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1. INTRODUCTION

A well-known Faber theorem asserts that given any sequence P, of projections from C ([0,1])
onto the space 3, of polynomials of degree n — 1, there exists a continuous function f such
that P, f does not converge to f in the uniform norm.

In particular, let A, : 0 < ™ < tg") < -+ <t < 1 be a sequence of partitions on the

interval (0,1]. Let
L(An): C([0,1]) — B,

be the usual Lagrange interpolation operators. Then there exists f € C([0,1]) such that
L(An)f # f.

On the other hand, if the function f € C([0,1]) is given, then one can always find a sequence
A, C [0,1] such that L(A,) f — f. The familiar proof of it goes as follows: Let b, (f) be a
polynomial of best approximation to f. Then f — b, (f) alternates sign at least n + 1 times on

[0, 1]; hence (by the intermediate value theorem), there exists at least n points £, ..., t% € [0, 1]

such that by, (f) (tg-")) =f (tgn)). Pick these points to be A,,. Then L(A,) f = b, (f) and
L (An) f—1r

What happens if at least one of the arguments in this proof does not apply? As far as I know,
nothing is known. Here is a partial list of questions:

1. Given two functions f,g € C([0,1]), does there exist a sequence A,, C [0,1] such that
L(A,)f— fand L(A,)g— g7

2. Let X C [0,1] be a compact subset. Let f € C (X). Does there exist A,, C X such that
L(An) f— fin C(X)?

3. Let V,, be n-dimensional subspaces in C [0, 1] which are dense in C [0,1]. Given f € C[0,1],
does there exist a sequence A, C [0,1] such that P(A,)f — f, where P(A,) is an
interpolation projection from C ([0, 1]) onto V,,?

The set of questions goes on (cf. [1]). The set of answers remains empty (cf. @). In this paper,

I describe some partial results relating to questions 1, 2, and 3 above. I also hope to stimulate
an interest to these problems.
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2. SOME POSITIVE RESULTS
Most of the results in this section are based on the variation of the Fekete points.

PROPOSITION 1. Let k < n be arbitrary integers. Let X C [0,1] be a compact subset with more
than n elements. Let x1,...,2n—k € X be (n— k) distinct points. Then there exist distinct
points z3,_4 . 1,... T, such that for all m satisfyingn — k+ 1 < m < n we have

n—k n
IMI@-z)- I (z-1)
Jj=1 j=1_;—k+1
JFEmM
p— - <1 (2.1)
I @Eh-2z) I (zh—z5)
Jj=t j=n—-k+1
J#EmM
forallx € X.
PRrOOF. Consider a function
—_11n
O (Tpmktly- oy Tn) = ‘det {x;" ]j.m=1| (2.2)
as a function from X* — R,. This is a continuous function from a compact set into R, and hence,
it attains its maximum. Let 2}, _,.,,...,Z;, be the points where the maximum is attained,; i.e.,
‘p(z;—k+1a-.",x:z) > (p(mﬂ—k+1""7xn) (23)
for all p,—g41.--.Tn € X. In particular, it implies that the points zy,...,Tn_g, Ty _kalr - Tn

are all distinct. Observe that the function in (2.1) is the unique polynomial which is equal to
zero forx =zj,1<j<n-kandforz=z};n—-k+1<j<n;j#m and is equal to one for
z = z,,. The function

* * * *
|4 (xn—k+17 T 1T Ty gy s -'L'n)

* *
@ (a:n_k_H, PP SRR S AR ,x;)

b (2):=

is also a polynomial of x that has the same properties, since the determinate is zero if two columns
are equal. By (2.2), we conclude that |£,, (z)] < 1. ]

As a simple corollary, we obtain the following proposition.

PROPOSITION 2. Let X be a compact subset of [0,1]. Let z1,...,Z,—k be distinct points in X.
Then there exist Ay, C X with z1,...,2n—k € Ay, and with the following property:
Let f € C(X) and let p € B, interpolate f at the points ©1,...,Tn_x. Then

If = L(An) fllx < (B +DIIf —pllx -

PrOOF. Pick z,_, . ,,...,Z, as in Proposition 1. To simplify the notation, we rename Ty as x;
forn—k+1<j <n. Let A, consist of points z1,...,z,. By Proposition 1, the Lagrange
fundamental polynomials

-

b (@) =[] (x—z»/H (ZTm — ;)
j=1

j#m

;‘L-&)
3

are bounded by 1 on X.
Since (f — p) (z;) =0for j =1,...,n — k, we have

n

LA =p= Y, (=D (@m) m(2).

m=n—k+1
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Using the fact that L (A,) p = p, we obtain
F=L@A) f=(f-p)= D, (=P (am)bm(®)
m=n—k+1

and by triangle inequality

n

If =LA fl<If=pl+ D If =l lem (@)l

m=n—k+1

Since ||€m (z)|| < 1 we get the desired result. ]
COROLLARY 3. Let g, f € C([0,1]) be such that

I_Peo1), paePn

g 4
Then there exists a sequence A,, C [0,1] such that

L(A)f—f and L(Az)g—g.

PROOF. Let h:=f/p=g/q € C([0,1]). Then

f=hp, g=h-q
For n > N, pick A,_n such that L (A,_xn)h — h. Define
Py :=p-(L(An-N)h); QnZZQ'(L(An-—N)h)-

Then P, and @, are polynomials of degree n that interpolate f and g at n — N points. By
Proposition 2, there exist A,, D A,_n so that

If = L(An) fIl < (N +1) il R~ L(Bn-n)h]| —0 as 1 — o0;
lg = L{An)gll < (N +1) llg|l |h = L(An-n)h|| —0 as n — 0. ]

COROLLARY 4. Let X = Ufn=1 I,,, be a finite union of closed disjoint intervals I < Iy < --- < I.
Let f € C(X). Then there exists A, C X such that

“f-L(An)f“X—’O asn — oo.

PRrOOF. Let b, (f) € Pr, be the best approximation polynomial to f on X. The standard proof
shows that there are points & < €3 < -+ < €41 in X such that

IGf =bn N EM =AY If =ba (Pl :i=1,....n+1

where A = 1.

Since all the points £; are confined to Ufn=1 I, there have to be at least n — k + 1 alternation
of the sign of f — b, (f) that occur inside the intervals that compose X. Hence, there are points
Zy,. .-y Tn—k+1 € X such that

(f=bu(f)(z;) =0, forj=1,...,n—k+1.

Hence, b, (f) is a polynomial of degree n that interpolates f at n — (k+ 1) points in X. By
Proposition 2, there exist A, C X such that

If = L(An) flix < (RYIf = b (Hlx — 0, asn — 00. ]
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REMARK 5. Proposition 2 allows us to find “good” interpolation points A, C [0,1] without
knowing the best approximation b, (f) to f.

Indeed, let p, be an arbitrary approximation to f (for instance Bernstein polynomials) such
that ||f —pn|| — 0. Consider a function f:=(f —p,)/||f —pnll. Let T, be the Chebyshev
polynomial of degree n — 1. Then the function f — 27}, has at least (n —1) zeroes on [0,1].
Hence, 2T;, is a polynomial in P, that interpolates fat (n — 1) points. We apply Proposition 2

to obtain A,, such that Hf— L(A,) f” <2 Hf—— 2T"H < 6. Thus

If —L(A) /]
7l 0

and ||f — L (An) fll <6 f — pnll. This remark also shows that it is possible to obtain A, C [0,1]
such that L(A,) f — f and all the interpolation points, except possibly one, lie between the
consecutive extremas of the nt* degree Chebyshev polynomials.

3. SOME NEGATIVE RESULTS

It is easy to see that for every pair of functions f, g € C ([0, 1]) there exist projections P, from
C ([0,1]) onto P, such that

Pof—f and P,g—g.

In fact, one can construct such projections to be supported on n+ 2 points; i.e., the value B, f
depends only on the value of f at n 4 2 points. Here is an outline of the proof (cf. [1]): Consider
a Banach space Hpy2 := [f,g] ® Pr. Then P, is an n-dimensional subspace of an (n + 2)-
dimensional Banach space H,,s. Hence, the codim PB,, = 2 and by the general estimates of
projectional constants (cf. [2]) there exist projections P, : Hpya — By, with |P]| < 1+ 2.
These projections F,, can be represented as

n—1
Pof =Y ui(f)a,
=0

where p; are some functionals on Hpyo. Since Hpio is an (n + 2)-dimensional subspace of

C ([0,1]) there exist points ti,...,t,+2 € [0,1] such that each p; can be written as Z::f a0,
in the sense that for every j there are numbers a;1,...,a;, such that
n+2

wi(h) =" ajeh (t)
k=1

for every h € Hy 5. Define projections P, : C ([0, 1]) onto B,, by

n—-1 /n+2
Poh=)" (Z ajkh(tk)) t/ € Pn.

=0 \k=1

These are the desired projections.

My hope was (and still is) to use the existence of such projections and to be able to remove
two points out of the support to obtain an interpolation projection. The examples of this section
will show that it is not possible in general (without using the connectedness of [0,1] or some
special properties of polynomials B,,). In particular it is, in general, impossible to remove one
point from the support of the projection without drastically altering its norm.
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PROPOSITION 6. For every n > 2 there exists a compact Hausdorff space X,, and an (n — 1)-
dimensional subspace E,, C C (X,,) such that:
(a) There exists a projection P, : C (Xy) onto E, with

[Pall <25

(b) There exists a function f € C(X) such that for every interpolating projection Q, from
C(X,)— En
Qnfll > n—3.

PROOF. Let X, be a set consisting of n points; i.e., C(X) = ZS.Z). Let e3,...,€e, be the canon-
ical vector basis in E&L). Consider a subspace E, C é?.g) spanned by the vectors v;:=e; + e;,
j=2,...,n. Then dimE, = n -1 and codim E, = 1. Consequently, (cf. [2]) there exists a
projection P, : C (X,,) onto E, with ||P,|| < 2. Now let €; be the canonical vector basis in £;".
Then the interpolating projection at the points 2,...,n is

n
P:= ZEj (v)vj
j=2

and Py (Z;;l ej) =>wvj=(n—1)e + Y e;. Hence, ”Pl (Z;;l ej)H =n-—1.
Let P; be an interpolating projection at the points {1,...,7 —1,7+1,...,n}. We consider
functions (vectors)

ugj):vj:elnLejEE;
ufcj)=vk—vj:€k*ej€E, k=2,....n, k#J.

Clearly, P; is defined by

Pjv = ZE,C (v) u,(tj) = ZEk (v) ex +€1(v) ej — Z €m (V) €.

Py k3 m>2
m#j
Then
T
P; (Z ek) =Zek+ej—- Z ej:Zek—(n—S) €.
k=1 ks m>2 k)
ms#j

Hence, [|P; (3 r_ ex)|| =n—3. ]
REMARKS.

1. The space E,, constructed in the proposition is Chebyshev in the sense that the dimension
of the space F,, restricted to any (n — 1) points is equal to the dim E, =n — 1.

2. The estimate ||P|| < 2 cannot be improved to ||P|| < 1 since it is known that if E has a
contractive projection in C (X) then E has an interpolation projection of norm 1.

3. The actual norms of P; constructed in the proof of the proposition are

==

k=2

P51l =

=n-1.

This estimate is the best possible. Using the “Fekete points” for any (n — 1)-dimensional
subspace E C C (X), one can construct an interpolating projection @ : C (X) onto E with
QI < (n—1).
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COROLLARY 7. There exists an infinite space X and a sequence of n-dimensional subspaces E,, C
C (X) such that:

(a) Bn C Epnyy;

(b) There exist projections P, : C (X) — E, with

[ Prll < 2;

(c) There exists an element f € C(X) such that

|Qnfll 2 n—4
for any interpolating projections @y, : C (X) — En.

PROOF. Let X be the one-point compactification of N, i.e., C (X) = ¢, the space of all convergent
sequences. Let E,_; be again spanned by e; +¢;, 7 = 2,...,n. Then clearly for the vector
f=1(1,1,...,1,...) € C we have the desired result. |
Of course, in this setting, the spaces E,, are no longer Chebyshev; hence, the choice of inter-
polating points is limited to the n out of the first (n 4+ 1) points.
Another weakness of this example is that UE,, is not dense in C (X).

COROLLARY 8. Let X be as in Corollary 7. Then there exists a sequence of n-dimensional
subspaces E,, C C (X) such that:
(a) dist (f, En) — O for every f € C(X);
(b) There exist projections P, : C(X) — E, with ||P,|| <2;
(c) There exists an element f € C (X)) such that for every sequence of interpolating projections
Qn:C(X)— Ep
[Qnfll =2 n—4.

PRrROOF. Choose E,, = span [ep41 + ej]?zl and choose f = (1,1,...,1,...). ]
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