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LetE be a subspace ofC(X) and defineR(E) := {g/h: g, h ∈ E;h > 0}. We prove that
R(E) is dense inC(X) if for every X0 ⊂ X there existsx ∈ X0 such thatE contains an
approximation to aδ-function at the pointx on the setX0. We use this principle to study the
density of Müntz rationals in two variables.

1. Introduction

Let X be a compact Hausdorff space. LetC(X) be the space of all real-valued
continuous functions onX, and letE be a subspace ofC(X). We define

R(E) = {f/g ∈ C(X): f, g ∈ E; g(x) > 0 for all x ∈ X}.
In order forE to be dense inC(X) it both necessary and sufficient that, for every point
x ∈ X, the spaceE contains approximations to theδ-function at the pointx.

We prove thatR(E) is dense inC(X) if the spaceE contains appproximations to
theδ-function at only one pointx0 ∈ X0 ⊂ X, but for every closed subsetX0 ⊂ X.

These two conditions may appear similar since for everyx ∈ X, one may choose
X0 3 x so small that it would forceE to have an approximation to theδ-function atx.
The rub is that approximations have to behave as theδ-function atx only on the setX0

and may be arbitrary onX \ X0. In some sense this result answers a question raised by
Newman [4]. We prove this result in the next section. In section 3 we apply this result to
establish the density of Müntz rational functions of two variables. We will use the rest of
this section to explain the relationship between our results and the “zoomers” introduced
by Newman and Somorjai [4,5].

Let3 be an infinite sequence of non-negative real numbers containing 0. Let

E := span
{
tλ, λ ∈ 3} ⊂ C[0,1].

ThenR(E) is dense inC[0,1]. The proof of this remarkable theorem is based on
the existence of functions that Newman calls “zoomers”:Zε,x(t) = (t/(x − ε))λ. If
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λ→∞ then the functionsZε,x(t) approximateδ-function atx on the left ofx and zoom
to the right ofx (left-half δ-functions). In the case whenλ→ 0 Bak and Newman used
different constructions to prove the same result. In [4] Newman asked for the unified un-
derstanding of these distinct cases. We believe that our result answers this call. Indeed,
if λ → ∞, andX0 is any closed subspace of[0,1], let x = supX0. Then the zoomers
Zε,x are approximation to the “full”δ-function on the setX0 and hence our principle
applies. Ifλ→ 0 then the construction in [1] is nothing more than an approximation to
a δ-function at 0. Hence, letX0 ⊂ [0,1]. If 0 ∈ X0 then we haveδ-function at 0. If
0 /∈ X0 thenE | X0 is dense inC(X0) and hence contains approximation to aδ-function!

2. The density principle

Let x0 ∈ X0 ⊂ X and let, as before,E be a subspace ofC(X).

Definition 1. We say thatE contains aδ-approximation atx0 with respect toX0 if, for
every open setW 3 x0, there exists an open setV with

x0 ∈ V ⊂ W
such that for everyε > 0 there exists a functionfε ∈ E with the properties:

(i) fε(x) > 0 for all x ∈ X0,

(ii) fε(x) < ε for all x ∈ X0 \W ,

(iii) fε(x) > 1/ε for all x ∈ V .

Theorem 1. Let E be a subspace ofC(X) such that for every closedX0 ⊂ X there
existsx0 ∈ X0 for which E containsδ-approximation atx0 with respect toX0. Then
R(E) is dense inC(X).

The proof of this theorem relies on the following duality principle proved in [2].

Theorem 2 (Duality principle). LetE ⊂ C(X) andf ∈ C(X). The following are
equivalent:

1. f /∈ R(E);
2. For every closed linear subspaceF ⊃ E such that codimF 6 2,

f /∈ R(F);
3. There exist regular Borel measuresµ, ν ⊥ E not both 0 with

fµ+ ν > δ|µ| for someδ > 0;
4. There exist measuresµ, ν ⊥ E andδ > 0 such that∥∥f − f̃ ∥∥ < δ ⇒ f̃ µ+ ν > 0.
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Proof of theorem 1. We first show that ifλ is a measure onX such thatλ ⊥ E (i.e.,∫
f dλ = 0 for all f ∈ E) and if x0 ∈ suppλ such thatE contains aδ-approximation

atx0 with respect to suppλ then

x0 ∈ suppλ+ ∩ suppλ−.

Indeed, sayx0 ∈ suppλ+; x0 /∈ suppλ−. Then there exists an open setW ⊂ X such
thatλ|W > 0. LetV andfε be as in definition 1. Thenλ(V ) > 0 and

0=
∫
fε dλ =

∫
(suppλ)\W

fε dλ+
∫
W

fε dλ 6
∫
(suppλ)\W

fε dλ+
∫
V

fε dλ

6 1

ε
(V )− ελ(X).

By letting ε→ 0 we obtain a contradiction.
Next we will appeal to the duality principle of theorem 2. Supposef ∈ C(X) such

thatf /∈ R(X). Letµ, ν ⊥ E andδ > 0. We intend to show that there existsf̃ ∈ C(X)
such that‖f − f̃ ‖ < δ and yet the measure

f̃ µ+ ν
is not positive, thus contradicting theorem 2, condition 4.

To this end, letx0 ∈ suppµ ∪ suppν be such thatE contains aδ-approximation
to x0. LetU be an open set containingx0 such that there exists a functionf1 with

‖f − f1‖ < δ

2
and f1|U ≡ f (x0).

If x0 ∈ supp(f1µ + ν) we setf̃ = f1. If x0 /∈ supp(f1µ + ν), then there exists a
neighborhoodU1 of x0 such thatU1 ⊂ U andf (x0)µ|U1 = −ν|U1. In that case, set
f̃ := f1+ δ/2. In either case

x0 ∈ supp
(
f̃ µ+ ν)

and thus

x0 ∈ supp(cµ+ ν)
wherec = f̃ (x0). Since(cµ+ ν) ⊥ E we have

x0 ∈ supp(cµ+ ν)+ ∩ supp(cµ+ ν)−. (2.1)

Observe that(cµ+ ν)|U = f̃ µ+ ν|U and together with (2.1) that implies thatf̃ µ+ ν
is not a positive measure onU and hence it is not a positive measure. This contradicts
condition 4 of theorem 2 and we conclude thatf ∈ R(E). �

Remark 1.We suspect that the assumptions of theorem 1 are very close to being nec-
essary. However, in the form presented here, the density ofR(E) does not imply the
assumptions of the theorem as the following example shows.
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Example 1. Let C[0, π ] be the space of all continuous periodic functions, i.e.,f (0) =
f (π). Let E = span{1, coskx, sinkx}k+1. It was shown in [3] thatR(E) is dense in
C[0, π ]. We now intend to show that the spaceE does not satisfy the assumptions of
theorem 2. LetX0 = [0, π ] and letx0 ∈ [0, π ]. Observe that either sinx0 or cosx0 is
not zero. Assume that cosx0 > 0. Then there exists a neighborhoodW 3 x0 such that
cosx > 0 for all x ∈ W . Since(cosx) ⊥ E, then for anyfε from definition 2 we have

0=
∫ 2π

0
fε(x) cosx dx > −ε + 1

ε

∫
V

cosx dx →∞.

It is interesting to point out that[0, π ] is the only intervalX0 that does not satisfy defin-
ition 2, sinceE is dense on every proper subinterval of[0, π ].

3. Density of Müntz rationals

As was mentioned in section 1, the setR(E), where

E = span
[
1, tλj

]∞
j=1 ⊂ C[0,1]

is dense as long as the sequence of integers(λj ) is infinite. Consider the same question
for the functions of two variables.

Let 0< α1 < α2 6 1. Let

D : = {(x, y) ∈ [0,1] × [0,1]: α1x 6 y 6 α2x
}
,

E : = span
[
1, xλj yµj

]∞
j=1 ⊂ C(D). (3.1)

In this case having infinitely many lattice points(λj , µj ) is no longer sufficient for the
density ofR(E). Indeed, choose(λj , µj ) = (j, j); j = 1, . . . ,∞. Then for every
f (x, y) ∈ E; f (x, y) = f (y, x) and henceR(E) is not dense inC(D).

In this section we present a condition on the set
{
(λj , µj )

}
that guarantees the

density ofR(E).

Theorem 3. Let the set{(λj , µj )} ⊂ N× N be such that the set of the ratios{
λj

µj

}
(3.2)

is dense inR+. ThenR(E) is dense inC(D).

Proof. LetX0 be a closed subset ofD and letx0 ∈ X0 = (a, b) such that

‖x0‖ =
√
a2+ b2 > ‖x‖ for all x ∈ X0.

We claim that the spaceE contains aδ-approximation atx0 with respect to the setX0.
By theorem 2, this claim would prove the theorem.
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It now remains to prove the claim. Ifx0 = (0,0) then the functions

fε(x) ≡ 1

ε
∈ E provide theδ-approximation atx0 w.r.t.X0 = (0,0).

Without loss of generality, letx0 = (a, b) andb 6= 0. Letα = a2/b2 and consider curves

γ1: x2 + y2 = a2+ b2 and γ2: yxα = aαb.
Both curves pass through(a, b) and the tangent line through(a, b) to both curves has
the same slope(−a/b). Sinceγ1 is convex andγ2 is a concave curve, we conclude that
the functiong(x, y), defined by

g(x, y) = yxα

aαb
,

has the following properties:

g(x, y) 6 1 if (x, y) ∈ X0 ⊂
{
(x, y): x2+ y2 6 ‖x0‖2

}
,

g(a, b) = 1,

g(x, y) > 1 if yxα > aαb.

Let W = {(x, y): (x − a)2 + (y − b)2 < r2}. Then there existsη > 0 such that, for
everyβ with |β − α| < η, the functions

gβ(x, y) =
(

y

b − η
)(

x

a − η
)β

satisfy

gβ(x, y) > 0,

gβ(x, y) < 1 if (x, y) ∈ X0 \W,
gβ(x, y) > 1 if (x, y) ∈ V

for some open setV ⊂ W containing(a, b).
LetN0 ⊂ N be such that

λj

µj
→ α: j ∈ N0 and µj →∞.

The functions

fj (x, y) =
(

x

a − η
)λj( y

b − η
)µj
= (gβ(x, y))µj with β = λj/µj

are elements of the spaceE and provideδ-approximation atx0 with respect toX0. �
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Remark 2.The condition (3.2) is attractive since it relates the density of the ratios of
exponents to the density of the ratios of functions. Unfortunately, it is not sufficient. It
was shown in [3] that for

E = span
{
1, x(2

k)y(2
j ); (k, j) ∈ N× N}

R(E) is dense inC(D). However, the only limit points of the set{2k/2j } are zero and
infinity. It would be interesting to find a condition which is both necessary and sufficient.

References

[1] J. Bak and D.J. Newman, Rational combinations ofxλk , λk > 0, are always dense inC([0, 1]),
J. Approx. Theory 32 (1978) 155–157.

[2] G. Gierz and B. Shekhtman, Duality principle for rational approximation, Pacific J. Math. 125 (1986)
79–90.

[3] G. Gierz and B. Shekhtman, On duality in rational approximation, Rocky Mountain J. Math. 19 (1988)
137–143.

[4] D.J. Newman, Approximation with rational functions, in:CBMS Regional Conference Series, Vol. 41
(SIAM, Providence, RI, 1979).

[5] G. Somorjai, A Müntz-type problem for rational approximation, Acta Math. Acad. Hungar. 27 (1976)
197–199.


