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Let E be a subspace @f(X) and defineR(E) := {g/h: g, h € E; h > 0}. We prove that
R(E) is dense inC(X) if for every Xg C X there existst € Xg such thatE contains an
approximation to &-function at the poink on the setXg. We use this principle to study the
density of Miintz rationals in two variables.

1. Introduction

Let X be a compact Hausdorff space. L@tX) be the space of all real-valued
continuous functions o, and letE be a subspace @f(X). We define

R(E)={f/ge C(X): f.g € E; g(x) >O0forallx € X}.

In order for E to be dense i€ (X) it both necessary and sufficient that, for every point
x € X, the spaceé: contains approximations to tldefunction at the poink.

We prove thatR (E) is dense inC (X) if the spaceE contains appproximations to
the §-function at only one pointy € Xo C X, but for every closed subs&i C X.

These two conditions may appear similar since for ewery X, one may choose
Xo 2 x so small that it would forc& to have an approximation to tiéefunction atx.
The rub is that approximations have to behave as$thmction atx only on the sefX,
and may be arbitrary o \ X,. In some sense this result answers a question raised by
Newman [4]. We prove this result in the next section. In section 3 we apply this result to
establish the density of Miintz rational functions of two variables. We will use the rest of
this section to explain the relationship between our results and the “zoomers” introduced
by Newman and Somorjai [4,5].

Let A be an infinite sequence of non-negative real numbers containing 0. Let

E :=spar{t*, A € A} C C[0,1].

Then R(E) is dense inC[0, 1]. The proof of this remarkable theorem is based on
the existence of functions that Newman calls “zoomers;;, (1) = (t/(x —e¢))*. If
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A — oo then the function%, . () approximateS-function atx on the left ofx and zoom

to the right ofx (left-half §-functions). In the case when— 0 Bak and Newman used
different constructions to prove the same result. In [4] Newman asked for the unified un-
derstanding of these distinct cases. We believe that our result answers this call. Indeed,
if A — oo, and Xy is any closed subspace [, 1], let x = supX,. Then the zoomers

Z. , are approximation to the “full'd-function on the se, and hence our principle
applies. IfA — 0 then the construction in [1] is nothing more than an approximation to

a é-function at 0. Hence, leXy C [0, 1]. If 0 € X then we havé-function at 0. If

0 ¢ XgthenE | Xgis dense irC(Xg) and hence contains approximation t&-aunction!

2. The density principle

Letxg € Xg C X and let, as beforek be a subspace @f(X).
Definition 1. We say thatt' contains a-approximation akg with respect taXj if, for
every open seW > xo, there exists an open sgtwith
xeVcw
such that for every > 0 there exists a functioi, € E with the properties:
(i) fe(x) = 0forallx € X,
(i) fe(x) <eforallx € Xo\ W,
(i) fo(x) >1/eforallx e V.
Theorem 1. Let E be a subspace af (X) such that for every closeff; C X there

existsxg € Xg for which E containss-approximation atcy with respect toX,. Then
R(E) is dense inC(X).

The proof of this theorem relies on the following duality principle proved in [2].
Theorem 2 (Duality principle). LetE ¢ C(X) and f € C(X). The following are
equivalent:

1. f ¢ R(E);
2. For every closed linear subspake> E such that codink < 2,
f & R(F);
3. There exist regular Borel measugesv L E not both 0 with
fu+v>=8lu|l forsomes > 0;
4. There exist measures v L E and$ > 0 such that
lf=Fl<s = fu+v=o
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Proof of theorem 1. We first show that ifA is a measure oX such thats L E (i.e.,
[fdr =0forall f € E)and ifxo € suppi such thatt contains as-approximation
at xo with respect to supp then

Xo € SUPPAT N suppr™.

Indeed, say € suppr™; xo ¢ suppr~. Then there exists an open &€t C X such
thatA|W > 0. LetV and f, be as in definition 1. Theh(V) > 0 and

O=/f€dk=/ fgd)»+/fgd)»</ fgdk+/fgdk
(supp)\W w (supp)\W 14

< %(V) —eAr(X).

By letting ¢ — 0 we obtain a contradiction.

Next we will appeal to the duality principle of theorem 2. Suppgse C(X) such
that f ¢ R(X). Letu, v L E ands > 0. We intend to show that there existse C(X)
such that] f — f|| < 8 and yet the measure

fu+v
is not positive, thus contradicting theorem 2, condition 4.

To this end, letvg € suppu U suppv be such thafE contains aj-approximation
to xo. Let U be an open set containing such that there exists a functigi with

8
If = fall <5 and f1|]U = f(xo).

If xo € SUPP(fi + v) we setf = fi. If xo ¢ supp fix + v), then there exists a
n~eighborhoodUl of xg such thatU; ¢ U and f(xo)u|U; = —v|U;. In that case, set
f = f1+68/2. In either case

X0 € Supp(f,u + v)
and thus
Xo € SUPAcu + v)
wherec = f(xg). Since(ci 4+ v) L E we have
Xo € Supfcu +v)* Nsuppicp +v)~. (2.1)

Observe thatc + v)|U = fu + v|U and together with (2.1) that implies thAf + v
is not a positive measure din and hence it is not a positive measure. This contradicts
condition 4 of theorem 2 and we conclude tifat R(E). O

Remark 1.We suspect that the assumptions of theorem 1 are very close to being nec-
essary. However, in the form presented here, the densif/(&f) does not imply the
assumptions of the theorem as the following example shows.
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Example 1. Let C[0, ] be the space of all continuous periodic functions, if€Q) =
f(m). Let E = spar{l, coskx, Sinkx};,1. It was shown in [3] thalR(E) is dense in
C[0, r]. We now intend to show that the spaEedoes not satisfy the assumptions of
theorem 2. LetXg = [0, =] and letxg € [0, w]. Observe that either siky or cosxg is
not zero. Assume that cag > 0. Then there exists a neighborho@t > xg such that
cosx > O for allx € W. Since(cosx) L E, then for anyf, from definition 2 we have

2 1
O=/ fg(x)COSxdx>—s+—/c05xdx—>oo.
0 & Jv

It is interesting to point out thdD, ] is the only intervalXy that does not satisfy defin-
ition 2, sinceE is dense on every proper subinterval[@f].

3. Density of Muntz rationals

As was mentioned in section 1, the $&tE), where

E = sparj1, tlf']jozl c C[0, 1]

is dense as long as the sequence of integersis infinite. Consider the same question
for the functions of two variables.
LetO< a1 <ap < 1. Let
D:={(x,y) €[0,1] x [0, 1]: a1x <y < azx},
E :=spafl x*y"]* c C(D). (3.1)

J

In this case having infinitely many lattice points;, 1;) is no longer sufficient for the
density of R(E). Indeed, choosér;, u;) = (j, j); j = 1,...,00. Then for every
f(x,y) € E; f(x,y) = f(y,x) and henceR(E) is not dense irC (D).

In this section we present a condition on the §@t;, 11,)} that guarantees the
density of R(E).

Theorem 3. Let the sef{(};, 1;)} C N x N be such that the set of the ratios
A
{—*’} (3.2)
M j
is dense iR,.. ThenR(E) is dense inC(D).

Proof. Let Xy be a closed subset &f and letxg € X = (a, b) such that

lxoll = Va2 + b2 > ||x|| forall x € X,.

We claim that the spacE contains a-approximation af with respect to the seXy.
By theorem 2, this claim would prove the theorem.
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It now remains to prove the claim. 4§ = (0, 0) then the functions
1
fe(x) = — € E provide thes-approximation akg w.r.t. Xo = (0, 0).
&

Without loss of generality, lety = (a, b) andb # 0. Leta = a?/b? and consider curves
i X242 =a?+b% and y: yx® = a%.

Both curves pass througla, ) and the tangent line througla, b) to both curves has
the same slopé—a/b). Sincey; is convex and, is a concave curve, we conclude that
the functiong(x, y), defined by

_
g(xvy) - aab’

has the following properties:
g, y) <1 if(x, ) € Xo C {(x, )1 x2+ y? < [Ix0l1?},
g(a,b) =1,
glx,y) > 1 if yx* > a%b.

Let W = {(x,y): (x —a)®>+ (y — b)? < r?}. Then there existg > 0 such that, for
everyp with |8 — «| < n, the functions

y x
oo = (55)(75)

g/g(x’y) > Oa
gp(x,y) <1 if(x,y) e Xo\ W,
ggtx,y) >1 if(x,y)eV

for some open sé&f C W containing(a, b).
Let Ng C N be such that

satisfy

L > ajeNy and p; — oo.

Hj

The functions

x \% y O\ » _
fi(x, y) = (a—n> (b—n) = (gp(x, )" with B =2;/u;

are elements of the spagkand provideS-approximation akg with respect taX,. O
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Remark 2.The condition (3.2) is attractive since it relates the density of the ratios of
exponents to the density of the ratios of functions. Unfortunately, it is not sufficient. It
was shown in [3] that for

E = spar{1,x®)y@; (k, j) e N x N}

R(E) is dense inC (D). However, the only limit points of the s¢®*/2/} are zero and
infinity. It would be interesting to find a condition which is both necessary and sufficient.
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