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Abstract
Tomas Sauer conjectured in [4] that if an ideal complements polyno-
mials of degree less than n then it is contained in a larger ideal that com-
plements polynomials of degree less than n — 1. We construct a counterex-
ample to this conjecture for polynomials in three variables with n = 3.

1 Introduction and Preliminaries

Let C[x1,...,z4] denotes the space of polynomials in d variables with complex
coefficients, let C.,[21, ..., 4] denotes its subspace of polynomials of degree less
than n and let (C[zy,...,24])" :=Hom¢ (Clxy,...,24],C) denotes the algebraic
dual of C[zy, ..., z4], i.e., the space of all linear functionals on C[zq, ..., 24].

Definition 1 Let A be a subspace of (Clzy,...,x4])" and E be a subspace of
Clz1, ..., xq]. We say that A is correct for E if for every f € Clxy, ..., x4] there
exists unique g € E such that A(g) = A(f) for every X € A.

/

With every subspace A C (Clzy,...,24])" we associate a subspace ker A C

Clzy, ..., x4] defined by
ker A :={f € Clxy,...,zq] : A(f) =0 for all A € A}.

The purpose of this note is to construct a counterexample to the following
conjecture of Tomas Sauer:

Conjecture 2 ([4], Conjecture 4.1): Let A be a subspace of (Clx1, ..., z4]) such
that A is correct for Ceplxy, ..., 24] and ker A is an ideal in Clzy,...,x4]. Then
there exists a subspace Ag C A such that Ay is correct for Cop_1[21, ..., 4] and
ker A is an ideal in Clxy, ..., z4).



Some specific spaces A for which the conjecture is valid can be found in [5]
and [6]. In particular if ker A is the radical ideal then the conjecture is verified.
If ker A is radical, then the associated variety consists of the maximal possible
number of points.

The counterexample, presented in the next section, is constructed in the
space of polynomials of three variables with n = 3. The corresponding ideal
ker A is primary, that is the other extreme, the variety of ker A consists of
unique point.

We will use the rest of this section to recall some well-known facts regarding
duality (apolarity, inverse systems) for Clzy, ..., z4].

We will identify the space (C[z1,...,24])" with the space C[[z1,...,2q4]] of
formal power series as follows:

With every element F(z1,...,24) € C[[z1,...,z4]] we associate a differential
operator F(D) € C[0y,, ..., 0z, ] by formally replacing variables in F' with the
appropriate powers of differential operators. For instance, if F(xq,25) = o +
323wy + 1 then

o* o3
F(D) = 521+ 35520, + 1
Now, for every F' € C|[z1, ..., z4]] we define the functional F' € (Clzy, ..., z4])’
by
F(f) i= (F(D)£)(0) for every f € Clar, ., zd] (1)

It is well-known (cf. [1], [2] and [3]) that a pairing F — F defined by (1) is
an isomorphism between Cl[z1, ..., z4]] and (Clz1, ..., zq])". If M C C[[1, ..., z4]]
we use ker M to denote the space ker M, i.e.,

ker M := {f € Clz1,...,xq] : F(f) = 0 for all F € M}.

Definition 3 A subspace M C C[[z1,...,x4]] is called D-invariant if for every
FeM
Oz, F €M forallj=1,..,d.

Theorem 4 (c¢f. [1], [2] and [3] in its original form): Let M be a finite-
dimensional subspace of C[[x1, ...,z4]]. Then ker M is an ideal in Clxy, ..., z4] if
and only if M is D-invariant.

In this terminology, to construct a counterexample to the Conjecture 2, we
need to construct a D-invariant subspace M C Cl[z1, ..., z4]] such that M is
correct for Cop[z1, ..., z4] while no D-invariant subspace N C M is correct for
C<n_1[l’1, ceey xd].

As a worm-up, consider the following simple example that already gives a
counterexample to the Conjecture 5. 14 of [4] in two variables:

Example 5 Let M be a subspace of Cl[z,y]] spanned by four polynomials:

F1 = 1,F2 :.%‘,Fg, :m?’—y,F4 :332.



It is easy to check that M is D-invariant and that M is correct for the space

E:=span{fi =1,f =z, fr =y, f1 =2} C Clz,y]

since Fj(fr) = 0% forall j,k =1,...,4. On the other hand no three-dimensional
D-invariant subspace N C M 1is correct for the space E := span {1,z,y}. In-
deed, by virtue of being D-invariant and three dimensional, N could not contain
a polynomial of degree 3 for, if it does, the cosequitive partial derivatives of such
polynomial would span a four-dimensional subspace. Hence N = span{1,z,z?}
1s the only three-dimensional D-invariant subspace of M. This space is not cor-
rect for E since every functional associated with a polynomial in N vanishes on
y e Fb.

2 Counterexample in three variables:

Expanding on the last example, we will now describe a D-invariant 10-dimensional
subspace M C C[[z, y, z]] that is correct for C3[x, y, 2], such that no 4-dimensional,
D-invariant subspace N C M is correct for Ccolz, y, 2].

Consider the space M C C[[z,y, z]] spanned by 10 polynomials Fi, ..., F1g
given by

F = 1,Fh=xF3= le,le =23 +y, F5 = 1:104 +ay, Fg =2, Fr = le,Fg = i:135 + ley—i—acz,
2 4 2 20 2
Fy = %y2 + xdy + 2—10376 + 3222, Fip = %:57 + ix‘ly + 2z + %xzﬂ + zy.
The verification that M is D-invariant is by straight-forward computations

presented in the table below:
0. F1 =0 OyF1 =0 0, F1 =0
0. Fho=1=F Oyf> =0 0, F», =0
8$F3:$=F2 8yF3:0 8ZF3:O
83:F4 = 3:1?2 = 3F3 ﬁyF4 =1= F1 8ZF4 =0
6'EF15:x3+y:F4 8yF5:x:F2 0,F5 =0
8$F7:0 (9yF7:0 8ZF7:Z:F6
8$Fg:%3$4+y$+Z:F5+F6 (i)ngzé{EQ:Fg 0, Fs=ax=F,
8$F9 = ﬁ.’L‘5 + 3y;132 + 62z = 6F8 ang = .%'3 +y= F4 8ZF9 = 3;62 = 6F3
Oz F10 = %xﬁ + 23y + 3z + %y2 =Fy 0Oyfi = %Jc‘l tyr+z2=F+F O0,Fo=23+y=F,

The polynomials f1, ..., fig defined by

fl :17f2:xaf3:x27f4:y7f5:myafGZZaf7:Z27f8:xzaf9:y25flozzy7

in this order, form a basis for C<3[z, y, 2] and M is correct for Ccslz, y, 2] since
Fj(fr) = 6jk-
It remains to prove that no D-invariant subspace N C M is correct for

(C<2[l‘,y,2’] = span {lamyyvz}'



Proof. Observe that if N is correct for C.3[z,y, 2] and D-invariant then N is
4-dimensional and thus cannot contain polynomials of degree 4 or larger, since
the consecutive partial derivatives of a polynomial of degree k span a subspace
of dimension k£ 4 1. Thus N is in the linear span of

1 1
F1:1,F2:.’IJ,F3=§$2,F4:{L'3+y,F6:Z,F7:522. (2)

Now assume that N is correct for Cca[z,y, z]. Then N contains a polynomial
F such that the functional F' satisfies

F(y) = 1,F(0) = P(a) = F(z) = 0. 3)
The polynomial F' € N that corresponds to such functional must be of the form
F =F,+ aF5+ bF7

for some constants a and b, for, if it contains a non-zero summand of any other
polynomial in (2), then at least one of the last three equalities in (3) would fail.
By D-invariance,

0.(F) =32 +ax € N

and by repeated differentiation, 1 and = belong to V. Since N is four-dimensional,
it follows that

a b
N =span {1,z,2%, F = 2% +y + 5:102 + 522}
and hence every functional that corresponds to a polynomial in this space an-
nihilate z € Cca[z,y, 2]. This contradict the assumption that N is correct for
C<2[.T, Y, Z] u
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