an ideal projector onto the N-dimensional subspace V.
Let
ker P = Jl ﬂJQ ﬂ...ﬂJm, m S N

be the minimal primary decomposition of ker P. Then

(i) Mp has a unique (up to order of blocks) block diagonalization Mp =
diag(My,) consisting of m blocs and m is a mazimal number of blocks in any
block-diagonalization of Mp.

(#i) Each block My, defines a distinct prime ideal

I = {p € Clx] : p(M},) = 0}

and
kerP=INJonNn..NI,

18 the minimal primary decomposition of the ker P.
Remark 3.5 If P is an ideal projector, Mp = (M, ..., My) and the operators

M; are simultaneously diagonalizable, then the number of blocks m = N is
clearly maximal, hence we obtain the Stetter’s theorem.

Let us illustrate this theorem on a simple example:

Example 3.6 Let P be an ideal projector from Clz,y] onto its subspace V :=
span{1, z,y} such that (P)(0,0) = £(0,0), 2 (Pf)(0,0)) = Z(£)(0,0)), (P£)(0,1) =
f(0,1). It is easy to check that Px* = 0, Pry = 0 and Py* =y, Hence the two
multiplication operators are

0 0 0] 0 0 0
Mi=|1 0 0|,My=|0 00
0 0 0| 1 0 1
01 0 [0 1 0
Let S= |1 0 0 |,henceS™'=|1 0 0 |. Then
1 0 1 | 0 -1 1
"o 1 O_
SMS™'=1| |0 0]
L0 [0] |
and o ; -
0 0 0
SMS™! = 0 0 |
0 T

1s a simultaneous block-diagonalization of My and My consisting of two blocks
corresponding to an M p-invariant decomposition

V = span{l,x} ® span{y}.

This is the maximal M p-invariant decomposition and thus a mazximal block-
diagonalization.



We conclude this paper by discussing the relationship between ideal de-
composition of an ideal projector P onto the space V and the M p-invariant
decomposition of V.

Definition 3.7 Let P be an operator from C[x] onto its subspace V. We say
that

P=> P (3.2)
k=1

is an ideal decomposition of P if each Py, (k =1,...,t) is an ideal projector and
PP, =0 if k # s. (3.3)

Theorem 3.8 If (3.2) is an ideal decomposition of P then P is an ideal pro-
jector and
V =a}_,(ran Py) (3.4)

18 an M p-invariant decomposition of V.
Conversely, if P is an ideal projector onto V and

V=VioVho..aV (3.5)

is an M p-invariant decomposition of V' then it generates an ideal decomposition
(8.2) of P with ran Py, = Vj.

Proof. We have

P(fg) — P(fPg) = ZPk fg9) - Z fZPsg
t
EUSNp, ZPk fZPszg
t t
v &Y Pk(fg)_zpk(fpkg) yil)z Z (fg)=0
k=1

k=1 k=1

and by Theorem 3.2, P is an ideal projector. Decomposition (3.4) easily follows
from (3.2) and (3.3). It remains to show that decomposition (3.4) is Mp-
invariant. Let f € (ran Pg). Then

t

My f = P(af) by (3.1) P(a,Pf) by (3.3) P(z;Pf) = ZPs(ijkf)
s=1
O S Py P) " 2 Py Pe)

s=1

and M; f € (ran Py).
Conversely, let P be an ideal projector onto V' and suppose that (3.5) is an
M p-invariant decomposition of V' . Then

M;(g) = P(z;g) € Vi, for every g € Vj,

10



and thus
P(fg) € Vi, for every g € V.

Let @y be the projector from V' onto Vi parallel to ©,+1V, and define Py, :=
QrP. We have

Iy = Z Qr and QrQs =0 for k # s (3.6)

from which (3.2) and (3.3) follows. Clearly Py is a projector onto Vi and we
only have left to check that ker Py is an ideal. This follows from the following
sequence of implications:

fekerP, = PfekerQr = Pf € ®sz1Vs oy <5'1>:a>nd (3.6)
P(gf) = P(gPf) € ®sxi Vs for every g € Clx] =
QrP(g9f) =0= gf € ker Py.

This proves the theorem. m
Combinig theorems 2.6 and 3.8 we immediately obtain

Theorem 3.9 Let P be an ideal projector onto the N -dimensional subspace V .
Let
kerP=JiNJoN...N0Jp (3.7

be the minimal primary decomposition of ker P. Then the projector P has a

unique ideal decomposition
m

P= ZPk
k=1

and this decomposition is mazximal in the sense that if
t
P=> P,
k=1
s an ideal decomposition of P thent < m.

Example 3.10 Let P be the ideal projector defined in the example 3.6. De-
fine ideal projectors Py onto span{l,z} and P, onto span{y} by requiring
Then PyP, =0 and P = Py + P, is the maximal ideal decomposition of P.

Remark 3.11 The existence (but not uniqueness or mazimality) of ideal de-
composition (3.2) also follows from the description of ideal projectors in [8], cf.
also [3]. Thus the size of the blocks in the mazimal block-diagonalization of Mp
is the multiplicity of zeroes of the corresponding primary ideals in (3.7).

11
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