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On the Divergence of Polynomial Interpolation
in the Complex Plane

Boris Shekhtman

Abstract. We extend the results in [1] and [2] from the divergence of HermitesrFej”
interpolation in the complex plane to the divergence of arbitrary polynomial inter-
polation in the complex plane. In particular, we prove the following theorem: Let
An=-1<t < ... <t” < 1. Lety” be polynomials of arbitrary degree

such thatoli”)(tj(")) = 8xj. Then the Lebesgue functioin (x) = Z?:l |<pj(”’(x)| tends
to infinity at everycomplexneighborhood of some point ir-fL, 1].

1. Introduction

LetAn=-1<t” <t!” <... <t < 1andlety" be polynomials of degree— 1
such thatp" (") = 8. Define a linear interpolation operatbtAn) = L(An, ¢) by

LA f =) ftf")g™ : C(-1,1]) - C(-1,1]).

and the corresponding Lebesgue function
n
An) =Y 1p" 0.
j=1

Then it is well known (Faber theorem) that

1.1) IL(AYD] = SUPAn(X) : X € [-1, 1]} = o0 as n— oo.

The following strengthening of this theorem is due to P.dsrdfid P. \éftesi (see [7]).
Theorem 1.1. Letx e [—1, 1] and U be a neighborhood of x R. Then

1.2) SUEAR(X) X eU} - oo as n— oo.
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The Faber theorem is no longer valid if we do not restrict the degree of polynomials
goj(n). In fact, the clasical Hermite—Fagjinterpolation (see [7]) has the property

If—LAn)fll—0 foral fecC(-1,1).

It was recently observed by L. Brutman and I. Gopengauz [2] (see also [1]) that (1.2)
still holds for the Hermite—Fey interpolants itJ is acomplexneighborhood ok.

Theorem 1.2. Lety™ be polynomials of degree at ma@st— 1 such that™ (t) = 8

and(gaj(“))’(tk) = Oforall jandk =1, ..., n. Then for every x [—1, 1] and for every
complex neighborhood

U={zeC:|x—2z <r}
we have
n
(1.3) sup{z o (2)| : z € U} — o0.
k=1
Moreovey for every nonconstant polynomial p

sup!

The main purpose of this paper is to show that (1.2) is valid for any choice of polyno-
mials<pj(“) of arbitrary degree satisfying the biorthogonality condition

n
)y, ()
— p(tjn )Qﬁjn 2

:zeU}—>oo.

J

o (t") = Sjk.

This result is proved in the next section (Theorem 2.3).

Thus, we proved a (surprising to us) “complex extension” of theErd€rtesi theorem
for interpolation by polynomials of arbitrary degree. The result has a flavor of Somorjai’s
theorem [6] (see also [5]). The method of proofis reminiscent of the ones in [3]. Observe
that the quantity

n
sup{z o (@) :ze U}
k=1

is the norm of the interpolation operator
n
Lant =) f¢™g"
j=1

as an operator fror@([—1, 1]) into C(U).
In Section 3 we show that the “moreover” part of Theorem 1.2 is not valid for the
arbitrary choicep”. That is, we show that there exis{” such that

p@ — > ptMe"(2) > 0

uniformly in C for every polynomialp(z). We also investigate the behavior &f () in
the arbitrary neighborhoods .
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2. The Main Theorems
Most of the proofs in this paper will rely on the following simple perturbation argument.

Lemma2.1. Let X be a Banach space and let ¥ be subspaces of.Xet P be a
projection from X onto U and let J be an isomorphism from V onto U such that

(2.1) lv — Jv| < g|lv]| forall veV.
Then
(1) if ¢||P|| < 1, then there is a projection Q from X onto V such th&]| <
P/ —ellPID;

(2) ifU and V are n-dimensional and

n
PX = Z fix)u;  forsome fe X*, | fjll=1,
=

then the projection Q can be chosen as

Qx = Z fj (X)vj.

i=1

Proof. Let R= P|V be arestriction of the operaté ontoV. We claim thatR is an
isomorphism fromV ontoU. Indeed, for every € V we have

(2.2) Rv = Pv =P - Jv) + Jv.

From this we obtain

(2.3) IRull = IVl = ellPI IVIl = Q= elPIDIVII
and
(2.4) IR=J|l <¢|lPll <1

Now (2.4) implies thaR is an isomorphism and (2.3) gives
IR < 1/@—elPD.
Hence the operator
Q=R}P:X>V

defines a projection that satisfies the conclusion (1) of the lemma.
To prove the second part of the lemma it is enough to prove that

fix)=0 forall j=1,...,n
implies
Qx=0.
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Indeed

n
Qx=R! (Z fj (X)Uj) =0
j=1
and we are done. [

Let A, be finite subsets dT.

Definition 2.1. A point z € C is called an accumulation point ¢i\,},2 ; if for every
¢ > 0 and every integer k& N there exists an integer N such that itnN then

(2.5) HzeC:|z—2z| <e} N Ay >k

Theorem 2.1. LetA, € C; Ap = {2, 2", ..., z2"}. Leto”, ..., ¢{™ be polyno-
mials (of arbitrary degre¢ such thatp," (z”) = 8. Let %  C be an accumulation

point of{A}. Then for any neighborhood B zy; U c C:

(2.6) SUPAR(2) — o0 as n— oo.
zeU

Here An(2) = Y 1o ()]

Proof. Without loss of generality we may assume that zero is an accumulation point
of {An} and that the neighborhood of zero is the unit ddkFor a finite set of points
A C C, letb, denote the Blaschke product with zerog\at

We proceed by contradiction. L& > 0 be such that

(2.7) SUpAn(2) < M for all n.
zeD
Choose; > 0 so that
1
2.8 < —.
(2.8) Ty
Next, for an arbitrary integar we choose > 0 so that if

(2.9) Al =k and AC{zeC:|z| <¢}
then
(2.10) 12— ba@Il < 1.

ChooseN > 0 so that ifn > N, then there exists
A=A, C A,

satisfying (2.9).
Consider the projectioR, : A(D) — A(D) defined by

Pof= Y g,

tj(")e D}
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where A(D) stands for the usual disk algebra. In view of (2.7), we have
(2.11) 1Pl = M for all n.

Now observe that the projectid?l, = | — P, : A(D) — A(D) has the idedb, - A(D)
as its range. We now intend to prove that there exists a projection

Qn: A(D) — A(D), RangeQ, = Z - A(D),
and

(2.12) I Qnl [Pl

| < ————.
1—nlPall
Consider the mapping, : Z- A(D) — ba(2) - A(D) defined by

In(Z- ) =ba(2) - f.

Then, by the maximum modulus principld, is an isomorphism fronv = z. A(D)
ontoU = b, - A(D), and by Lemma 2.1 we obtain the projectiQnsatisfying (2.12).
For everys € T, defineTs : A(D) — A(D) by

(TsH)(@ = f(s2.
Let
(2.13) an - /TanTsf d,bL(X),

whereu is a normalized Haar measure dn
It is easy to check thaf, is a projection fromA(D) ontoZ¢A(D). Moreover,

z" if m>Kk,
F“(Zm)={o it m<k

Hence,F, maps a function into the remainder of its Taylor series. Thus, there exists a
universal constart > 0 such that

(2.14) [Fall > clogk.
On the other hand, it follows from (2.13) that
(2.15) clogk < [[Fall < IQnll-
Combining the last inequality with (2.12) and (2.8), we get
c
IPall = 5 logk

which tends to infinity withk and hence contradicts (2.7). ]

As an immediate corollary, we obtain the following analog of Faber’s theorem for
interpolation by polynomials of arbitrary degree.
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Theorem 2.2. LetA, C [—1, 1]andlet L(AR) be an arbitrary interpolation projection
atthe nodeg\, with polynomial rangelet€ be an open set i@ that contains the interval
[—1, 1]. Then

lim|L(Ap) : C([(—1,1]) = C(E)|| = o0 as n— oo.

The following generalization of Theorem 1.3 is also a direct consequence of Theo-
rem2.2.

Theorem 2.3. LetA, C [-1, 1] and letp™ be polynomials such that™ (") = &;
and

n
(2.16)  L(anf=> ftMe™ - f  forevery feC[-11].
j=1
Lett e [—1, 1] and U be an arbitrary complex neighborhood offhen

n
sup{wa”)(zn 1ze u} S o0 as Nn— oo.

Proof. Observe that (2.16) implies that every point of the interval [1] is an accu-
mulation point off An}22;. u

3. Some Relevant Examples

Our first example shows that the“moreover” part of Theorem 1.2 is not valid for arbitrary
polynomial interpolation.

Thgorem 3.1. Thereexist, C [-1, 1]and polynomialg" suchthats” (t") = 8
an

@ Y, ft™)e™ — f uniformly for every fe C([—1, 1]);
(b) for every polynomial p there exists &N such that for all n> N:

n
Z p(tj(”))cpj(”)(z) =p(z) forall zeC.
=

Proof. Let Hy, stand for the space of polynomials of degree at most follows from
the general result in Banach space theory (see [4] siifel, 1)) is aL..-space) that
for everye > 0 there exist

Ap={-1= tin) < '[2(”) <--- < trg”)}

and am-dimensional spadd, > Hp, (n = n(m)) such that there exists an isomorphism
J;, from U, onto the spac®l (Ap) of piecewise linear function on,, with the property
that

(3.1) | Jou —ull < ellull forall ueU,.
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It is also well known and easy to see that there exists a projeBtjorC([—1, 1]) onto
U (Ap):

n
(3.2) Pof = f¢™)u;(an)
=1
with
(3.3) IPall < 1.
Let 1L X,....X™ wy, ..., wn_m be a basis itJ. Lety™, j = 1,....n—m, be

polynomials such that
I/Ij(N) — wj.
Then for sufficiently largeN, the mappingl{\) defined by
JNIXK = K, k<m,
INw =y j<n-m,

defines an isomorphism from the spagsigonto the space
Vp i=sparfl, x, ..., x™, yV N

such that
(3.4) 13— ul < Slull.
Combining (3.1) and (3.4) we obtain an isomorphigm

Jn Ve — U(ApD)
such that
(3.5) [dhv — vl < ellv].

Combining (3.5) with Lemma 3.2 (part (2)), we obtain a projectignfrom C([—1, 1])
ontoV,:

Qf =) ft"y™. ¢ eV
such that
Qnll = (1 +e).
The last inequality, together witH,, C V,,, immediately imply all the conclusions of

the theorem. |

The next example implies that the conclusion of Theorem 2.4 does not hold in the
neighborhoods outside the interval1, 1].
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Theorem 3.2. Letze C; z ¢ [—1, 1]. Then there exists a neighborhood3Jz and
An C [—1, 1] and polynomials,™ such that

@ ¢ ") = 8i;
b) 3 FtMe (x) — f(x) uniformly for every fe C([—1, 1]); and
(©) suRY_; lo" (@] :ze U} < 1.

Proof. Let A, be Chebyshev points on-fL, 1] and Iett//j(”) be the fundamental poly-

nomials for the Hermite—Fef'interpolation. LeM, = supy_ |w§”)(z)| :z e U}where
U is chosen such that N[—1, 1] = @. Lete, — 0 be such that

enMp < %
The Mergelian theorem furnishes the polynomigl$z) such that

(3.6) [prn(X) — 1] < &n forall xe[-1,1],
(3.7) Ipn(X)| < é&n forall xeU.

LetU, = sparfy"'} andV, = p, - U, be subspaces @([—1, 1]). ThenJ, : Uy —
V, defined by

Jnu = pn -u
satisfies
| Inu — ull < enllull.

Hence, by Lemma 2.1, there exist polynom'tp}(@ € V, that, together with the Hermite—
Fejér interpolation, verify (a) and (b). Finally, fare U:

Dlg" @1 = A+en)lm@1 Y 1" @] < A+ en)enM < 1. m
j=1 j=1

Let us observe the following “local version” of the Somorjai theorem (see [6]), that
claims that even in the arbitrary neighborhdédomething must go wrong.

Theorem 3.3. Let U andy™ satisfy the conclusion of Theoredr2. Then there exists
a polynomial [z) such that the interpolants

Y ™"

do not converge to ().

Proof. Using the Mergelian theorem once again,p¢t) be a polynomial such that

Ipx)| <1  for xe[-1,1]
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and
Ip(2)| = 10 for ze U.
Then
n
sup 'Z pt™Me" ()| zeU T <1
and hence

n
supi [p@ = > ptMeg"@)|: xeU} > 9. n
P

Corollary 3.1. Letcpj(”) be polynomials constructed in Theor8rit. Then for any open
set U in the complex plain

n
supy Y lp" (@] :zeU }t — oco.
=
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