WEAK HYPERGRAPH REGULARITY AND LINEAR
HYPERGRAPHS

Y. KOHAYAKAWA, B. NAGLE, V. RODL, AND M. SCHACHT

ABSTRACT. In this note, we consider conditions which allow the embedding
of linear hypergraphs of fixed size. In particular, we prove that any k-uniform
hypergraph H of positive uniform density contains all linear k-uniform hyper-
graphs of a given size. The main ingredient in the proof of this result is a
counting lemma for linear hypergraphs, which establishes that the straight-
forward extension of graph e-regularity to hypergraphs suffices for counting
linear hypergraphs. We also consider some related problems.

1. INTRODUCTION AND RESULTS

A graph G = (V, E) is said to be (g, d)-quasirandom if any subset U C V of size
|U| > |V induces (d £+ Q)(‘gl) edges. Such graphs, first systematically studied by
Thomason [20, 21] and Chung, Graham, and Wilson [2], share several properties
with genuine random graphs of the same edge density. For example, it was shown
that if o = o(d,?) is sufficiently small, then any (p,d)-quasirandom graph G is
f-universal, meaning that G contains approximately the same number of copies of
any (-vertex graph F' as the random graph of the same density.

Theorem 1. For every graph F, every d > 0 and every v > 0, there exist o > 0 and
ng so that any (o, d)-quasirandom graph G onn > ng vertices contains (1£v)d°F n*F
labeled copies of F.

As usual, in the result above we write er for the number of edges in F' and we
write v for the number of vertices in F. In this note, we address the extent to
which Theorem 1 can be generalized to hypergraphs.

Definition 2. A k-uniform hypergraph H = (V, E) is (o, d)-quasirandom if for
any subset U C 'V of size |U| > o|V|, we have eg(U) = (d + Q)(‘%‘).

It is known that Theorem 1 does not generally extend to k-uniform hypergraphs,
for k > 3. Indeed, let Fy be the 3-uniform hypergraph consisting of two triples inter-
secting in two vertices, and consider the following two (o, d)-quasirandom n-vertex
hypergraphs H; and H,. Let H, = G®)(n,1/8) be the random 3-uniform hyper-
graph on n vertices whose triples appear independently with probability 1/8. Let
Hy = K3(G(n,1/2)) be the 3-uniform hypergraph whose triples correspond to tri-
angles of the random graph G(n,1/2) on n vertices, where the edges of G(n,1/2)
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appear independently with probability 1/2. It is easy to check that, w.h.p., both
H; and Hy are (p,1/8)-quasirandom for any ¢ > 0. However, w.h.p., H; con-
tains (1 £ o(1))n*/64 copies of Fy, while Ha contains (1 4 o(1))n*/32 such copies,
approximately twice as many.

The hypergraph Fp, while very elementary, has one property which causes the
extension of Theorem 1 to fail: it contains two vertices belonging to more than one
edge. We will show that removing this “obstacle” allows an extension of Theorem 1.

Definition 3. We say a k-uniform hypergraph F is linear if |eN f| < 1 for all
distinct edges e and f of F. We denote by £¥) the family of all k-uniform, linear
hypergraphs and set Egk) ={FeLW®: vp <1}

Theorem 4. For every integer k > 2, d > 0 and v > 0, and every F € LF) | there
exist 0 > 0 and ng so that any (o, d)-quasirandom k-uniform hypergraph H = (V| E)
on n > ng vertices contains (1 &+ ~)dF n*F labeled copies of F.

We will also consider some other related results that extend known graph results
to hypergraphs in a similar way to how Theorem 4 extends Theorem 1.

Definition 5. A k-uniform hypergraph H = (V, E) is (o, d)-dense if for any subset
U CV of size [U| > o|V], we have g (U) > d('V1).

For graphs, a simple induction on ¢ > 2 shows that every (g, d)-dense graph on
sufficiently many vertices contains a copy of Ky, as long as o < d*~2. However, the
analogous statement for k& > 3 fails. Indeed, let T;, be a tournament on n vertices
chosen uniformly at random, and let H = H(T,) be the 3-uniform hypergraph
whose triples correspond to directed triangles of T),. Then, w.h.p., H is (o, d)-dense
for any o > 0 and 0 < d < 1/4. (In fact, H is (p,1/4)-quasirandom.) However,
since every tournament on four vertices contains at most two directed triangles, H
is K f’)—free. (In fact, H does not even contain three triples on any four vertices.)
In this note, we prove that, on the other hand, a (o, d)-dense hypergraph H will
contain (many) copies of linear hypergraphs of fixed size.

Definition 6. For integers { > k and £ > 0, we say a k-uniform hypergraph
H = (V,E) is (¢, Egk))-universal if the number of copies of any F € Eék) is at
least &|V|°.

Theorem 7. For all integers £ > k > 2 and every d > 0, there exist p = (¢, k,d) >
0, £ = &l k,d) > 0, and ng = no(l,k,d) so that every (p,d)-dense k-uniform

hypergraph H = (V, E) on n > ng vertices is (f,ﬁék))—univev“sal.

We shall also prove an easy corollary of Theorem 7 (upcoming Corollary 8), which
roughly asserts the following. Suppose H = (V, F) is a ‘non-universal’ hypergraph
of density d. We prove that V' may be partitioned into nearly equal-sized classes
Vi,...,V; so that the number of edges of H crossing at least two such classes is
slightly larger than it would be expected if V' = V1U. ..UV, were a random partition.
More precisely, for t € N, let 7,(H) be the mazimal t-cut-density of H, defined by

Tt(H) :max{dH(Ul,...,Ut): U1UUUt =V and |U1‘ S S |Ut‘ S ‘U1| +1},

where

. EH)\ U, ()]
d Ul,...,Ut == n N
! T o, ()
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Corollary 8. For all integers £ > k > 2 and every d > 0, there exist t € N,
8 = 0k, d),E = £Wk,d) > 0 and ng = no(l,k,d) so that every k-uniform
hypergraph H = (V,E) on n > ngy vertices and ey > d(Z) edges satisfies the
following. If H is not (f,ﬁgk))—universal, then (H) > d + .

Corollary 8 is somewhat related to a result from [11] and its strengthening due
to Nikiforov [10].

2. TooLs

A key tool we use in this paper is the so-called weak hypergraph reqularity lemma.
This result is a straightforward extension of Szemerédi’s regularity lemma [18] for
graphs. Let H = (V, E) be a k-uniform hypergraph and let Wy, ..., Wj be mutually
disjoint non-empty subsets of V. We denote by dg(Wi,..., W) = d(W1,..., W)
the density of the k-partite induced subhypergraph H[W7,..., W] of H, defined
by

GH(VVl7 ey Wk)
dg(Wh,..., W) Wil Wl
We say the k-tuple (Vi,..., Vi) of mutually disjoint subsets Vi,...,V, C V is
(e, d)-regular, for positive constants ¢ and d, if

|dH(W1,,Wk)*d| S(:‘

for all k-tuples of subsets Wy C Vi,..., Wy C Vi satisfying |Wq| - ... |[Wg| >
e|Vi|- ... |Vk|. Note, in particular, that if (Vi,...,Vy) is (¢, d)-regular, then
Wi, Wil = dIWi] . Wil | < e[Val - Vil 1)

holds for any W1 C Vi,..., W), C Vi. We say the k-tuple (V4,..., V) is e-reqular
if it is (g, d)-regular for some d > 0. The weak regularity lemma then states the
following.

Theorem 9. For all integers k > 2 and ty > 1, and every € > 0, there exist Ty =
To(k, to,€) and ng = ng(k, tg,€) so that for every k-uniform hypergraph H = (V, E)
onn > ng vertices, there exists a partition V.= VoUV1U. ..UV, so that the following
hold:

(i) to <t <Ty,

(i) |Vo| <en and V4] = -+ = |V4], and
(ii) for all but at most () sets {i1,...,ix} C [t], the k-tuple (V;,,...,V;,) is
e-reqular.

The proof of Theorem 9 follows the lines of the original proof of Szemerédi [18]
(for details see e.g. [1, 3, 17]).

A key feature of Szemerédi’s regularity lemma is the so-called counting lemma.
This lemma provides good estimates on the number of subgraphs of a fixed iso-
morphism type in an appropriate collection of e-regular pairs. To be precise, let
F be a graph (hypergraph) on the vertex set [¢] and let G be an ¢-partite graph
(hypergraph) with vertex partition V(G) = VjU...UV,. A copy Fy of F in G,
on the vertices v; € Vi,...,vp € V,, is said to be partite-isomorphic to F if
i +— v; defines a homomorphism. The counting lemma for graphs asserts that
it (V;,V;) is (e, d;j)-regular, where dfj > ¢ > 0 whenever {i,j} € E(F), then the
number of labeled partite-isomorphic copies Fy of F' in G is within the interval
(L £ ) T yenr) dij Hiciq [Vil, where v — 0 as e — 0. It is known that this
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fact does not extend to k-uniform hypergraphs (k > 3), and that stronger regu-
larity lemmas are needed in that case (see, e.g., [5, 9, 12, 13, 19]). However, weak
regularity is sufficient for estimating the number of linear subhypergraphs in an
appropriately e-regular environment.

Lemma 10 (Counting lemma for linear hypergraphs). For all integers £ > k > 2
and every vy,dy > 0, there exist € = e({,k,v,dy) > 0 and mg = mo(¢, k,v,dgy) so
that the following holds.

Let S = ([{],F) € Egk) and let H = (V1U...UV,, E) be an (-partite, k-uniform
hypergraph where |Vi|,...,|Ve| > mg. Suppose, moreover, that for all edges f € F,
the k-tuple (V;)icy is (€,ds)-reqular, where dy > dy. Then the number of partite-
isomorphic copies of S in H is within the interval

(=9 ] df [T Vil

fer €[]

Proof. Let integers ¢ > k > 2 and ~,dy > 0 be fixed. We shall prove, by induction
on |F|, the number of edges of S, that ¢ = v(dy/2)!*'! will suffice to count copies of

S (with ‘precision’ 7), provided mg is large enough. (In this way, ¢ = 7(d0/2)(§)
works for all § € L’ék).) If |F| =0 or |F| =1, the result is trivial. It is also easy to

see that the result holds whenever S consists of pairwise disjoint edges, since then
the number of partite-isomorphic copies of S in H is within

[T+ [T Vil = £ (e/do)"V ] dy TT Vil = @) I df T Vil

fer i€[() feF i€l feEF i€l

Now, generally, take mg large enough so that we can apply the induction assump-
tion on |F| — 1 edges with precision 7/2 and dy (and note that & = (do/2)/F! <
(7/2)(do/2)/F1=1). All copies of various subhypergraphs disussed below are tacitly
assumed to be partite-isomorphic.

Let S = ([¢,F) € ,Cyf) have |F| > 2 edges and let H = (V, E) be a k-uniform
hypergraph satisfying the assumptions of Lemma 10. Fix an edge e € F' and set
S_ = ([¢], F \ {e}) to be the hypergraph obtained from S by removing the edge e.
Moreover, for a copy T_ of S_ in H, we denote by ey the unique k-tuple of vertices
which together with T_ forms a copy of S in H. Furthermore, let 15: (‘2) —{0,1}
be the indicator function of the edge set E of H. In this notation, a copy T— of S_
in H extends to a copy of S if, and only if, 1g(er_) = 1. Consequently, summing
over all copies T_ of S_ in H, we can count the number #{S C H} of copies of S
in H by

#SCHY= > lpler )= Y (de+1p(er)—de)

T_CH T_CH
=de x #{S- CH}+ > (lgler ) —d)
T_CH
deHWH > (pler) —de), (2)
fEF i€l T_CH

where we used the induction assumption for S_ for the last estimate.

It is left to bound the error term ), -, 1g(er ) — de in (2). For that, we will
appeal to the regularity of (V;)sc.. Let S, = S[[¢]\ €] be the induced subhypergraph
of S obtained by removing the vertices of e and all edges of S intersecting e. For



WEAK REGULARITY AND LINEAR HYPERGRAPHS 5

a copy T of Sy in H, let ext(T%) be the set of k-tuples K € [],.. Vi such that
V(T.)UK spans a copy of T_ in H. Since S is a linear hypergraph, we have
|f Nel <1 for every edge f of S_. Hence, for every i € e, there exists a subset
Wl-T* C V; such that

ext (T, H WT

i€e

Indeed, for every i € e, the set WZT* consists of those vertices v € V; with the
property that V(7,)U{v} spans a copy of S induced on V(S,)U{i} in H. With this
notation, we can bound the error term in (2) as follows:

Z lp(er ) —de Z 1p(K) —d.

T_CH T.CH ’ Keext(T,)

‘Z 1(K) — d.: KEHWT*}‘S > eIl

i€e T.CH ice

<

T.CH

where the e-regularity was used for the last estimate. Indeed, for a fixed copy
T, C H, we have

‘Z 1p(K) — d.: KEHWT*’ ‘]HHHWT* —d. [T,

ice i€e i€e

so that we may appeal to (1). Now, because of the choice of ¢ we have

> tsler)—d<e > [[Wl<e[] il <3 [Tds [Tl

T_CH T.CH ice ie[l] feF i€l

and Lemma 10 follows from (2). O

3. QUASIRANDOM HYPERGRAPHS

In this section, we prove Theorem 4 according to the following outline. We
first observe that a (g, d)-quasirandom (k-uniform) hypergraph H is (e, d)-regular
w.r.t. any disjoint family Uy, ..., Uy C V(H) of large and equal-sized sets. As such,
any partition UyU. .. UU, within V(H) of £ > k large equal-sized sets will satisfy
the hypothesis of the counting lemma (Lemma 10), and will therefore contain the
“right” number of copies of any hypergraph F' € Eﬁk). Applying this argument to
a partition chosen at random then yields the “right” number of copies of F' in H.

Proof of Theorem /. Let k> 2, d,v > 0 and F € L*) on the vertex set {1,...,/}

be given. We set

62

(2R 3)

and let n > mo(¢, k,v/2,d)/ o be sufficiently large, where the constants e(¢, k, /2, d)
and mo(¢, k,v/2,d) are given by Lemma 10. Let H be a (p,d)-quasirandom k-
uniform hypergraph on n vertices.

Following the outline (above), let U; C V, 1 <14 < k, be mutually disjoint sets
of size |U;| = m > on/e. We claim that (Uy,...,Uy) is (g,d)-regular w.r.t. H.
Indeed, let V; C U;, 1 < i < k, be given so that |[Vi]-...-|Vk| > em”. (Note,

e=¢e(l,k,v/2,d) and p=
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in particular, that this implies |V;| > em > on for all 1 < ¢ < k.) To show that

|H[V1,...,Vk]| = (d £ €)|V4] - ... |Vik|, we observe, from inclusion-exclusion, that
HW, Gl = S -0t e] v
IC[K] JERIN

The (o, d)-quasi-randomness of H (together with |V;| > gn for all 1 <4 < k) implies

|H[Vi,...,Vi]| = Z (—)(d + Q)(| Uje{]]jva)

IC[]
=d Z (_1)|1| (‘ Uje[k]\l VJ‘) +o Z (‘ Uje[k]\[ VJ‘)
IC[k] K IC[K] F
IC[K) F
=d|Vi| ... |Vi| £ 0(2k)*m*
= (d+ o(2K)F/e)Vi] - ... - Vil
=(dEe)Vi| ... |Vil,

where the first term in the line above was obtained by inclusion-exclusion.

To finish the proof of Theorem 4, consider an /-tuple of mutually disjoint sets
U,...,Up with |Uy| = --- = |Ug] = m, where m is a fixed integer satisfying
n/€>m > on/e. Then every k-tuple I € ([ﬁ]) satisfies that (U;);er is (e, d)-regular
(as shown above), and so by the choice of ¢ in (3), we can apply the counting lemma
for linear hypergraphs (Lemma 10) to U3U...UU,. Consequently, H|[Uq,..., U]
contains (1 4 v/2)d*Fm* partite-isomorphic copies of F (recall V(F) = [¢]). Now,
on the one hand, we note that there are (:1) (":nm) .. ("_(anl)m) choices for the
partition U;U...UU,. On the other hand, for each ¢-tuple of vertices (ug,. .., us)
in V(H), there are (:l:zl) ("7”;:_(?1)) (”7(4177917"71) such partitions U1U. .. UU,

for which (u1,...,up) € Uy x -+ x Up. Consequently, the number of labeled copies
of F in H is given by

nemy L n—(t—1)m
(1 + '7/2)deFme (n,e )(E:Ll)(mm(f)l)) ( . (nm(fl))m1>

m—1 m—1 m—1
!
= (1%9/2d" - pi = (L&),
where for the last step we use that n is sufficiently large. ]

4. UNIVERSAL HYPERGRAPHS

In this section, we prove Theorem 7. The proof relies on the weak hypergraph
regularity lemma, which allows us to locate a sufficiently dense and e-regular /-
partite subhypergraph in any (g, d)-dense hypergraph. The (E,Eék))-universality
then follows from Lemma 10.

Proof of Theorem 7. Let integers £ > k > 2 and d > 0 be given. To define the
promised constants ¢ and £, we first consider a few auxiliary constants. Set dy =
d/(4k!) and ¢ = [1/dy] and let s = ri(g,¢) be the (k-uniform) Ramsey number



WEAK REGULARITY AND LINEAR HYPERGRAPHS 7

for ¢ and /, i.e., s is the smallest integer s.t. any 2-coloring of E(Ks(k)) yields a
copy of Kék) in the first color, or a copy of Kék) in the second color. Set ¢ =
min {1/(2(2)), e(l, k,1/2, do)}, where €(¢,k,1/2,dy) is given by Lemma 10 applied
with 4, k, v = 1/2, and dy. Moreover, let Ty = Ty(k, s,&) be given by Theorem 9
applied with k, tg = s, and €. We now define the promised constants as

_ 41
To

L

and &= ik

1%

and let ng be sufficiently large.

Let H = (V,E) be a (g, d)-dense k-uniform hypergraph. The weak hypergraph
regularity lemma yields a partition VoUV U...UV;, s <t < Ty (s and Tp defined
above) which satisfies properties (ii) and (4ii) of Theorem 9 (with e defined above).
We consider the following auxiliary, so-called reduced hypergraph, R = ([t], Er),
where e € ([]i]) is an edge in Eg if, and only if, (V;);c. is an e-regular k-tuple.
Hence,

Brl = (1-9)(,) > - 1/()(}) 2 exte. 59

where ex(t, Ks(k)) is the Turdn number for ng), i.e., the largest number of k-tuples
among all K gk)—free k-uniform hypergraphs on ¢ vertices (the inequality we used

above is well-known). Consequently, R contains a copy of K S(k), and we denote this
copy by Rs C R. Now, we 2-color the edges of R, according to the density of the
corresponding k-tuple. More precisely, we color the edge e = {i1,..., i} “sparse”
if d(V; Vi) < do, and we color it “dense” otherwise. We now argue that R

does not contain a “sparse” copy of thk).

172

Indeed, suppose R, does contain a “sparse” clique K(gk). Let i1,...,74 be the
vertices of this clique, and set U = szlV;j. Since i1, ...,%, spanned a “sparse”
clique in Ry, the number of edges ey (U) can be bounded from above by

en(U) < dg @ (%) +4 @t) (,fi@)
<(aeg)e(7) = Aol < o) @

where we used the choice of dy and ¢ and the fact that n is sufficiently large.
Clearly, (4) violates the (o,d)-denseness of H, and so R, contains no “sparse”
clique K, és).

By the choice of s = r(q, £), Rs must contain a “dense” clique K(ES). Let iy, ...,
be the vertex set of that clique. From the preparation above, H[V;,, ..., V; ] satisfies
the hypothesis of the counting lemma for linear hypergraphs (Lemma 10), and
therefore, H 2 H[V,,,...,V; ] contains at least

4
dS(S) ny* d(()2) ¢ 0
0 () > -
2 (t) = opg =

copies of any S € £ék), making H (€, Lék))-universal. |
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5. NON-UNIVERSAL HYPERGRAPHS

In this section, we deduce Corollary 8 from Theorem 7, according to the following
outline. Since the given hypergraph H is not universal (for linear hypergraphs),
Theorem 7 implies that there must be a subset U C V, of linear size, containing only
“few” edges. We apply this observation repeatedly, obtaining a partition V1U...UV;
of nearly the entire vertex set, where H[V;] is “sparse” for every i € [t]. This,
however, implies that the number of edges of H intersecting at least two classes from
the partition must be slightly larger than expected. Finally, this “extra” density
will “survive” when we distribute the remaining vertices of H into Vi,...,V;.

Proof of Corollary 8. Let integers ¢ > k > 2 and d > 0 be fixed. To define the
promised constants ¢, § and £, we first consider a few auxiliary constants. Set ¢ =
d/4. Theorem 7 yields constants o' = ¢'(¢, k,c), & = &' (L, k, c), and ny = n{(¢, k, c).
Set

gzmin{(g’)z,%} . (5)

We now define the promised constants as

N e =
and let ng > max{ng/\/s,t/s,2kt} be sufficiently large.

Note that it suffices to prove Corollary 8 for hypergraphs H for which n is
a multiple of ¢. Indeed, otherwise we could first remove constantly many (z =
n (mod t)) vertices from H. For the resulting hypergraph H', we would obtain
7(H') > d+ [ —o(1), and so distributing the removed x vertices appropriately into
the corresponding cut of H' implies 7¢(H) > d + 3 — o(1), where o(1) tends to 0 as
n — oo.

So, let H = (V, E) be a k-uniform hypergraph on n = mt > ng vertices (for

some m € N) with at least d(}) edges which is not (&, E&k))-universal. Because of
the choice of £, we infer from Theorem 7 that no subset W C V with |[W| > \/sn
is (1/<, ¢)-dense. In other words, every such W contains a subset W/ C W, |W’| >
VSIW| > ¢n such that ey (W') < C(WZ/‘). In fact, a simple averaging argument
shows that there must be such a set W’ with |[W’'| = |¢n]. Repeatedly selecting
disjoint such W' yields a vertex partition V = VoUV;U...UV; such that for all
i€ [t],

n

Vil = lon) and en(Vi) < C<k

) , and Vo] < (Vs +9)n.

Indeed such a partition exists, since (t — 1)|sn] < (1 —/5)n (owing to the choice
of t) and t|sn] > tsn —¢ > (1 — \/S)n — ¢n (owing to the choices of ¢ and ny).

We now redistribute the vertices of Vj among the classes V7, ..., V; and obtain
a partition U3U...UU; = V such that, for each i € [t], |U;] = m = n/t and

en(Uy) < C(glj) + “;d(kTJ < c(?j) + (\E+<)m(k7fl> .

Because of (5), we have (/S + <)k < ¢/2, and so

en(U;) < (c+ (\E+<)km_n]z+1) (’Z) < 20(7:),
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where we also used that m = n/t > 2k. Consequently, the number of edges which
are not completely contained in any one of the sets U; is at least d (Z) — QCt(Z’),

and so

[EH)\ Uiy (9] de) —2¢t(3)

T(H) > T > — >d+ 8, (6)
(k) = (%) (k) = (%)

where we used the choice of ¢ = d/4 and 3 = d/(4t*~1) and the fact that n is

sufficiently large for the last inequality. [l

6. CONCLUDING REMARKS

Subgraphs of locally dense graphs. The following question seems interesting
already for graphs. Recall from Theorem 1 that a (g, d)-quasirandom n-vertex graph
H contains (1 £ o(1))d®FnF labeled copies of any fixed graph F. It is conceivable
that replacing (g, d)-quasirandomness by (g, d)-denseness would not decrease this
number. We believe the following question has an affirmative answer.

Question 1. Is it true that for any v,d > 0 and any graph F', there exist o > 0
and ng so that any (p,d)-dense graph H on n > ng vertices contains at least
(1 — y)deFn®F labeled copies of F'?

One may check that the answer to Question 1 is positive when F' is a clique or
more generally, a complete (-partite graph for some fixed ¢. Sidorenko [15, 16] made
a related conjecture stating that any graph G with at least d (g) edges contains at
least (1 — o(1))dé*n"F labeled copies of any given bipartite graph F. Sidorenko’s
conjecture is known to be true for even cycles, complete bipartite graphs and was
recently proved for a certain family of graphs including Boolean cubes [7]. Since
our assumption in Question 1 is stronger than that made in Sidorenko’s conjecture,
the positive answer to Sidorenko’s conjecture would also validate Question 1 for
all bipartite graphs. To our knowledge, the smallest non-bipartite graph for which
Question 1 is open is the 5-cycle.

Regularity and partial Steiner systems. In this note, we established that
a fairly weak concept of regularity provides a counting lemma for linear hyper-
graphs. In order to extend this result to partial Steiner (r,k)-systems (k-uniform
hypergraphs in which every r-set is covered at most once), a stronger concept of
regularity will be needed. For example, when r» = 3 < k, one will need a concept

of regularity for k-uniform hypergraphs H which relates the edges of H to certain
(2)

[V (H)]
for k = 3 were considered in [4, 6]. For arbitrary r < k, one will need that H is

subgraphs of K (rather than to subsets of V(H)). Such concepts of regularity

regular w.r.t. certain subhypergraphs G(") of K |(‘T/)( ) where G(") has to be regular

w.r.t. certain subhypergraphs G =1 of K |(‘ZZ;I))|, and so on. This stronger concept

of regularity is related to the hypergraph regularity lemmas from [5, 14, 19].

Remark on Theorem 4. Note that the parameter p in the concept of (p,d)-
quasirandomness plays two roles. On the one hand, it “governs the locality”, i.e.,
the size of the subsets to which the condition of uniform edge distribution applies.
On the other hand, it “governs the precision” of that condition. The following
result shows that, in fact, one can (formally) relax the condition on the locality, if
the precision remains high enough.
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Theorem 11. For all integers £ > k > 2, v,d > 0, 1/k > € > 0 and every
F € L) there exist 6 > 0 and ng so that any k-uniform hypergraph H = (V, E)
on n > ng vertices with the property that eg(U) = (d + 5)('%‘) for every U CV
with |U| > €|V contains (1 £+ ~)d°Fn’F labeled copies of F.

Theorem 11 can be proved in a similar way to Theorem 4, and so we omit the
details. The main idea, however, is to show first that a hypergraph satisfying the
assumptions of Theorem 11 is, in fact, (g, d)-quasirandom for some ¢ = p(d) with
0(0) > 0as d — 0.

Non-universality and large cuts. For graphs, Corollary 8 has the consequence
that if one selects, uniformly at random, a set I € (f%) (say, w.l.o.g., that ¢ is
even), then the set U = J,;; Vi induces a cut larger than (d + (8)(n/2)? = (d +
B —0(1))(1/2)(3), for some small 8 > 0 independent of n (see [3, 10] for related
results). For k > 3, Corollary 8 does not seem to yield immediately a similar result,

and the following question remains open.

Question 2. Is it true that for all integers £ > k > 3 and d,£ > 0, there exist 5 > 0
and ng so that if H = (V, E) is a k-uniform hypergraph on n > ng vertices and

d(}) edges which is not (§,£§k))—unive1rsal7 then there exists a set U C V of size

|n/2] such that

‘{eeE: 1g|emU|gk—1}]2(d+ﬂ) <1—2,€11) (Z)?
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