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THE NORMS OF FOURIER PROJECTIONS
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ABSTRACT. For any 0 < o < % we construct a sequence of integers

(7T Un,...) such that the norms of Fourier projections

N
Fy = Ze“‘le ® et C[_,,‘,,] hd C[_,,‘,,]
1
grow as N® . This answers a question of Prof. G. G. Lorentz.

I. INTRODUCTION

Let M = (u;,...,u,) C N be an increasing sequence of integers. Let
C[_n - be the space of continuous functions f on [-7,n] such that f(-n) =
f(m). For every f € C[ let F, f be the Fourier projection of f:

—n,m]

F,f= % 3 < " o)™ d8> e

Jj=1 7"
The celebrated solution of the Littlewood conjecture (cf. [2]) implies (cf. [3])
(1) C,log(#M) < |F,,|| < C,V#M..

We use #M to denote the cardinality of M . Here and throughout this paper
we use the letter C with subscripts to denote positive constants that do not

depend on AM .
It is also well known (cf. [1], [3]) that the lower and upper bounds in (1) are
attained with M being an arithmetic and lacunary sequence, respectively:

Proposition 1. There exist constants G, C,, C5, C, such that
(a) if M is an arithmetic sequence then C,log(#M) < ||F,,|| < C,log(#M)
(b) if M = (A,...,4,) is such that (4, + 1)/, > 2 then CyVEM <
1Fy |l < CVEM .
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In the 1986 Edmonton conference on constructive approximation, Professor
G. G. Lorentz posed the following:

Problem. Let 0 < o < 4 be a real number. Exhibit a sequence of integers

M= (u,...,u,,...) sothat
[|Fy, | < n" asn— o0,

where M, = (u,, ..., u,).
In this note we solve the problem.

The idea of the construction is to combine the lacunary sequences and arith-
metic progressions in such a way that the cardinality of the set of arithmetic
sequences is sufficiently large to be a major factor in #M, , while the cardinal-
ity of the lacunary sequence determines the norms of {F M,.} , thus achieving an
arbitrary balance between the two.

For a positive number a we use |a| to denote the integer part of a. We
will need the following simple estimates:

Proposition 2. Let a > 1. There exist constants C,(a), C4(a), Cy(a), C,y(a)

such that
(2) C@n™ < STk < Gylayn®!
k=1
(3) Cy(a)n log n <Y loglk®] < Cyo(a)nlog n.

k=1
Proof. To prove (2) it suffices to observe

zn:[kaj < Xn:[naj =n|n"| <nn®.
1 1

On the other hand
n 2 n na 1 a 1 2
2wz 3 |(5)]2(5) 2mr-n

n
LK) >
1 Ln/2] Ln/2]

The proof of (3) is identical:

n n
Zlog[k“] < Zlog = |n"| < n log(n®) = an log n.
1 1

n n n 2
glog[kaj > L%;J log (5) > Cy(a)n log n.O

II. CONSTRUCTION
Givenan a: 0<a <} let

(4) a=32a-1:a>2.
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We start with a lacunary sequence of integers
A=A ,4, ... .4, ...)
that satisfies
(5) At = Ao > [n] forallm>n.
(For instance 4, = m"” will do).
We now construct the set M in an inductive manner.

Choose u, = 4,. On the nth step we introduce the first n’ available integers

out of the set A (say Appsts o+ sAyine ) and include in addition

a
A2t 1y A +2, 000, A L+ 0],
By (5) we have
a
Apamz TR <4
Now our set consists of a lacunary set

m+n2+1 °

(6) A, =Ry dy )
of length
h
(7) #A, = K
k=1
and of a set of arithmetic sequences %/, ... ,, of length
#s = |j°].

Theorem. For the set M constructed above let F,, := F, My - There exist constants
C, C, >0 such that

C,N* < ||Fy| < CN".
Proof. Let N be an integer and let us assume that the number x, had been
added to the set M during the (N + 1)st step of the construction of the set M .
Then

n n+l
(8) #A, + Y (#H) SN <H#A, + D (H,).
k=1 k=1

Using (6), (7), and (2) we have
n n
N2 ST Y L
k=1 j=1

> C,(2)n” + C,(a)n*"!
n

a+1

&
¢

v

| (since a > 2).

On the other hand

n+1
N< G+ + > 1%

J=1
< CG2)(n+ 1)’ + Cy(a)(n + 1)**

a+1
<Cp,n .
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Hence we have
9) c, ' < N<cntt.
Next we estimate the norms || F,||.

Notice that M,, = A, U(U,_, %, )UA’U«/? where A’ is alacunary sequence
of length p < (n + 1)2 and .7 is an arithmetic sequence of length g <
[(n+1)"]. Hence

h
”FN” = ”FA”U,\p +ZF;/,( +F%q|| )
k=1

Since A, U A? (is a lacunary set) we have (by Proposition 1(a))
n
1yl > 1Fy, o0l - (Z ||F,9/k||> ~ |IF, 4l
k=1

1/2 n
> C, [#(An U A")] —C, Y log(#57,) — C, log(#57,)
k=1

v

n 1/2 n
C, ((Z kz) + p) ~C, Y loglk®] - C,loglg"
k=1

k=1

3172 ,
> [c5c7(2)n ] ~ C,Cyy(a)n log n—C,-a" log(n + 1)
> Cl4n3/2.
Similarly
n
32
IFyl < ”FA,,UA””+Z||F‘9/A_“+”Fﬂq“ SCppt.
k=1
Hence
32 32
(10) C o’ <|Fy| < Cpyn’.
Combining (9) and (10) we have
3/2(a+1)
3/2 N 3/2a+l) g
IR < (e <y (a) <ove—on
as well as
32 n \3/2a+D .
I 2 G 2 ¢ (&) 2 G o
12
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