THE COUNTING LEMMA FOR REGULAR k-UNIFORM HYPERGRAPHS
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ABSTRACT. Szemerédi’s Regularity Lemma proved to be a powerful tool in the area of extremal graph
theory. Many of its applications are based on its accompanying Counting Lemma: If G is an £-partite graph
with V(G) = Vi1 U--- UV and |V;| = n for all i € [{], and all pairs (V;,V}) are e-regular of density d for

¢
1<i<j<{ande<d, then G contains (1 + fg(a))d(Q) x nt cliques Ky, where f;(¢) — 0 as e — 0.
Recently, V. R6dl and J. Skokan generalized Szemerédi’s Regularity Lemma from graphs to k-uniform
hypergraphs for arbitrary k > 2. In this paper we prove a Counting Lemma accompanying the R6dl-Skokan
hypergraph Regularity Lemma. Similar results were independently obtained by W. T. Gowers.
It is known that such results give combinatorial proofs to the density result of E. Szemerédi and some of
the density theorems of H. Furstenberg and Y. Katznelson.

1. INTRODUCTION

Extremal problems are among the most central and extensively studied in combinatorics. Many of these
problems concern thresholds for properties concerning deterministic structures and have proven to be difficult
as well as interesting. An important recent trend in combinatorics has been to consider the analogous
problems for random structures. Tools are then sometimes afforded for determining with what probability
a random structure possesses certain properties.

The study of quasi-random structures, pioneered by the work of Szemerédi [51], merges features of deter-
ministic and random settings. Roughly speaking, a quasi-random structure is one which, while deterministic,
mimics the behavior of random structures from certain important points of view. The (quasi-random) com-
binatorial structures we consider in this paper are hypergraphs. We begin our discussion with graphs.

1.1. Szemerédi’s regularity lemma for graphs. In the course of proving his celebrated density theorem
(see Theorem 4) concerning arithmetic progressions, Szemerédi established a lemma which decomposes the
edge set of any graph into constantly many “blocks”, almost all of which are quasi-random (cf. [25, 26, 52]).
In what follows, we give a precise account of Szemerédi’s lemma.

For a graph G = (V, E) and two disjoint sets A, B C V, let E(A, B) denote the set of edges {a,b} € E
with a € A and b € B and set e¢(A, B) = |E(A, B)|. We also set d(A, B) = d(Gag) = e(A, B)/|A||B] be the
density of the bipartite graph Gap = (AU B, E(A, B)).

The concept central to Szemerédi’s lemma is that of an e-regular pair. Let € > 0 be given. We say that the
pair (4, B) is e-regular if |d(A, B) — d(A4’, B')| < € holds whenever A’ C A, B’ C B, and |A’||B’| > ¢|A||B|.

We call a partition V =V, U Vi U---UV; an equitable partition if it satisfies |V1| = |[Vo| = -+ = |V4| and
[Vo| < t; we call an equitable partition e-regular if all but s(;) pairs V;, V; are e-regular. Szemerédi’s lemma
may then be stated as follows.

Theorem 1 (Szemerédi’s Regularity Lemma). Let € > 0 be given and let ty be a positive integer. There
exist positive integers Ty = To(g,t0) and ng = no(e, tg) such that any graph G = (V, E) with |V| =n > ng
vertices admits an e-reqular equitable partition V.= Vo U Vi U--- UV, with t satisfying to <t < Ty.

Szemerédi’s Regularity Lemma is a powerful tool in the area of extremal graph theory. One of its most
important features is that, in appropriate circumstances, it can be used to show a given graph contains a
fixed subgraph. Suppose that a (large) graph is given along with an e-regular partition V = VoUV;U...UV;
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and let H be a fixed graph. If an appropriate collection of pairs Iy C ([é]) have each (V;,V;), {i,j} € In,
e-regular and sufficiently dense (with respect to €), one is guaranteed a copy of H within this collection of
bipartite graphs E(V;,V;), {i,j} € Iy. This observation is due to the following well-known fact, which may
be appropriately called the Counting Lemma. We denote by G[V;, V;] the bipartite graph of G induced on
Vi and V}, and we say that G[V;,V}] is e-regular if (V;,V}) is e-regular.

Fact 2 (Counting Lemma). For every integer ¢ and positive reals d and -y there exists € > 0 so that the
following holds. Let G = J, <, ;<, G" be an (-partite graph with £-partition V1U- - -UV, where GY = G[V;, Vj],
1<i<j<{t and|Vi| =...=|Vy| =n. Suppose further that all graphs G are e-regular with density d.
Then the number of copies of the £-clique Ky in G is within the interval (1 + ’y)d(g)ne.

1.2. Extensions of Szemerédi’s lemma to hypergraphs. Several hypergraph regularity lemmas were
considered by various authors [3, 4, 8, 10, 32]. None of these regularity lemmas seemed to admit a companion
counting result (i.e., a corresponding generalization of Fact 2). The first attempt of developing a hypergraph
regularity lemma together with a corresponding Counting Lemma was undertaken in [9]. In that paper,
Frankl and Rddl established an extension of Szemerédi’s Regularity Lemma to 3-graphs, hereafter called the
FR-Lemma.

Analogously to the feature that Szemerédi’s Regularity Lemma decomposes a given graph into an e-
regular partition, the FR-Lemma decomposes the edge set of a given 3-graph into constantly many “blocks”,
almost all of which are, in a specific sense, “quasi-random”. The concept of 3-graph regularity which plays the
analogous role of the e-regular pair is, unfortunately, considerably more technical than its graph counterpart.
It is not necessary at this time to know this precise definition in order to understand the current introduction.
We therefore postpone precise discussion until later (see Section 2.2).

Just as Fact 2, the Counting Lemma, is an important companion statement to Szemerédi’s Regularity
Lemma, most applications of the FR-Lemma require a similar companion lemma - the “3-graph Counting
Lemma”. Analogously to Fact 2, the 3-graph Counting Lemma estimates the number of copies of the
clique K, z@ (i.e., the complete 3-graph on ¢ vertices) contained in an appropriate collection of “dense and
regular blocks” within a regular partition provided by the FR-Lemma. This 3-graph Counting Lemma was
established in [9] for the special case K f’) and subsequently established by Nagle and Rodl in [28] (see [30, 31]
for alternative proofs of the 3-graph Counting Lemma as well as [5, 20] for an algorithmic version of both
the FR-Lemma and the 3-graph Counting Lemma).

Recently, Rodl and Skokan [10] established a generalization of the FR-Lemma to k-graphs for k& > 3
(see Section 3.2). We will refer to this lemma as the RS-Lemma. In [11], they also succeeded to prove a

companion Counting Lemma in the special case of K 5(4). In this paper,
we prove the general k-graph Counting Lemma corresponding to the RS-Lemma.

Our Counting Lemma, the main theorem of this paper, requires some notation. Therefore, we defer its
precise statement to Section 2.3 (see Theorem 12).

We mention that a different Regularity Lemma as well as a corresponding Counting Lemma for k-graphs
was recently proved by Gowers [15, 16]. However, the approach in [15, 16] is different from the one taken
in [40] and this paper.

Finally, as we briefly discuss in Section 9, combining the methods of this paper together with those used
in [40] allows one to prove a Regularity Lemma for hypergraphs which is simpler to formulate and easier to
use. This research is further developed in [30].

1.3. Applications of the regularity method. Szemerédi’s Regularity Lemma, together with its corre-
sponding Counting Lemma, Fact 2, has numerous applications (see [25, 26] for comprehensive surveys).
The FR-Lemma and the companion 3-graph Counting Lemma [28] were exploited in a variety of extremal
hypergraph problems (cf. [9, 21, 22, 23, 27, 34, 35, 45, 50]).

The methods developed in this paper together with the RS-Lemma for general k-uniform hypergraphs were
already applied to several combinatorial problems [29, 37, 39, 47, 48]. In particular, the following theorem,
which was conjectured by Erdés, Frankl, and Radl [7], is an immediate consequence of the regularity method
for hypergraphs.



Theorem 3 (Removal Lemma). For every k > 2 and &€ > 0 there exist § > 0 such that the following holds.

Suppose that a k-uniform hypergraph H*) on n vertices contains at most Sn**' copies of K,(C]i)l, the complete

k-uniform hypergraph on k + 1 vertices. Then one can delete en®* edges of H®) to make it K,(Ci)l -free.

Ruzsa and Szemerédi [14] proved this result for graphs (k = 2) and Frankl and R6dl [9] proved Theorem 3
for k = 3. We give a proof of Theorem 3 for general k in Section 8 following the ideas of [9]. Theorem 3
also holds if K ,(Ji)l is replaced by an arbitrary k-uniform hypergraph F*) and §n*+! replaced by én!V(F")I,
which was proved in [7] for £ = 2 and in [39] for general k. Theorem 3 implies several density versions of

combinatorial partition theorems which we briefly discuss below.

Density theorems. In 1975 Szemerédi [51] solved a longstanding conjecture of Erdds and Turdn [0]
concerning the upper density of subsets of the integers which contain no arithmetic progression of fixed
length.

Theorem 4 (Szemerédi’s theorem). For every ¢ > 3 and § > 0 there exist ng = no({,9) such that if
AC [n]=A{1,...,n} withn > ng and |A| > dn, then A contains an arithmetic progression of length £.

Theorem 4 stimulated a lot of research in quite diverse areas of mathematics. Furstenberg [11] gave an
alternative proof of Theorem 4 using methods of ergodic theory (see also [53] for a “finitized” version of
Furstenberg’s original argument due to Tao). Gowers also proved Szemerédi’s theorem using, among others,
methods of Fourier analysis [17]. In particular, the proof of Gowers gives the best known bounds on ng as a
function of § and ¢. He showed that

ng < exp(exp(679%)) where C;= 22" (1)

Theorem 3 also implies Szemerédi’s theorem. This connection was first observed by Ruzsa and Sze-
merédi [14]. They showed that Theorem 3 for k& = 2 implies Theorem 4 for ¢ = 3, which was originally
obtained by Roth [12, 43]. Later it was shown by Frankl and R&dl [9, 33] that the Removal Lemma for
general k yields an alternative proof of Szemerédi’s theorem. Subsequently, Solymosi [19, 50] proved that
the Removal Lemma also yields alternative proofs of the following multidimenional version of Szemerédi’s
theorem, originally due to by Furstenberg and Katznelson [12].

Theorem 5. For all £ >2,d>1, and § > 0 there exist ng = ng(¢,d,d) such that if A C [n]¢ = {1,...,n}?
with n > ng and |A| > on?, then A contains a homothetic copy of [(], i.e., a set of the form z + j[{]¢ for
some z € [n]¢ and j > 0.

The following theorem is also a corollary of Theorem 3, as shown in [38].

Theorem 6. Let R be a finite ring with q elements. Then for every 6 > 0, there exists ng = no(q,d) such
that, for n > ng, any subset A C R™ with |A| > 6|R"™| = dq™ contains a coset of an isomorphic copy (as
a left R-module) of R. In other words, there exist r, u € R"™ such that r + p(R) C A, where ¢: R — R™,
o(a) = au for a € R, is an injection.

We mention that Theorem 6 is similar to related work of Furstenberg and Katznelson [13] implying that
dense subsets of high dimensional vector spaces over finite fields contain affine subspaces of fixed dimension.
It is worth mentioning that so far the only known proofs of the theorems of Furstenberg and Katznelson [12,

] discussed above involve ergodic theory. The purely combinatorial proofs based on the RS-Lemma and
the main result of this paper (or similarly, proofs based on the recent results of Gowers [15]) give the first
quantitative proofs of those theorems. The bounds on ng, however, are incomparably weaker to the one
in (1). They belong to a level of the Ackermann hierarchy that depends on the input parameters.

The techniques introduced by Furstenberg and Katznelson [11, 12, 13], however, have been further ex-
tended to prove other generalizations of Theorems 4—6, among which are a density version of the Hales—Jewett
theorem [18], again due to Furstenberg and Katznelson [14], and polynomial extensions of Szemerédi’s the-
orem, due to Bergelson and Leibman [1] and Bergelson and McCutcheon [2]. At the time of this writing, it
is not known whether Theorem 3 can be used to prove such stronger results.
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work. We also thank Jozef Skokan, Norihide Tokushige and an anonymous referee for their constructive
remarks.



2. STATEMENT OF THE MAIN RESULT

2.1. Basic notation. For reals z and y and a non-negative constant £ we sometimes write x = y + &, if
y—& <ax<y+¢ We denote by [¢] the set {1,...,¢}. For a set V and an integer k > 1, let ( ) be the set of
all k-element subsets of V. A subset G(*) C (Z) is a k-uniform hypergraph on the vertex set V. We identify
hypergraphs with their edge sets. For a given k-uniform hypergraph G(*), we denote by V' (g (k')) and (g (k))
its vertex and edge set, respectively. For U C V (g<k>), we denote by G*¥)[U] the subhypergraph of G*)
induced on U (i.e. G®[U] = G* n (g)) A k-uniform clique of order j, denoted by K;k), is a k-uniform
hypergraph on j > k vertices consisting of all (i) many k-tuples (i.e., K J(-k) is isomorphic to ([i]))

The central objects of this paper are {-partite hypergraphs. Throughout this paper, the underlying vertex
partition V.=V, U---UV,, |[Vi| =--- = |V;| = n, is fixed. The vertex set itself can be seen as a 1-uniform
hypergraph and, hence, we will frequently refer to the underlying fixed vertex set as G(Y). For integers
£ >k > 1 and vertex partition V3 U---UV,, we denote by Kék) (V1,...,Vp) the complete {-partite, k-uniform
hypergraph (i.e. the family of all k-element subsets K C J;¢(, Vi satisfying [V; N K| < 1 for every i € [{]).
Then, an (n, ¢, k)-cylinder G is any subset of Kék) (V1,...,Vg). Observe, that |V (g<k>)| = ¢ x n for an
(n, £, k)-cylinder G*). Observe that the vertex partition Vi U--- UV} is an (n,£,1)-cylinder G, (This
observation may seem artificial right now, but it will simplify later notation.) For k < j < ¢ and set
Aj e ([j:]), we denote by GF[A;] = G¥) [UAeAj Vy] the subhypergraph of the (n, ¢, k)-cylinder G®) induced
on [J,¢ A Va

For an (n,, j)-cylinder G) and an integer j < i < ¢, we denote by K, (g(j)) the family of all i-element
subsets of V (g(ﬂ) which span complete subhypergraphs in GU) of order i. Note that |ICi (Q(j)) ’ is the
number of all copies of Ki(j) in g,

Given an (n,£,j — 1)-cylinder GU=1 and an (n, £, j)-cylinder GU) on the same vertex partition, we say
an edge J of GY) belongs to GU—V if J € /cj(gﬁ'*l)), i.e., J corresponds to a clique of order j in GU—Y,
Moreover, GU=1 underlies GU9) if ) C K; (g@'—l)), i.e., every edge of GU) belongs to GU—1). This brings
us to one of the main concepts of this paper, the notion of a complex.

Definition 7 ((n,{,k)-complex). Let n > 1 and £ > k > 1 be integers. An (n,{,k)-complex G is a
collection of (n, ¥, j)-cylinders {g@)};?:l such that

(a) G is an (n,£,1)-cylinder, i.e., GV =V, U--- UV, with |V;| = n fori € [/,
(b) GU=Y underlies GY) for 2 < j < k.

2.2. Regular complexes. We begin with a notion of density for an (n,¢,j)-cylinder with respect to a
family of (n,¢,j — 1)-cylinders.

Definition 8 (density). Let G be an (n, (, j)-cylinder and let QU™Y = _{ng_l), e} 1)} be a family
of (n,,j — 1)-cylinders. We define the density of GY) w.r.t. the family QU™Y as

199U, e K5 (QU-D)] . .
G U (70)]> 0

0 otherwise.

d (g(]’)‘g(i-l)) -

We now define a notion of regularity of an (n, j, j)-cylinder with respect to an (n, j,j — 1)-cylinder.

Definition 9. Let positive reals §; and d; and a positive integer r be given along with an (n, j, j)-cylinder
GY) and an underlying (n, j, j —1)- cyhnder GU=Y. We say GU) is (8;,d;,r)-regular w.r.t. GU~V) if whenever
Q(j—l) _ {Qg‘?*l)’ (J 1)} Q(] 1) C g Jj— 1) s € [ ] satisfies

U K, () ’ >4 ’le (g(j‘”)‘ then 4 (99]QUV) = d, +4,.

se[r]

We extend the notion of (;,d;,r)-regularity from (n, j, j)-cylinders to (n, ¢, j)-cylinders G,
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Definition 10 ((6;,d;, r)-regular). Wesay an (n, £, j)-cylinder GV is (8;,d;, 7)-reqular w.r.t. an (n, ¢, j—1)-
cylinder GU=1) if for every A; € ([f.]) the restriction GV [A;] = GV [U,\eAj Vi] is (6;,d;,r)-regular w.r.t. to
the restriction GUV[A;] = GU—Y [UAeAj Vil
We sometimes write (6, 7)-regular to mean (8;,d (G¥|GU=Y)  r)-regular for cylinders G¥) and GU~Y.
We close this section of basic definitions with the central notion of a regular complex.

Definition 11 ((§,d, r)-regular complex). Let vectors § = (d2,...,0;) and d = (da,...,dy) of positive
reals be given and let r be a positive integer. We say an (n, ¢, k)-complex G = {Q(j)}f:l is (8,d,r)-regular
if:

(a) GP is (8o, ds, 1)-regular w.r.t. G and

(b) GY) is (8;,d;,r)-regular w.r.t. GU=Y for 3 < j <k.

2.3. Statement of the counting lemma. The following assertion is the main theorem of this paper.

Theorem 12 (Counting Lemma). For all integers 2 < k < £ the following is true: ¥y > 0 Vdg > 0 35 >
0 Vdg—1 >0 30x—1 >0 ... Vdy >0 352 > 0 and there are inlegers r and ng so that, with d = (da, ..., dy)
and § = (02,...,0;) and n > ng, whenever G = {g(h>}§§:1 is a (0, d,r)-reqgular (n, ¢, k)-complex, then

k 4
lic@(g““))] =1=n]] d) s nt

h=2

For given integers k and ¢ we shall refer to this theorem by CLy ,.

Observe from the quantification Vv, dy 30, Vdr_1 Idx_1 ... Vdo Id2, the constants of Theorem 12 can
satisfy 6, > dp_1 for any 3 < h < k. In particular, the hypothesis of Theorem 12 allows for the possibility
that

Yydg > 0 > dp—1 > 0p—1 > ... dp > 0y > dp_1> ... > do > 0s. (2)

Consequently, the Counting Lemma includes the case when complexes {g<h>}’,j=1 consist of fairly sparse
hypergraphs. It seems that this is the main difficulty in proving Theorem 12.

2.4. Generalization of the counting lemma. The main result of this paper, Theorem 12, allows us to
count complete hypergraphs of fixed order within a sufficiently regular complex. For some applications, it is
more useful to consider slightly more general lemmas.

The following generalization enables us to estimate the number of copies of an arbitrary hypergraph F*)
with vertices {1,...,¢} in an (n,¢, k)-complex G = {g<]’>}§:1 satisfying that GU[A;] is regular w.r.t.
g(j’l)[Aj] whenever A; C K for some edge K of F®*)_ Rather than counting copies of Kék) in an “ev-
erywhere” regular complex, this lemma counts copies of F(*) in the complex G satisfying the less restrictive
assumptions above. We introduce some more notation before we give the precise statement below (see
Corollary 15).

For a fixed k-uniform hypergraph F(*), we define the j-th shadow for j € [k] by

Aj(F®Y={J: |J|=jand J C K for some K € F"}.
We extend the notion of a (8, d,r)-regular complex to (8, >d,r, F*))-regular complex.

Definition 13 ((8,>d,r, F*))-regular complex). Let § = (0, ...,0;) and d = (da, ..., dy) be vectors of
positive reals and let r be a positive integer. Let F*) be a k-uniform hypergraph on { vertices {1,...,4}.
We say an (n, £, k)-complex G = {gU)}?:l with GO = Vi U+ UV, is (8, >d,r, F®) -regular if:

(a) for every Ay € Ao(FF), the (n,2,2)-cylinder G [Ay] is (02, do, 1)-regular w.r.t. GM[As] ,

(b) for every A; € A;j(F®)), the (n, j, j)-cylinder GW[A,] is (8;,d;, 7)-regular w.r.t. GU=Y for3 < j <k,
and

(¢) for every Ay € F®) | the (n, k, k)-cylinder G [Ag] is (0r, da, ,7)-regular w.r.t. GF=D with da, > dy.

The ‘>’ in a (8§, >d,r, F (k))—regular complex indicates that we only enforce a lower bound on the densities
in the k-th layer of G (cf. part (¢) of the definition). This is the environment which usually appears in
5



applications. We also observe that the Definition 13 imposes only a regular structure on those (m, k, k)-
subcomplexes of G which naturally correspond to edges of F () (i.e., on asubcomplex induced on Vi, ..., V,,
where {\1,...,\x} forms an edge in F(*)). We need one more definition before we can state the corollary.

Definition 14 (partite isomorphic). Suppose F*) is a k-uniform hypergraph with V(F*)) = [¢] and
G™*) is an (n, ¢, k)-cylinder with vertex partition V(G®*)) = Vi U---UV,. We say a copy fék) of F) in g(¥)
is partite isomorphic to F¥) if there is a labeling of V(fék)) = {v1,...,v¢} such that

(i) vq €V, for every o € [{], and

(#) v — « Is a hypergraph isomorphism (edge preserving bijection of the vertex sets) between fék) and
F®,

Corollary 15. For all integers 2 < k < £ and Vv > 0 Vdg, > 0 30, > 0 Vdg_1 > 0 01 >0 ... Vdy >
0 302 > 0 and there are integers r and ng so that the following holds for d = (da,...,d), 6 = (62,...,0%),
andn > ng. If F*) is a k-uniform hypergraph on vertices {1,... 0} and G = {g<h>}’,§:l is a (6, >d,r, }'(k))—
regular (n, ¢, k)-complex with G = Vi U---UV,, then the number of partite isomorphic copies of F*) in
G s at least

k—1 k
Ap(F® A, (FF
(1_7)Hd\hh(f U H dAkanZ(l_’Y)Hdlhh(}— e nt
h=2 AR€FK) h=2

Corollary 15 can be easily derived from Theorem 12. Below we briefly outline that proof. The full proof
can be found in [46, Chapter 9].

The idea of the proof consists of two basic parts. For 2 < j <k, for each Aj = {\1,...,\;} € A; (F*R)Y,
we replace the (n, j,7)-cylinder GU)[A;] with the complete j-partite j-uniform system K](.j)(V,\l, o W)
Doing so over all 2 < j <k and all A; & A;(F (k)) clearly results in an “everywhere” regular complex, let us
call it H, whose cliques K ék) correspond to copies of F*) in G.

One now wishes to apply the Counting Lemma, Theorem 12, to the complex H to finish the job. The only
minor technicality in doing so is that, unlike the hypothesis of Theorem 12, the complex H potentially has,
for each 2 < j < k, (n,j, j)-cylinders HW[A;], A; € ([5]), of differing densities. This is handled, however,
by “randomly slicing” the (n, j, j)-cylinders HU )[Aj], Aje ([f]), into appropriately many pieces of the same
density as formally required in Theorem 12. Consequently, we create a series of pairwise K ék)—disjoint
complexes Hi1, Hoa, ..., each of which satisfies the hypothesis of the Counting Lemma. Theorem 12 applies

to each of the newly created complexes H;, i > 1, and so we add the resulting number of cliques to finish
the proof of Corollary 15.

3. AUXILIARY RESULTS
In this section we review a few results that are essential for our proof of Theorem 12 in Section 4.

3.1. The dense counting lemma. We recall that Theorem 12 is formulated under the involved quantifica-
tion Vdy 36k Vdg_1 Jdi—_1 ... Vds 362 and that the difficulty we have encountered in the proof the Counting
Lemma is due to the sparseness arising from this quantification. If the quantification can be simplified so
that

min d; > max §; (3)
2<j<k 2<j<k

is ensured, then the so-called Dense Counting Lemma (see Theorem 16 below) is known to be true. This was
proved by Kohayakawa, Rodl, and Skokan (see Theorem 6.5 in [24]). Observe that (3) represents the ‘dense
case’ in contrast to the ‘sparse case’ (2), since all densities are bigger then the measure of regularity maxJ;.

Theorem 16 (Dense Counting Lemma). For all integers 2 < k < ¢ and any positive constants da, ... ,dy,
there erxist ¢ > 0 and integer mq so that, with d = (da,...,dy) and € = (g,...,e) € RF™L and m > my,
whenever H = {H(j)}é?:1 is a (e,d,1)-regular (m, £, k)-complex, then

k 1
e ()| = (0 g1 (@) [T )
h=2
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where gi o (e) = 0 as e — 0.

While the quantification of the main theorem, Theorem 12, does not allow us to assume (3), Peng, Ro6dl,
and Skokan in [31] used Theorem 16 to prove Theorem 12 for k = 3 by reducing the harder ‘sparse case’ to
the easier ‘dense case’. This is not unlike the idea of our current proof, although our reduction scheme is
entirely different and allows an extension for arbitrary k.

3.2. Partitions. One of the major tools we use in our proof of Theorem 12 is the recently developed
regularity lemma of Rédl and Skokan [40] for k-uniform hypergraphs. In this section, we shall describe the
partition structure this lemma provides (in fact, we shall employ an ‘/-partite’ version of this lemma so that
below, the partition structure is adapted to an {-partite scenario). We formulate the regularity lemma in
Section 3.3. .

The regularity lemma provides partitions of all the complete (n, ¢, j)-cylinders K éj) (V,...,Vp) for j €
[k — 1]. We shall describe the families % of these partitions in two distinct but equivalent ways. First, we
describe Z = {#V), ..., 2%V} inductively. This first description is simpler and perhaps more intuitive.
The second description, however, is somewhat better suited for our proof and was also used in [10] to state
the regularity lemma.

Partitions (inductive description). We begin with an inductive description of the families Z. Let k be a
fixed integer and V3 U --- UV} be a partition of V with |Vy| = n for every A € [¢]. Let 2" be a partition
of V which refines the given partition Vi U --- U V,. Suppose that partitions Z" of Kéh) (V1,...,Vp) for
1 < h < j—1 have been given. Our goal is to describe the structure of partition ) of Kéj) (V1,..., Vo).

To this end, we introduce special j-partite, (j — 1)-uniform, hypergraphs which we call polyads. Note
that it follows by induction that for every (j — 1)-tuple I in Klgj_l) (Va,..., Vi), there exists a unique
RU-D = RU-U(I) € #U~Y so that I € RU~Y. For every j-tuple J in Kéj) (Va,..., Vi), we define
7A3(]"1)(<])7 the polyad of J, by

RO = J{ROD): 1€ (7)) @)

In other words, RU=1(.J) is the unique collection of j partition classes of 21 each containing a (j — 1)-
element subset I € (jfl). Observe that RU—Y(.J) can be viewed as a j-partite, (j — 1)-uniform, hypergraph.
To emphasize the special role these objects play in this paper, we use the additional symbol * "’ in RO,

As a final concept needed to describe partition 2 of K é] ) (Vi,..., Vi), we define 29~ the family of
all polyads, as _

R0 = {RUD(J): Je KD (Vi,..., Vi) }.

Note that RU=D(J;) and RU=D(J,) are not necessarily distinct for different j-tuples J; and Jy. As
such, Z27~Y can be viewed as a set of equivalence classes, or more simply, as a set. We then have that
{ICj(RU_l)): RU-D € U~} is a partition of Kéj) (Vi,..., Vo).

The structural requirement on the partition ZU) of K z(j ) (Vi,...,Vp) is

R < {ICj(Tz(j_l)): RUD e -1y (5)

where ‘<’ denotes the refinement relation of set partitions. In other words, we require that the set of cliques
spanned by a polyad in 2U~1) is sub-partitioned in Z), and that every partition class in 2() belongs to
precisely one polyad in 20—,
Definition 17 (cohesive). For j € [k —1] let #Y) be a partition of Kéj) (V1,..., V). We say the family of
partitions Z = {#V), ..., #%V} is cohesive if (5) holds for every j =2,...,k — 1.

In this paper, we also consider j-partite, h-uniform hypergraphs formed by partition classes from 4%
for h < j — 1. For that we extend the definition in (4) and for 1 < h < j, we set for J € Klfj) V..., Vo)

RM () =U{R(h)(H): He (-,1)} and  R(J) = {RW(N}L. (6)
Note, that
RU=D(J) (defined in (4)) and RY=Y(J) (defined in (6)) are identical. (7)
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Finally we observe that if Z = {#(M),..., 2%~ 1} is a cohesive family of partitions, then R(J) defined
in (6) is a complex.

This concludes our inductive description of the families % that will be provided by the regularity lemma.
At this moment, we could, in fact, state the regularity lemma in the language above. We choose to postpone
the statement of the regularity lemma, however, until we have fully developed the second description (in
terms of ‘addresses’) of these same partitions. Once both languages are then developed, we will state the
regularity lemma from [10] in Section 3.3.

Addresses. We consider partitions described by labeling every element of K lfj ) (Va,...,V,) with an ‘address’.
For every j € [k — 1], let a; € N and let ¢; be a function such that

i K, Vi) = Jag).

Note, for every A € [¢], mapping ¢; defines a partition Vy = Vi1 U---UV) 4,, where V o = gpl_l(a) NV, for
all a € [a1]. Here, we only consider functions ¢; such that

T (@) N VAL = o7 (@) N VAl = [[Vaal = [Vaa]

<1 (8)
for every A € [{] and «, &' € [a1]. Consequently, we have |n/a1] <|Vi | < [n/a1].

Remark 18. For convenience, we delete all floors and ceilings and simply write |V o| = n/ay for every
A€ [f] and o € [aq]-

Let ([ﬁ])< ={(A1,..-,Aj) € )71 A; < --- < Aj} be the set of vectors that naturally correspond to the

totally ordered j-element subsets of [¢(]. More generally, for a totally ordered set IT of cardinality at least j,
let (1;[)< be the family of totally ordered j-element subsets of II. For j € [k — 1], we consider the projection

mj of Kéj)(Vl,...,Vz) onto [{];

; 14
TR Kéj)(Vl,...,VZ)H ([]]> ,
<

mapping J € Kéj)(Vl, ..., Vz) to the totally ordered set 7;(J) = (A1,..., ;) € ([§])< satisfying |JNVy, | =1
for every h € [j]. Moreover, for every 1 < h < |J|, let

J
b, (J) = (.’ﬂﬂ-h(H))HE(;i) where 2., gy = @n(H) for every H € (h) . (9)

In other words, ®,(J) is a vector of length (‘i‘) and its entries, which are ¢ values of h-subsets of J,
are indexed by elements from (”j}(l‘])) < For our purposes, it will be convenient to assume that the entries
of @y, (J) are ordered lexicographically w.r.t. their indices. Observe that for 0 < h < |J|

Oy(J) € [an] X - x [an] = [an] ).
We define

() = (m;(J), &1(J),..., ®;(J)). (10)
Note that @) (J) is a vector with j + 27 — 1 entries. Observe that if we set a = (a1, as, ..., ar_,) and

aga - (1) g ],

then (P(j)(J) € A(j, a) for every set J € Klgj)(Vl, ..., V4). In other words, to each edge J of cardinality j, we
assign m;(J) and a vector (zr, (m))oxmcs with each entry 2., f) corresponding to a non-empty subset H
of J such that ., z) = wn(H), where h = |H]|.

For two edges Ji,J2 € Kéj)(Vl7 ..., Vi), the equality ®7)(.J;) = ®1)(.J,) defines an equivalence relation
on Kéj)(Vl, ..., V) into at most

Gl = (1) lﬁ[laﬁi)
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parts. Recalling (9) and (10), we have
®V () =@V () <= m;(J1)=m;(Jo) and for every h € [j], Hy € (') and Hy € (7?)

which satisfy 7, (H1) = 7, (H2) we have Tr, (g,) = Tr, (Hs) -

(11)

For each j < k, we define a partition 2) of thj)(Vl, ..., Vi) with partition classes corresponding to the
equivalence relation defined above. In this way, each partition class in 2() has a unique address zU) e
A(j,a). While V) is a (j+27 —1)-dimensional vector, we will frequently view it as a (j+1)-dimensional vector

2 elan)®

for 1 < h < j. For each address /) € A(j,a), we denote its corresponding partition class from %Z0U) by
RO (@) = {1 e KPW,....Vi): D)) =}, (12)

(o, x1,...,x;), where xg = (A1,..., ;) € ([f])< is a totally ordered set and @), = (z=z: Z € (°)

To give a precise description of the family of partitions of K éj )(Vl, ..., Vo), we summarize the notation
above in the following Setup in which we work.

Setup 19. Let 2 < k < ¢ and n be fized positive integers, let G =ViU---UV, be a (n, €, 1)-cylinder, and
a=ag = (a1,az,...,a;-1) be a vector of positive integers. For every j € [k — 1] let

A(j,a —< ) li[ah

and let @;: Kéj)(Vl, .., Vi) — laj] be a mapping. Moreover, suppose that @i satisfies (8) for every A € [(]
and o, o € [a1]. Set p = {p;: j €[k —1]}.

We now define the family of partitions of Kéj)(Vl, o Vo).
Definition 20 (family of partitions). Given Setup 19, for every j € [k — 1], define a partition ZU) of
KOV, Vi) by
2 = {Rm(x@')): ) e A(j,a)}_
We also define the family of partitions Z = Z(k — 1, a, ) = {#V) 5;11 and the rank of Z by
rank Z = |A(k — 1,a)]|.

We wish to claim that a family of partitions Z = Z(k — 1, a, ) as defined in Definition 20 is, in fact,
cohesive in the sense of Definition 17 (see Claim 21 below). To this end, we shall need a notion of polyad
(as in (4) (cf. (6), (7))) corresponding to Definition 20. Fix 1 < h < j < k—1 and ) € A(j, a) and choose
an arbitrary J € RY) (x()). We define

O = J{RM@H): He (])}. (13)

Note that R (2()) is well-defined, i.e., independent of the choice of J € R (x()). Indeed, for every Jj,
Jy € R(j)(x(j)), we have

RO () RO ) He (7)) TET RO (): Ha € (7)) C RO ().

The object R (2())) given in (13) is an (n/ay, j, h)-cylinder and corresponds to the objects described in
of (6). When h = j — 1, the object RU=D (2()) is, in fact, a polyad of Z = Z(k — 1,a, o) (see (6) and (7)).
While we discuss polyads in more detail momentarily, we first return to our claim that Z = Z(k — 1, a, @)
is cohesive.

Claim 21. Let Z = Z(k—1, a, ) be a family of partitions as in Definition 20. Then, for every 1 < j <k-1
and every £ € A(j,a), RV (xl)) C ICj(R(j_l)(a:(j))). In particular, R(xV)) = {R(h)(x(j))};zl is
an (n/ay,j,j)-complex.

Proof. The ﬁrst assertion (cohesion) is immediate from (13). Indeed, let J € R (z()). Then (13)
gives RU=D (@) = Y{RU-V(H) : H € (721)} so that, in particular, H € RU~V(H) for all H € (jjl)
Consequently, J € K, (RU=D(2())). The second assertion then follows from the first. O
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We now focus further attention on polyads R~V (x)) of a family of partitions Z = Z(k — 1,a, ¢).

Polyads. Let # = %(k — 1, a, <p) be a family of partitions as defined in Definition 20 and fix 1 < j <k —1
and £1) € A(j,a). Note that () € A(j, a) is of the form ) = (29~V, a), where o € [a;] and 207V is a
(j + 27 — 2)-dimensional vector. Importantly, note that the polyad RU=1 (z()) depends only on £V~ (and
not «). As such, we wish to allocate #97Y as the ‘address’ of the polyad RU~ 1)( (9)), and now proceed to

formalize this effort.
We define the set A(j — 1,a) of (j + 2/ — 2)-dimensional vectors for j € [k — 1] by

A(j—1,a) = (> H 1(i) so that \A(j—1,a)\=<§><x§a§). (14)

Consider a vector 2971 = (&, &1,...,%;_1) € A(j — 1,a) with & = (A1,...,)\;) € ([f])<. Then, for every
h € [j — 1], vector & can be written as &), = (r=: Z € (ﬁho)<), i.e., its entries are labeled by the ordered

h-element subsets of the ordered set &g € ([ ]) in lexicographic order w.r.t. the indices. For every u € [j],

we set
Oudy = (x: Ze (5,.0 \h{A”}> ) . (15)

In other words, vector 0,5, contains precisely those entries of &), which are labeled by the h-element subsets
of &g not containing \,. Clearly, 9,&; has (j ;1) entries from [ap]. Furthermore, we set

A

Ou Sﬁ(jil) = (530 \ {)‘u}a Oy, Oula, ..., 8“1A:j71)

and observe that 9,27~ is a (j — 142771 — 1)-dimensional vector belonging to A(j — 1,a). Finally, for
every 20 ¢ A(] —1,a), we set the corresponding polyad equal to

RU-D (@) = {R(j’l) (0u8Y ) ue U]} :

Note that RU-D(29~1) and RU-D((&Y~Y,a)) are identical for any a € [a;].

We make a final definition. Note that since Z is cohesive, we have that the (n/a1,7,j — 1)-complexes
R(J1) and R(Jz2), defined in (6), are identical for all Ji, J» € K; (7@(3'_1)(5:(371))). Consequently, if
K; (ﬁ(j_l)(ﬁz(jfl))) # &, then we define

R(&VY) = R(J) for some J € K (R(J D&V~ 1))) (16)

In the rather uninteresting case K;(RU~D (& U=D)) = &, we set R(#Y ") = @. The following observation
is a direct consequence from the deﬁmtlons.

Claim 22. Let Z = i@( —1,a,p) be a family of partitions as in Definition 20. For every vector #0710 =
(Bo, &1,...,&j-1) € A(J — 1, a), the following statements are true.

(a) RU-D(@YU"YY is an (n/ay,j,j — 1)-cylinder;

() R(@&YY) is an (n/as,j,j — 1)-complex.

For every polyad RU-D_ there exists a unique vector 26— ¢ A(] 1,a) so that RG-1) — RG- 1)( (G- 1))
Hence, each polyad RU~Y uniquely defines an (n/a1, j, j — 1)-complex R(&7 ™) = (R0 (& G—1) }J -
that RU-D = RU-D(g0~D),

3.3. Regular partitions and the regularity lemma. In addition to the structural properties discussed in
the preceding section, the family of the partitions provided by the regularity lemma features additional “reg-
ularity” properties. Loosely speaking, for “most” 1) e A(k 1,a) the (n/aq, k, k—1)-complex R (& p(k— 1))
is regular (cf. (16) and Definition 11).
In the two definitions, below we introduce two concepts central to regular partitions. We use the notation
§', d’ and 1’ to be consistent with the context in which we apply the Regularity Lemma (Theorem 25 below).
10



Definition 23 ((u,6’,d’,r’)-equitable). Let 1 be a number in the interval (0, 1], let 8’ = (85, ...,6;,) and
d' = (db,...,d},) be two arbitrary but fixed vectors of real numbers between 0 and 1 and let r' be a positive
integer. We say that a family of partitions Z = Z(k — 1, a, ) (as defined in Definition 20) is (pu, &', d’,r')-
equitable if all but un* edges of Kék)(Vl, ..., V) belong to (§’,d’,r")-regular complexes ’R’,(:fc(k_l)) with
&%V e Ak —1,a).

Before finally stating the regularity lemma, we define regular partitions.
Definition 24 (regular partition). Let G*) be a (n,(,k)-cylinder and let # = Z(k — 1,a,¢) be a
(u,8’,d’ ;1" )-equitable family of partitions.

We say % is a (0}, r')-regular w.r.t. G¥) if all but at most §,n* edges ofKék)(Vl, ..., V) belong to polyads
RE=D (2% such that G*) is (0., r")-regular with respect to RE=D (kD).

We now state the Regularity Lemma of Rodl and Skokan. In what follows, D = (Ds,...,Dg_1) is a
vector of positive real variables and A; is an integer variable.

Theorem 25 (Regularity Lemma (¢-partite version)). For all integers ¢ > k > 2 and all positive reals §),
and p and all positive valued functions

5/ (D) = (5271 (Dkfl) geeey 5é (DQ7 ey Dkfl)) s ’I"/ (Al, D) = 7”/ (Al, DQ, ey D}cfl) 5
there exist integers ny and Ly such that the following holds.
For every (n, {, k)-cylinder G*¥) with n > ny, there exist an integer vector a = (ay, ..., ar_1), a density vec-

tor d’ = ( ’27...,d§€_1), and a (u76’(d’)7d’,r’(a1,d’))-equitable (627r’(a1,d’))—regular family of partitions
X =%k —1,a,p) withrankZ = |A(k —1,a)| < L.

In the upcoming Corollary 27, we state a modification of Theorem 25 whose formulation is convenient
for us in our proof of Theorem 12. Before stating Corollary 27, we outline the main differences between
Theorem 25 and its corollary below. For that we need the following definition.

Definition 26 (refinement). Let {G™}] _ be an (n, £, j)-complex and let Z# = #(j, a,p) = {# M} _,
be a family of partitions of Kéh)(Vl7 ..., V) for h € [j]. We say Z refines {G}_, if for every h € [j] and
every ™ € A(h,a) either R (™) C G or RM (xM)yng = &,

Moreover, adding an additional layer GUt1D C le+1(Q(j)) to {g<h> {z:l’ we will also say that % =
{# M} _ refines the (n,{, j + 1)-complex {GM}] _ U{GUTDY} if % refines {GM}I _. .

It is a well known fact that the proof of Szemerédi’s regularity lemma not only yields the existence of
a regular partition for any graph G®), but also shows that any given equitable, initial partition GV =
ViU--- UV, of the vertex set V =V (9(2)) has a regular refinement. Similarily, the proof of Theorem 25
(which is proved by induction on k) yields immediately the existence of a regular and equitable partition
Z which refines a given equitable partition of the underlying structure. In particular, regularizing the k-
th layer G*) of a given (n,¢,k)-complex G = {g(ﬂ};?:l, one can obtain a partition Z = Z (k — 1, a, )
satisfying the following property: for any 1 < j <k — 1 and every ) € A(j,a), either RV (ac(j)) c g
or R (ac(j)) NGY = @. In other words, Z refines the partitions given by GU) UGU) = KW (Vy, ..., V)
for every j € [k —1].

One can maintain yet another property of the (u,d’ (d'),d’,r’)-equitable family of partitions % with

density vector d’. In the proof of Theorem 25 (cf. [40]), the d’ are chosen explicitly and there is some
freedom to choose them (more precisely there is no necessary lower bound on each d;-, 2<j<k-1).
Hence, we shall assume, without loss of generality, that for any given fixed o9, ..., 0r_1, we may arrange the

constants d;, 2 < j < k — 1, so that the quotients 0;/d}, 2 < j <k — 1, are integers.

Summarizing the discussion above we arrive at the following Corollary 27 (stated below) of Theorem 25.
The full proof of Corollary 27 is identical to the proof of Theorem 25 with the two minor adjustments
indicated above (see [10, Lemma 12.1]).

Corollary 27. For all integers £ > k > 2 and all positive reals oo, ...,05_1, 0, and p and all positive
functions
El(D): ((5;_1 (Dk_l),...,(5’2(D2,...7Dk_1)) 5 ’I“/(Al,D):’/‘/(Al,Dg,...,Dk_l) s
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there exist integers n, and Ly such that the following holds.

For every (n,{, k)-complex G = {gU)};?:l with n > ny, there exists an integer vector a = (a1, ...,05-1), G
density vector d’ = (db, ..., d},_,), and a (u, &' (d'),d’,r' (a1, d’))-equitable (5}, 7' (a1, d"))-reqular (w.r.t. )
family of partitions #Z = % (k — 1,a,¢) such that

(i) Z refines G,
(i) oj/d} is an integer for j =2,...,k —1, and

(ii1) rank Z = |A (k- 1,a)| < L.

3.3.1. Statement of cleaning phase I. The proof of the main theorem, Theorem 12, presented in Section 4
uses the following lemma, Lemma 29, which follows from Corollary 27 and the induction assumption on
Theorem 12.

We use Lemma 29 in the proof of Theorem 12 instead of Corollary 27 since it allows a simpler presentation
of the later arguments. For k = 2, Lemma 29 is a straightforward reformulation of Szemerédi’s lemma and
reduces to the statement that for any graph G(2) = (V, E), there is a graph G for which |G@A Q~(2)‘ is small
and where G®) = (V, E) admits a “perfectly equitable” partition, i.e., V =V, U---UV; with |V3| = --- = [V}]
and all pairs (V;,V;) are e-regular for 1 < i < j < t. Lemma 29 will generalize this concept for G*) with
k> 2.

The following definition reflects the ideal situation when, for each 2 < j < k, every partition class is
regular. Similarly to Definition 23 and Definition 24, we use tilde-notation in the next definition to be
consistent with the context in which it is used later.

Definition 28 (perfect (S,ci,f,b)-family). Let 6 = (52, .. .,Sk_l) and d = (Jg, .. .,dk_l) be vectors of
reals, 7 > 0 be an integer and b = (by,...,bx_1) be a vector of positive integers.

We say that a family of partitions &? = &(k—1,b,1) (as defined in Definition 20) is a perfect ( 5.d,7 b)
family of partitions if the following holds:

(i) dj = 1/bj for every 2 < j < k — 1, and
(i) for every 2 < j < k—1, for every £Y~Y € A(j — 1,b) and for every 8 € [b ], the (n/b1, j, j)-cylinder
P(j)((:i(jfl),ﬁ)) is (8;,d;,7)-regular w.r.t. PU- V(& G- 1))

A perfect family of partitions &2 has the property that for all *~1) € A(k—1,b) the (n/by, k—1,k—1)-
complex PHF=1 (gk-1)) = {P(j)(:c(k’l))};tll (cf. Claim 21) is ((52, o 0ko1), (doy - di1), 7)-regular.

The statement of the next lemma is very much tailored for its application in Sectlon 4.4. While the
constants ds, ..., 0 are inessential for the proof of the following lemma, they allow a presentation which

is consistent with the context in which the lemma will be applied. As well, the constants ds,...,d; are
formulated as rational numbers, for reasons to which we return in the next section.

Lemma 29 (Cleaning Phase I). For every vector d = (da,...,dy) of positive rationals, for every choice of
03,...,0k, for any positive real Oy and all positive functions

8(D) = (05-1(Dy-1),..,02(Da,...,Dy_1)), #(B1,D) =7(By,Ds,...,Dip_1),
there exist integers i, Ly, a vector of positive reals & = (C2y...,Ck—1) and a positive constant 02 so that the

following holds:
For every (6 = (d2,...,0k),d,1)-reqular (n,¢,k)-complex G = {g(j)}le with n > 7y, there exist an

(n, £, k)-complex G = {§<j>}§:1, an integer vector b = (by,...,by—1), a density vector d= (CZQ, ... ,Jk_l)
componentwise bigger than €, and a perfect (S(J), d,7(by,d), b)-family of partitions P = P (k —1,b,9) =
{,@(j)};?;ll refining G so that:
(i) G*) is (Sk,f(bl,ci))-regular with respect to PED(@*DY for every 2V € A (k —1,b),
(i) GV =¢gM, G =G® and GU) C G for every 3 < j <k,
(ii1) for every 3 < j <k and every j <i < {, the following holds:

J
| (GUNAK,(GYD) ‘_ ]IC N\ K( g(J) H ,
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() for every &Y = (A1, A\2), (B1,32)) € A(1,b), the graph GO[Vx, 5., Va,.5,) is (L362,dy, 1)-regular
w.r.t. 75(1)(53(1)) =WVa.8 UV, .85

(v) rank 2 < Ly and consequently |A(k —1,b)| < (Lx)*, and

(vi) dj/d; is an integer.

In the proof of Lemma 29 (see Section 5) we construct an (n, ¢, k)-complex G admitting a perfect family of
partitions 2. Moreover, G is almost identical to a given (n, ¢, k)-complex G (see (i) and (ii) of Lemma, 29).
In particular, G2 — Q(z), while we allow a small difference between G and G\ for j>3.

On the other hand, note that the partition & given by Lemma 29 is perfect in the sense that for 2 < j <k
every j-tuple of G1) belongs to a regular polyad of . This feature will later give us a significant notational
advantage. Moreover, important in view of Theorem 12, Lemma 29 (i) ensures that the two complexes G
and G differ by few cliques only.

3.3.2. The slicing lemma. The following lemma whose proof is based on the fact that randomly chosen sub-
cylinders of a regular cylinder are regular, which follows from the concentration of the binomial distribution,
was proved in [10]. We will find it useful in this paper as well.

Lemma 30 (Slicing Lemma). Suppose g, 0 are two real numbers such that 0 < 6/2 < ¢ < 1. There is
an mo = mg (0,68) such that the following holds for all m > mg. If PU=Y is an (m,j,j — 1)-cylinder so
that |le (75(3'*1))‘ > m//Inm and if F9) C K; (75(%1)) is an (m, j, j)-cylinder which is (9, o, rs1)-regular
w.r.t. 75(j*1), then for every 0 < p < 1, where 30 < po and uw = |1/p], there exists a decomposition of
FU) = féj) U }-1(3') U---u f&j) such that ]—'i(j) is (36, po, rsi.)-regular w.r.t. PpG-1 for1<i<u.

Moreover if 1/p is an integer then féj) =.

Remark 31. The proof of Lemma 30 given in [40] is probabilistic. In fact, there the following stronger
statement can be obtained by the same proof. Under the assumption of Lemma 30, let f,gj ) be the random
subhypergraph of FU) where edges are chosen independently with probability p. Let A be the event that
f,gj) is (36, po, rs,)-regular w.r.t. PU=1 then P(A) = 1 — o(1), with o(1) — 0 as m — oco.

4. PROOF OF THE COUNTING LEMMA

In this section, we provide the outline of our proof of the Counting Lemma, Theorem 12. Our proof of
the Counting Lemma follows an induction on k > 2, but our argument is interwoven in a substantial way
with upcoming Theorem 34 (stated below). We require some preparation to present this inductive outline,
and begin by discussing its base case and inductive assumption.

4.1. Induction assumption on the counting lemma. We prove the Counting Lemma by induction
on k > 2. For k = 2, the Counting Lemma, i.e., Fact 2, is a well known fact (see, e.g., [25, 26]) and for k = 3
it was proved by Nagle and Rédl in [28]. Therefore, from now on let k¥ > 4 be a fixed integer. (For the
inductive proof presented here it suffices to assume Fact 2 as the base case.)

Induction hypothesis. We assume that
CL,; holds for2<j<k—1landi>j. (17)
We prove CLy ¢ holds for all integers £ > k. For that, throughout the proof, let £ > k be fixed.
Rather than quoting various forms of our induction hypothesis CL;; (for varying 2 < j < k — 1 and

j < < ) involving different 0’s and ~’s, we summarize all such statements in one. The following statement,
which we denote by IHCj,_; ¢, is a reformulation of our induction hypothesis.

Statement 32 (Induction hypothesis on counting). The following is true: ¥n > 0 Vdg—1; > 0 3dp—1 >
0 Vdg_2 >0 36,_2 >0 ... Vda > 0 392 > 0 and there exist integers r and my_1 ¢ so that for all integers j
and i with2 < j<k—1 and j <1 </ the following holds.
IfGg ={g" i:l s a ((52, oo 05), (da, . dj),r) -reqular (m, i, j)-complex with m > my_1 ¢, then
I
’/Ci(g(j))‘ =(1xn) H d,gh) xm'.
h=2
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The following fact confirms that Statement 32 is an easy consequence of our Induction Hypothesis in (17).
Fact 33. If CL;; holds for all integers 2 < j <k —1 and j <i < ¥, then IHCy_1 ; holds.

Note that Fact 33 is trivial to prove and only requires confirming the constants may be chosen appropriately;
when given 9, di—1,0k—1,...,0;41 and d;, choose J; to be the minimum of all §;’s from the statements CLy, ;
with j <h <k —1and h <¢ < ¥, where §; appears. Similarly, we set r and my_1 ¢ to the maximum of the
corresponding constants in CLj, ;.
As a consequence of the induction assumption stated in (17) and Fact 33, we may assume for the remainder
of this paper that
IHCj_1 holds. (18)

It now remains to prove the inductive step IHCy_; , = CLy .

4.2. Proof of the inductive step. In what follows, we aim to reduce the inductive step IHCy_1, =
CLj ¢ to Theorem 34 stated momentarily (the message of Theorem 34 won’t directly discuss ‘counting’, but
from it, counting will be easily inferred). The purpose of our current Section 4.2 is to verify the implication

Theorem 34 = CLj g, (19)

a proof which isn’t very difficult, but which brings a formal conclusion to the inductive step. Upon verifying
the implication (19), the remainder of our paper is devoted to the significant task of proving Theorem 34
from the induction hypothesis IHCj_1 ;.

Before proceeding to the statement of Theorem 34, we continue with a brief and useful' observation
concerning CLy ;. Consider the special case of CLj in which all positive constants d;, 2 < i < k, are
chosen to be rational numbers, and let us refer to this special case as the ‘rational-CLj . It is not too
difficult to show, as we do momentarily in upcoming Fact 35, that in order to verify CLy ¢, it suffices to
prove rational-CLyj ¢. As such, the flow of the argument our current Section 4.2 presents is given by

IHC)_1 s = Theorem 34 = rational-CLy , Fact 35 CLy,. . (20)

We now proceed to the precise statements of Theorem 34 and Fact 35.

Theorem 34. The following is true: Yy > 0 Vd,, € Q4 30 > 0 Vdi—1 € Qp F0p—1 > 0 ... Vdy €
Q4,e > 0 392 > 0 and there exist integers r and ng so that, with d = (da,...,dx) and 8 = (d2,...,0;) and
n > ng, whenever G = {Q(h)}ﬁzl is a (8,d,r)-regular (n, £, k)-complex, then there exists an (n, ¢, k)-complex
F = {FWYk_ such that

(i) F is (e,d,1)-reqular, with e = (¢, ... ,c) € RFE1),
(ii) FO =G0 and F@ =GP, and

(i) [K,(0) A K (FO)| < (v/2) Ty di) x .

We mention that Theorem 34 has some interesting implications of its own which we discuss in Section 9.

We now proceed to Fact 35. In our formulation of Fact 35 below, we assert something slightly stronger
than advertised. Let us refer to the special case of CLy, , in which all d;, 2 <4 < k, are reciprocals of integers
by ‘reciprocal-CLy ,’. We prove the following.

Fact 35. Statements IHCy_; ; and reciprocal-CLy, ¢ imply CLy 0.

The remainder of this section is organized as follows. In Sections 4.2.1 and 4.2.2, we verify implication (19).
More prcisely, we deduce rational-CLj, o from Theorem 34 in Section 4.2.1 and prove Fact 35 in Section 4.2.2
The proof of Theorem 34 (based on the induction assumption THCy,_; ¢) is outlined in Section 4.3 and given
in Section 4.4.

L Some arguments in our proof of Theorem 34 will simplify formally somewhat, e.g., avoiding calculations with integer parts,
if we assume that all constants d;, 2 < ¢ < k, are rational numbers. Intuitively, this may not seem to represent any restriction
since the numbers d;, 2 < i < k, essentially represent relative densities of hypergraphs (which are clearly rational). However,
due to the complex quantification of the Counting Lemma, Theorem 12, the argument that such an assumption can be made
does not appear to be completely straightforward.
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4.2.1. Rational-CLy , follows from Theorem 34. The proof of this reduction is based on the Dense Counting
Lemma, Theorem 16.

Proof: Theorem 34 = rational-CLy, ;. We begin by describing the constants involved. Observe that with
the exception of €, rational-CLy, , and Theorem 34 involve the same constants under the same quantification.
Hence, given v and d € Q4 from rational-CLy ¢, we let 65 be the 6y (Thm.34(’y, dk)) from Theorem 34. In
general, given d; € Qy, 3 < j <k, we set

(5j == 5j (Thm.34('y7 dk, 51@7 dkfl, ey 6j+17 dj)) .
Having fixed v, dg, 0k, dk—1, . .., 04,ds3, 03, now let do € Q4 be given by rational-CLy ;. Next, we fix € for
Theorem 34 so that

e <e(Thm.16(da, ..., dp)) and gk (e) < % , (21)

where gy ¢ is given by the Dense Counting Lemma, Theorem 16. Moreover, let mg (Thm.l(i(alg7 - ,dk)) be
the lower bound on the number of vertices given by Theorem 16 applied to do, ..., dk.
Then, Theorem 34 yields

(52 (Thm.34(’y,dk, 6k, ey (53,d2,€)) 5 r(Thm.34(7,d;€, 51@, ce ,(537 dg,&)) s
and ng (Thm.34(’y, d, 0k ., 03,da, 6)) .

Finally, we set d2 and r for rational-CLy ¢ to its corresponding constants given in (22). Also, we set ng for
rational-CLy ; to

ng = max {no (Thm.34('y, di, 0Ky« -, 03, da, 5)),m0 (Thm.l()’(alg7 e ,dk))} .

Now, let G be a (6§, d, r)-regular (n, ¢, k)-complex satisfying n > ng. Then, Theorem 34 yields an (g, d, 1)-
regular (n, ¢, k)-complex F satisfying (i)—(4ii) of Theorem 34. Consequently, by (21) and (i), we may apply
the Dense Counting Lemma to F. Therefore,

k £
()| = (1 3) }gd,(j) x

and rational-CLy, ¢, follows from (i) of Theorem 34. O

(22)

We note that the proof of rational CLyj . did not use the full strength of Theorem 34. In particular, we
made no use of (#) here. However, (i) is important with respect to further consequences of Theorem 34
discussed in Section 9.

4.2.2. CLy follows from reciprocal-CLy ¢. The proof of this reduction is based on a simple probabilistic
argument and the induction assumption on the Counting Lemma, THCj_ 4.

Proof of Fact 35. We begin by discussing the constants involved, and for simplicity, we set C = {1/s: s € N}
to be the set of integer-reciprocals.

Let v and dy, be given as in CLy ¢. Choose any ¢ € C satisfying dy/2 < ¢, < dj. Let 5k = 0 (reciprocal —
CLy¢(7/2, cx)). We set 6), = 0x/(9 x 22"-1)_ For 2 < j < k, we proceed in a similar way. Indeed, after d; is
revealed as in CLy ¢, choose any ¢; € C such that d;/2 < ¢; < d;. Set

§; = min {5j (reciprocal- CLy, ¢(3, ¢k, .., ¢5))

(5j(IHCk_17g(%, Clk—1y---, Cj)) ,5j(IHCk_17g(%,dk_1, e ,dj))}z.

and

_
I T g x 2y
Finally, we set

r = min {r(reciprocal— CLy (3, Chs - ,02)) ,

T(IHC]C—I,Z(%) Ck—1y--- 762)) 7T(IHCI€—1,€(%’ dk—la ) d2))} .
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Let a (8, d, r)-regular (n, ¢, k)-complex G = {GW}k_ be given, where § = (02,...,d;) and d = (dz, ..., dy)
and where n is sufficiently large. For j = 2,...,k, let QI(,Z) be a random subhypergraph of GU) with edges

chosen independently, each with probability p; = ¢;/d;. We consider the “random” (n,Z, k)-subcomplex
G = {GW}r_, of G recursively defined by

¢V — g and gu) — gg) N Kj (g(j—l)) _

Since we want to apply reciprocal-CLy ¢ to G, our next goal is to verify that G is a (8, ¢, r)-regular (n, £, k)-
complex where 0 = (d2,...,0;) and ¢ = (¢, ..., Ck)-

Indeed, let A; be the event that g'(” = {g“h)};;:l is ((52, o 305), (¢, - .. ,¢j),r)-regular. Invoking Re-
mark 31, we infer that, with probability 1 — o(1), all the bipartite graphs G [Ay] = 75,3) [A2], Ag € ([g]) are
(302, c2)-regular. In other words, since 3d; < d2, we have P(Ay) = 1—o0(1). Next, we assume that A;_; holds
for some 3 < j < k and fix an arbitrary j-tuple A; € ([j]). Due to the assumption g’}(j’l) [A;] = {G" [Aj]}{i;ll
is a ((52, . ,Sj_l), (c2,...,¢j-1), r)—regular (n,j,j — 1)-complex, and consequently, owing to IHCy_1 ¢ and
cp > dp/2 forall h=2,...,5 — 1, we have

(i ]_'j71 J . 1 Jj—1 j )
|]Cj(g(] 1)[AJ])’ > 2]11:[20}(;1) x nd > 22]_ F[[?d}(;,h) < nd .

On the other hand, applying THCj_1 ¢ to g(j*”[Aj] = {GM[A,] ?;11 gives
(G-1) 3TT ) s i
15 GV < 5 [T d =
h=2

Hence, it follows directly from Definition 9 that G = GW[A;] N K;(GUY[A;]) is still (3 x 92/ ~15. —
5]-/37 d;,r) regular w.r.t. Gglu-1 [A;]. Consequently, and again from Remark 31, we infer that, with probability
1 — o(1), the random subhypergraph GW[A;] is (3;,c;,7)-regular w.r.t. GU=D[A;]. Since the number of
possible choices for A; is (f) = O(1), we infer that P(A4;|A4,;_1) = 1 —o(1) for every j > 2. Consequently,
P(Ag) = P(A2) H?:g P(A;|A;_1) = 1 —o(1), or in other words, G is a (9, ¢, r)-regular (n, £, k)-complex with
probability 1 — o(1).

Next, consider the random variable X = |K,(G*))| counting the cliques in G(*). From the discussion
above and the choices of 5]‘, j=2,...,k, we infer that with probability 1 — o(1)

£

k
Xz(l:b%)Hc}(L")xne.

h=2
£
On the other hand, the expectation of X is E[X] = |K,(G*))| x H;C:z pj(-j). Also X is sharply concentrated
as E[X?] — E[X]? = O(n*~1), and hence by Chebyshev’s inequality,

k
YT ) _
P<|X—E[X]|>2gch xnf)_o(n.

. . 14
onsequently, there exists a complex G such that = = _, " X nt, implyin
C ly, th i lex G such that |KC,(G®)| = E[X] + 2T}, ,(j) ¢, implying

k k

4 12
0 T =510 - ) [0 .
j=2 h=2
We then conclude the proof of CLy , by the choice of p; = ¢;/d,;. O

Having verified the implication (19) it is left to deduce Theorem 34 from THCj_1 .
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4.3. Outline of the proof of Theorem 34. Given an (n, ¢, k)-complex G = {g(ﬂ};?:h Theorem 34 ensures
the existence of an appropriate (n, ¢, k)-complex F = {F (j)}?zl. This complex is constructed successively
in three phases outlined below.

The first phase, which we call Cleaning Phase I, is a variant of the RS-Lemma (see Theorem 25). The
lemma corresponding to Cleaning Phase I, Lemma 29, was already stated in Section 3.3.1. Given a (4, d, r)-
regular input complex G with § = (d2,...,0x) and d = (da, . .., dg), we fix

o < & < min{e,da, ..., dy}. (23)
Lemma 29 alters G slightly (this is measured by d) to obtain an (n, £, k)-complex G = {G) ;?:1 together

with a perfect (8(d), d, 7(d), b)-family of partitions which is (dy,7(d))-regular w.r.t. G*) (cf. Lemma 29 and
Figure 2 in Section 4.4.2). Importantly, Lemma 29 (i) will ensure that

)Icg(g(’”)mcg(é(’”)) is “small”. (24)

Cleaning Phase I enables us to work with a complex G admitting a partition with no irregular polyads.
These details are done largely for convenience to help ease subsequent parts of the proof.

We next proceed to Cleaning Phase II with the complex G and a perfect (8(d),d,7(d), b)-family of
partitions 2 = P(k — 1,b,4), rank # < Lj, (c¢f. Lemma 29). Since G differs from G only slightly (this
is measured by &), it follows from the choice of constants (argued in Fact 45) that G inherits (28, d,r)-
regularity from G. Moreover, the choice of r ensuring 7 > Ly, (cf. (40)) implies that the density d(g~ @)|pU -b)
is close to what it “should be”, namely, d;, for “most” polyads PU-D from 2 with PU-D C gU-1),

The goal in Cleaning Phase II is to perfect the small number of polyads having aberrant density. More
specifically, Cleaning Phase IT constructs ‘uni-dense’ (n, £, k)-complex F = {FU J}F_, where d(F @)|pU D) =
d; 4 ¢ for every polyad PU~Y from & with PU~1) C FU-1. The importance of “uni-density” is that it
allows us to apply the Union Lemma, Lemma 41. Then the “final product” of the Union Lemma, the
(n, £, k)-complex F, will satisfy (i) of Theorem 34. We now further examine the details of Cleaning Phase II.

Cleaning Phase II splits into two parts. In Part 1 of Cleaning Phase II (cf. Lemma 37), we correct the
first k— 1 layers of possible imperfections of G = {C;(j)}?:l, j < k, by constructing a “uni-dense” (n, ¢, k—1)-
complex HFED = {'H(j)}?;ll. For the construction of ’H(k_l), we need to count cliques in such a complex
and use IHCy,_, , which we have available by the induction assumption (CL;, for 2 < j <k —1).

We next remedy imperfections on the k-th layer G**). However, in the absence of our induction assumption
herein, we have to proceed more carefully.

We first construct a still “somewhat imperfect” (n, £, k)-cylinder H*) so that H = {H(j)}?:l isan (n, ¢, k)-
complex and d(H(k) \75(’“71)) = dj, + /35, for every polyad P*~1 from 2 with P+~ C H*=1_ While G*)
satisfies that for “most” P*—1 C G*=1) its density is close to dj, the new H®*) has density close to dj, for
“all? P=1) C Hk=1), Moreover, we can construct H*) in such a way that

‘ICg (g(k)) AK, (H(k)) ’ is “small”. (25)

Part 2 of Cleaning Phase II deals with H(*), the k-th layer of the complex . In this part, we construct
uni-dense (w.r.t. H*®=1) and 2*-=1) (n, ¢, k)-cylinders H* and Hf) (with densities dj — /0%, and dj, + /9%,
respectively) and F*) where each of these cylinders, together with HED = {H(j)}fgf, forms an (n, ¢, k)-
complex. In the construction, we will also ensure that

H* < 1B 1P and HP < 70 cHP . (26)

We then set 7)) = HU) for j < k and F = {}"(j)};’?:l.

We now discuss how we infer () and (44) of Theorem 34 for F (property (i) is somewhat technical and we
omit it from the outline given here). For part (i) of Theorem 34, we need to show that FU) is (g, d;, 1)-regular
w.r.t. FU1 2 < j < k. To this end, we take the union of all “partition blocks” from () (which are
subhypergraphs of FU)). Note that all these blocks are very regular (w.r.t. their underlying polyads (which
are subhypergraphs of FU _1))) and have the same relative density (due to the uni-density). In fact, these
blocks will be so regular that their union is (¢/,d;, 1)-regular and therefore also (e, d;, 1)-regular (cf. (23)).
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Consequently, as proved in the Union Lemma, Lemma 41, we obtain that F is ((5, ...,€),d, 1)-regular, which
proves (i) of Theorem 34.
We now outline the proof of part (i77). Observe that

(@) Ak ()| < [k (G) 2K (@) |+
| (GD) A Ky () |+ (27)
+ | (H®) Ak, (F9)|.

The first two terms of the right-hand side are small as mentioned earlier (see (24) and (25)). Let us say a
few words on how to bound the third quantity.
Because of (26), we have

[ () 2510, (F9)| < 10, () 5 o (D) | = 1o ()] - [, (1) . (28)
Since both complexes H4 and H_ are uni-dense, we can show that H, is ((5’, coy €, dy, 1)—regular for

* € {+,—} where dy = (da,...,dy_1,d}) and dj = di, + /O for x = + and df = dy — /O for x = —.
Similarly to the proof of (i), where the Union Lemma was applied to F, we can use it here for H and H_.
Consequently, owing to (23), we can apply the Dense Counting Lemma, Theorem 16, to bound the right-hand
side of (28) and thus the right-hand side of (27). This yields part (44) of Theorem 34.

[Theorem 12]
CLk’g
Section 4.2

Theorem 34
Section 4.4

Theorem 16
Dense Counting Lemma

[24]

|

Lemma 29 G Lemma 37 H Lemma 39 Hy Lemma 41
G-o» Clean I preeeeeeeeees > Clean II.1 [reeeeeeeees > Clean I1.2 [reeeeeeeees »Union Lemmal---»F
Section 5 Section 6.2 Section 6.3 H_ Section 7.2

fffffffffffffffffffff

I I
Theorem 25 1 | Lemma 30 Statement 32| 1
RS-Lemma ! |Slicing Lemma THC), 1 | Prop. 50 Prop. 52
[40] : [40] ’ : Section 7.1 Section 7.1
I I

Section 4.1

Theorem 12
CL;,2<j<k j<i<t
induction assumption

FIGURE 1. Structure of the proof of Theorem 12
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The flowchart in Figure 1 gives a sketch of the connection of theorems and lemmas involved in the proof
of CLj ¢, Theorem 12. Each box represents a theorem or lemma containing a reference for its proof. Vertical
arcs indicate which statements are needed to prove the statement to which the arc points. The horizontal
arcs indicate the alteration of the involved complexes outlined above.

4.4. Proof of Theorem 34. In this section, we give all the details of the proof of Theorem 34 outlined in the
last section. The proof of Theorem 34 splits into four parts. We separate these parts across Sections 4.4.1—
4.4.4.

4.4.1. Constants. The hierarchy of the involved constants plays an important role in our proof. The choice
of the constants breaks into two steps.

Step 1. Let an integer £ be given. We first recall the quantification of Theorem 34:
V’y, dk Hék de—l e 3(53 Vdg, 3 3(52, r,no,

where da, ..., d are rationals in (0,1]. Given v and dy we choose d; such that

0 < min{~, di} (29)
holds. Now, let d;_1 be given. We set

n=1/4. (30)

(Our proof is not too sensitive to the choice of 7, representing the multiplicative error for THCy_; ,.) We
then choose d;_1 in such a way that d;_1 < min{dg,dr_1} and dp_1 < 5k,1(IHCk,1’g(n,dk,1)) where
5k,1(IHCk,1,g(n,dk,1)) is the value of d;_1 given by Statement 32 for n and dj_;. We then proceed and

define §; for j =k —2,...,3, in the similar way. Summarizing the above, for j =k —1,...,3, we choose J;
such that

5j < min{6j+1, dj} and 6j S 5]' ( IHCk_Lg(?], dk—h 5k—17 dk_g, ey 6j+1, d])) . (31)

We mention that after dy is revealed, we pause before defining Js.
Indeed, next we choose an auxiliary constant & so that

¢/ < min {E(Thm.lfi(dg, o diey, i — /7)), e(Thm 16(dy, ..., dy_y, di, + \/ﬁ))} :

(32)
¢’ < min {03,dz, £}, and gre(e) < O,
where gy, ¢ is given by the Dense Counting Lemma, Theorem 16. We then fix 7 and b to satisfy
e >i>0, and &, <1/8. (33)

This completes Step 1 of the choice of the constants. We summarize the choices above in the following
flowchart:

dy; ce. ds da, e

v e \ 1% (34)
YO>S > &> &> o> 6
Step 2. The definition of the constants here is more subtle. Our goal is to extend (34) with the additional
constants d;, ¢; (for j =k —1,...,2), 7, Ly, d2, and 7 so that
Czk_l . d3 d~2
% % \%
Ok > Op1 S>> 03 > o, 1)f > L3, 1)r

In our proof, we apply Lemma 29 to the (n,/, k)-complex G = {Q(j) ?:1. Lemma 29 has functions

Sj(Dj, ey Dk—l) for ] = 2, ey k—1 and 'F(Bl,DQ’ ceey Dk—l) in variables Bl, l)27 . 7Dk'—1 as part of its
input. The application of Lemma 29 results in a perfect (6 (d),d,7(d), b)—family of partitions & with some

d = (da,...,di_1). We want to be able to count cliques within the polyads of the family of regular partitions
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& by applying IHCy,_ ¢. Therefore, we choose the functions Sj (Dj,...,Dy_1) for Lemma 29 in such a way
that they comply with the quantification of IHCj_; ¢, Statement 32.
To this end let d;_1(Dg—1) be a function satisfying

Ok—1(Dy—1) < min{dg, D1}  and  &p—1(Dp—1) < Sp—1(THCy_1,¢(7], Dy—1)) .
We next choose the function Sk_g(Dk_Q, Dj._1) in a similar way, making sure that

Ok—2(Dy—2, Dy_1) < min {04—1(Dx_1), Dx_2} ,
and

Or—2(Dy_2,Dp_1) < Sp—2(THCk_1,¢(7], Dy—1, Sk—l(Dk—1)7Dk—2)) .

(Since 6g_1(Dy_1) is a function of Dy_; and 7 was fixed in (33) already, we indeed also have that the
right-hand sides of the first two inequalities above depend on the variables Dy_o and Dy_; only.) In general
for j=k—1,...,2, we choose d,(Dj,...,Di_1) so that
Sj(Dj, e ,Dkfl) < min {Dj, gj+1(Dj+1, ce ,Dkfl)} y
and (35)
0;(Dj, ..., Dyp_1) < 6;(THCk_1,6(i), Dk—1,0%—1(Di—1), D2, ..., 0;41(Djs1,- .., Dr_1), D;)) .
We may assume, without loss of generality, that the functions defined in (35) are componentwise monotone
decreasing. Since for every h > j + 1 the §;, was constructed as a function of Dy, ..., Dr_1 only, as before,
we may view the right-hand sides of the first two inequalities of (35) as a function of Dj,..., Dj_; only.

Consequently, 0; is a function of Dj,..., Dy_1, as promised. Furthermore, we set 7(Da,...,Dy_1) to be a
componentwise monotone increasing function such that

F(Da, ..., Dg_1) > max {1/Dy,1/63(Ds, ..., Dy_1)}
and (36)
#(Da,...,Dy_1) > r(THCk_1,¢(}, Dk—1,05-1(Dg—1), ... D2)) .
As a result of Lemma 29 applied to the constants d = (da,...,dg), ds,..., 0, 5%, and the functions
0k—1(Dk=1),...,02(Da,...,Di_1) and 7(Da,...,Dk_1) we obtain integers ny, Ly, a vector of positive re-
als € = (é2,...,6,_1) and a constant 027, (Here we did not use the variable B; for the function

f(Dg, ..., Dr_1).) Next, we disclose d; and r promised by Theorem 12. For that we apply the functions
d2(Da,...,Dg—1) and 7#(Ds,...,Dy_1), defined in (35) and (36), to é&. We set 5 and r so that

(.Z/iéQ) < min {SQ(E),’F(E)} , 5y < 5;em.29

and 0y < 0y (THC—1,¢(n, di—1, k-1, di—2, ..., 03,d2)) , (37
and
7> max {1/52(5),71(&)7 2%2} and > r(THCk 1 (0, dk1, 0 1,di2,...,05,d)) . (38)
Finally, we set ng so that
no > max {ﬁk, 1/82, 7, mg Ekmk_u, i/kﬁlk_l,g}, (39)

where
mo = max {mo (Thin.16(da, . .., dx — /3%)),mo (Thm. 16(dy, . . ., di + \/@))}
is given by Theorem 16 applied to ds, . ..,dx_1 and dy — /9; and dj, + /3y, respectively, and similarly
mi—1,0 = mi—1,0(THC,—1,6(n, dk—1,0%-1, ..., d2,62))
and
k—1,0 = Mi—1,0 (THC,_1,0(7, Eh1y Ok—1(Cr—1), - - - ,52,52(5)))

come from Statement 32.
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This way we defined all constants involved in the statement Theorem 34. Moreover, we defined the
functions and constants needed for Lemma 29. This brings us to the next part of the proof, Cleaning
Phase 1.

4.4.2. Cleaning phase I. Let G = {g(i)}§:1 be a (8,d,r)-regular (n,{, k)-complex where n > ng and § =
(62, .., 0k), d = (Elg,...,dk) and r are chosen as described in Section 4.4.1. We apply Lemma 29 to G
with the constant d, the functions 6(D) = (0x—1(Dk—1),...,02(Da,...,Di_1)) and the function 7(D) as

given in (33), (35) and (36). Lemma 29 renders an (n, £, k)-complex G = {QN(j)};?:l, a real vector of positive

coordinates d = (da, . .. ,Jk_l) componentwise bigger than é and a perfect (S(J), d,r, b)-family of partitions
P = P(k—1,b,4) refining G (cf. Definition 26 and Definition 28). Note that the choice of r in (38) and (v)
of Lemma 29 ensures that for 2 < j < k,

r> 2Lk > 2% A(k - 1,b)| > |A(j — 1,b)]. (40)
For 2 < j < k — 1, we finally fix the constants
Sj = Sj(cfj,...,czk,l) and ’FZF(J) (41)

;From the monotonicity of the functions d, and 7 and (37) and (38), we infer
52 = Sg(li) > 82(5) >0y and 7= f(d-) < f(é) <Lr. (42)

For future reference, we summarize, in Figure 2, (29)—(42) and for the remainder of this paper, all constants
are fixed as summarized in Figure 2.

dy, ds da, €
\ \ \
Y>> & > > 6 > €
\
7
\ di—1 - ds d>
\ \ \% \
Ok > ko1 > 0> 03 > 0, 1)F
\
L36y,1/r

FIGURE 2. Flowchart of the constants

Observe that due to part (i) of Definition 28 and due to part (vi) of Lemma 29, we have for every 2 < j < k
dibj =1 and d;b; = dj/d; is an integer. (43)
For future reference, we summarize the results of Cleaning Phase 1.

Setup 36 (After Cleaning Phase I). Let all constants be chosen as summarized in Figure 2 and (43).
Let G be the (8,d,r)-regular (n, £, k)-complex from the input Theorem 3. Let G be the (n, £, k)-complex and
P = Pk —1,b,9) be the perfect (S,J,f,b)—family of partitions refining G given after Cleaning Phase I,
i.e., after an application of Lemma 29.

We now mention a few comments to motivate our next step in the proof. The family of partitions &
given by Lemma 29 (cf. Setup 36) is a perfect family (cf. Definition 28). Moreover, by Lemma 29 part (i),
G®) is (Sk, 7)-regular w.r.t. 75(’“_1)(:%(’“1)) for every 21 ¢ A(k —1,b). However, while every component
of the partition is regular, it is possible that the densities d(g(j) ’750 _1)(sﬁ(j 71))) may vary across different
#U~Y € A(j —1,b) for which PU-D(£0~VD) c gu-D,
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The goal of the next cleaning phase is to alter G to form a complex F where all densities are appropriately
uniform. Importantly, we show that the two complexes G and F share mostly all their respective cliques.
(For technical reasons, we will also need to construct two auxiliary complexes Hy and H_.)

4.4.3. Cleaning phase II. The aim of this section is to construct the complex F = {FU) 9?:1 which is
promised by Theorem 34. For the proof of part (i) of Theorem 34, we construct two auxiliary com-
plexes Hy4 = {'HSZ) ?:1 and H_ = {H(_j)}?:l. Later, in the final phase (see Section 4.4.4), our goal is to
apply the Dense Counting Lemma to these auxiliary complexes.

The construction of Hy, H_ and F splits into two parts. First (cf. upcoming Lemma 37), we construct
an auxiliary (n, ¢, k)-complex H = {’H(j)}?:l which will have the required properties for 1 < j < k (we have
HY =HD = FO = HO) for 1 < j < k).

In the second part, we use the upcoming Lemma 39 to overcome a ‘slight imperfection’ of H*) and
construct HS{C), H® and F® so that H4 and H_ (as we will later show in Lemma 41) satisfy the
assumptions of the Dense Counting Lemma. Moreover, Hgf) and ch) will “sandwich” F®*) and H®*) (i.e.
HE 2 F® > H® and 1P o H* o HP),

We need the following definition in order to state Lemma 37. For a (j — 1)-uniform hypergraph HU=1)
we denote by A (H(j_l),j -1, b) - A(] — 1, b) the set of polyad addresses #97 such that

PU-D (pU-D) € WD | (44)

Lemma 37 (Cleaning Phase II, Part 1). Given Setup 36, there exists an (n,?, k)-complex H = {H(j) }521
such that:
(a) HV =GW =GM (and consequently A (’H(l), 1,b) = A(1,b)) and H® = G®? = g®,
(b) For every 2 < j <k, the following holds:
(b1) For every 20D ¢ A (H(jfl),j — l,b), there exists an index set I(:ﬁ(]_l)) C [bj] of size
|I(§:(]_1))’ =d;b; € N (see (43)) such that

HONK,(PU V@IV = ) PY ((@(j—n?a)),
acl(#-1)

(In this way, P = P(k—1,b,) refines the (n, L, k—1)-complex {H) f;ll (cf. Definition 26).)
(b2) For every2 < j <i</{ (wherej <k),

V—
j 5(5 1/3 3 i
k() £ K,(GV)| < 6} (H dSﬂ) ',
h=2
¢) Finally, the (n, £, k)-cylinder H™®) satisfies the following two properties:
(c)
(c1) For every 21 ¢ A(H(k_l), k—l,b), HF) s (Sk,cik(fc(kfl)),f) -reqular w.r.t. 75(’“_1)(:?:(/“1))
where d, (ﬁt(kfl)) =dj, £ /5.
(c2)

() A K(GW)| < 6 (H dﬁ’“)

h=2
We prove Lemma 37 in Section 6.2.
Consider the subcomplex H*™Y = {HU )}f;ll. The complex H* ™Y is ‘absolutely perfect’ by having the
following two properties for every 2 < j < k:
perfectly equitable (PE): For every 899 € A(HU=Y j —1,b) and every 8 € I(&Y~Y), the
(n/by, 7, j)-cylinder P ((;Tc(J_l), B)) ig (65, de, 7)-regular w.r.t. its underlying polyad PU=1 (£0~1).
uniformly dense (UD): For every V=1 ¢ A(HU-Y j —1,b),

A(HD|PU=D(&UD)) = (d;b;)(d; £35;) . (45)
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Property (PE) is an immediate consequence of the fact that & is a perfect (5, d,r, b)-family of partitions.
Property (UD) easily follows from (b1) combined with (PE).

We now rewrite the right-hand side of (45) in a more convenient form. It follows from (43) and choice of
the constants §; < d; (cf. Figure 2) that

A(HO [P (@0)) = (d;by)(dy % 65) = d; + d;d;/d; = dj /55 (46)

Remark 38. Observe that the last two “equality signs” in (46) are used in a non-symmetric way. For
example, the last equality sign abbreviates the validity of the two inequalities

dj—djgj/JjZdj— (5]‘ and dj+dj5j/dj§dj+\/5j.
We will use this notation occasionally in the calculations throughout this paper.

For each 2 < j < k consider HU) as the union
HO) = U {H(j) N ;Cj(fﬁ(j—l))(j(jfl)): £0-1 ¢ A(H(j_l),j _ 1,5)} )
JFrom property (PE) and (46) we will infer that HU) is (S;/g, d;, 1)-regular (and, therefore, also (¢, d;,1)-
regular) w.r.t. HU=1 (this will be verified in the proof of Lemma 41 in Section 7.2). This means, however,

that the complex HFEY g ‘ready’ for an application of the Dense Counting Lemma, Theorem 16.
The proof of (b2) is based on the induction assumption (cf. THCy_1,). The treatment of H*) will

necessarily have to be different. We shall construct two (n, ¢, k)-cylinders Hf) and H(_k) so that ’Hf) B}
HE) D 'Hgﬂ). Moreover, we construct F*), incomparable with respect to H*), but with Hf) D Fk > ch).
To this end, we use the following lemma whose proof we defer to Section 6.3.
Lemma 39 (Cleaning Phase II, Part 2). Given Setup 36 and the (n, ¢, k)-complex H from Part 1 of Cleaning
Phase II, Lemma 37, there are (n, £, k)-cylinders H(_k) c Ftk) C Hf) such that:
(@) Ho = {(HOP U WY, 1y = (HOY U, and F = (HOPZIU{FOY are (n,£,k)-
complexes and 'H(_k) cH® C Hf).
(3) For every &%~V ¢ A (H(k_l), k—1,b), the following holds:
(B1) H®) s (35k,dk — Vo, f)—regular w.r.t. to 75(’“_1)(:%(’“71)) and
(82) Hf) 18 (3&, dy, + \/0r, 77) -reqular w.r.t. to P*+—1) (:f:(kfl)),
(B3) F*) s (215k,dk,f) -reqular w.r.t. to 75(’“_1)(:%(’“71)).

Cleaning Phase II is now concluded. For future reference, we summarize the effects of Cleaning Phase II.

Setup 40 (After Cleaning Phase IT). Let all constants be chosen as summarized in Figure 2 and (43).
o Let P = P(k—1,b,4p) be the perfect (8,d,7,b)-family of partitions given after Cleaning Phase I,
i.e., after an application of Lemma 29.
o Let H be the (n, £, k)-complex given from Part 1 of Cleaning Phase II, Lemma 37. For every2 < j <
koand 2971 € A(HU-D j—1,b), let I(&U™Y) C [b;] be the index set satisfying (b1) of Lemma 37.
o Moreover, let Hy, H_, and F be the (n,¢, k)-complexes given by Part 2 of Cleaning Phase II,
Lemma 39.

4.4.4. The final phase. We now finish the proof Theorem 34. The first goal is to show that H and H_
satisfy the assumptions of the Dense Counting Lemma. To this end, we use the upcoming Union Lemma,
Lemma 41, stated below. After stating the Union Lemma, we finish the proof of Theorem 34.

Lemma 41 (Union lemma). Given Setup 40 and *x € {+,—}, the complex H. is (¢',dx,1)-reqular where
e =(e,....e) eRF1 and d. = (d5, ..., d}) with
d; if 2<j<k-1
d; = di+Vo, if j=kandx =+ (47)

d, =0, if j=kandx=—.
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Similarly, the (n, £, k)-complex F = {H(j)};?;ll U{F®} is (¢’,d,1)-reqular where €' = (¢',...,¢') € RF1
and d = (da, ..., dg).

We give the proof of Lemma 41 in Section 7. We now finish this section with the proof of Theorem 34.

Proof of Theorem 34. Set F9) = H) for 1 < j < k and let F*) be given by Lemma 39. Consequently,
F = {f(j)}?zl is an (n, ¥, k)-complex and Lemma 41 and the choice ¢’ < ¢ gives (i) of Theorem 34.
Moreover, due to part (a) of Lemma 37, we have ¢M = HM = FO and g& = H? = FO which
yields (i) of Theorem 34. It is left to verify part (4ii) of the theorem.

As an intermediate step, we first consider IC,(H®)A IC,(F®). Since H) D HEWUF® and HW N F®) >
H (cf. Lemma 39), we have

(R 210, (FO)| < [, (1) \ o (1) . (48)

We infer from Lemma 41 and the choice of ¢’ in (32) and ng in (39) that H4 and H_ satisfy the assumptions
of the Dense Counting Lemma, Theorem 16. Consequently,

()] = (14 Vo) (an+ \/@(i) ’ﬁd}(f) xon’ < (14 Vo) (1 + 2(2) {Z‘j’“) ﬁ d) st
h=2 h=2

(49)
k 4
<(1+a/) 1 &) x nt.
h=2
Similarly,
k 14
‘icZ (HS’“))‘ > (1-0) 11 d) x nt (50)
h=2
Therefore, from (48), (49) and (50), we infer
k 3
1 (M) Ak, (F9)| < 26 T] d") st (51)
h=2
We now prove (iii) of Theorem 34. Using the triangle-inequality, we infer
(69 21, (F9) | < I (69) 210, (6) |+
+ |, (G0) k(1O |+ (52)

+ i () A K (FO)|

Then part (#i1) of Lemma 29, (¢2) of Lemma 37, and (51) bound the right-hand side of (52) and, hence,
5o 35%) TT a®)
Ko (@9) a1 (F )| < (e +30%) TT ) (53)
h=2

part (iii) of Theorem 34 now follows from ~ > &, > 0 (cf. Figure 2). This concludes the proof of
Theorem 34. g

5. PROOF OF CLEANING PHASE I

The proof of Lemma 29 is organized as follows. We first fix all constants involved in the proof. We then
inductively construct the perfect family of partitions & and the complex G promised by Lemma 29. Finally,
we verify that &2 and G have the desired properties.
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5.1. Constants. Let d = (da, ..., d;) be a vector of positive rational numbers. Suppose

d; = % for some integers p; and g;.
j
Moreover, let ds, ..., 0y satisfy 0 < §; < d;/2 for j = 3,..., k. Furthermore, let % be a positive real and
let 8(D) and 7(By, D) be the arbitrary positive functions in variables D = (Da, ..., Dy_1) and B given by
the lemma. The proof of Lemma 29 relies on the Regularity Lemma, and more specifically, on Corollary 27.
The proof also relies on the Induction Hypothesis on the Counting Lemma (IHCj_; ), Statement 32, with
¢ = k. Therefore, for the proof of Lemma 29 presented here, we assume that IHC_; ¢ holds (cf. (18)).
We set

k
1 1
n=q. gj:;j, and 0}, 2MHd (54)

We also fix functions 5;» in the variables D;,..., Dy for j =k —1,...,2 so that

0% (Dj, ..., Dgp—1) < min 18(SJ(DJ,.. ,Di_1), 36 < 5 and

(55)
85 (Dy, ..., Dr_1) < %5]‘(IHC]€_17[(’I7,Dk_l,yk_l(Dk_l),Dk_g, o051 (Djgr ..., Di_1),Dj)) .
(Observe that the right-hand side of the last inequality is a function in the variables D;, ..., Dy_4.) Similarly,
we set 7' (B, D) so that
r' (B1,D) > 7 (By, D), and
7' (By,D) > r(IHCy—1,¢ (1, Dp—1,6}_1 (D—1), Dk—2,...,05(D3 ..., Dy_1), D3))

(56)

where, without loss of generality, we may assume that the functions given in (55) and (56) are monotone.
Corollary 27 then yields the integer constants ny and Lj. Next we define the constants promised by Lemma 29
as follows

W=V AN 5@
Lk_<k_1)Lk ]1;[2 éj and 52 L

2
k

fOI‘j:2,...,k71, 52(52,...,5k_1),
(57)

Finally, let my_1 ¢ be the integer given by Statement 32 applied to the constants 1, éx—1, 0}, _;(€k—1),. .., C2,
55(5) and set ﬁk = max{nk,Lkmk_l,g}.

5.2. Getting started. Let G = {g(j)}k be an (n, ¥, k)-complex with n > 7. We apply Corollary 27
to G to obtain a (u,é'(d), (d)) equitable (&},7/(d )) regular family of partitions Z = Z (k — 1,a,p) =
{f%’(j)}g?;ll refining G (cf. Definition 26), where d = (dy,...,d_1) is the density vector of the family of
partitions Z. Note that it follows from our choice of o; in (54) and part (i) of Corollary 27 that for every
j=2,.. k-1

d;/d; and 1/d; are integers. (58)

We now make a few preparations concerning notation. Having d = (6227 .. ,Jk,l) as an outcome of
Corollary 27, we derive the constants 53»7 9 for j=2,...,k—1 and v’ and 7 from the functions given in (55)
and (56) by setting

(5; = 5;(623, .. ,Jk_1) < Sj(dj, .. -7Jk—1) = 5]‘ and ’I“l = r’(a1,d) Z f(al’(i) = 7:’ (59)

(the inequalities above follow immediately from (55) and (56)). Moreover, we set 8’ = (d5,...,6,_,) and

6= (62a"'a6k—1)'
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Forany j = 2,...,k—1and gV=Y € A(j — 1,a), let a;eg(ﬁ(jfl)) be the number of ((537d~j,r’)-regular
(n/as,j,j)-cylinders of 2U) belonging to 7%0'—1)(7;@*1)). We then observe that

; 1 2
aE(GlUY) < = <= 60
AR (60)
Finally, we fix the integer vector b = (by,...,bx_1). We set
58) 1
by =a; and bj(:ég)dfforj:l...,k—l. (61)

j
Before constructing the promised perfect (5, d,r, b) -family of partitions & = & (k — 1,b,%) = {@(j)}f;ll

(cf. Definition 28) and the (n, £, k)-complex G = {Q(j)};?zl, we proceed with the following simple observation.

Observation regarding ‘bad’ j-tuples. Since Z is a (u,d’,d,’)-equitable (0., r")-regular partition,
all but at most un® crossing (w.r.t. G() k-tuples belong to (8’,d,r’)-regular (n/ai,k,k — 1)-complexes
R(G" V) (cf. (16)) given by the family of partitions %Z. We assert that

for each 2 < j <k, at most u(];)nj crossing j-tuples belong to (62)

(((5&, . ,5;71)7 (Jg, e d},l), r’)-z’rregular (n/ai,j,j — 1)-complexes of %.

Indeed, a j-tuple belonging to an irregular (n/ai,j,j — 1)-complex can be extended to (i:;) n*=J crossing
k-tuples and at most (l;) such j-tuples can be extended to the same k-tuple. Each such k-tuple necessarily
belongs to an irregular (n/a1,k, k — 1)-complex. Since there are at most un® such “irregular” k-tuples (62)
follows.
Itinerary. We define the complex G and the family of partitions & = P(k—1,b,4) so that & is a perfect
family of partitions refining G. Our plan is to alter the family of partitions Z = Z(k — 1, a, ) into the
family of partitions & = Z(k — 1,b,¢) = {@(j)}?;ll. The families & and #Z will overlap in the regular
elements of %. The elements of % which are not regular are substituted by random cylinders.

We construct 22() apd G inc}uctively for j=1,...,k—1. First set G = G Since by = a1, we have
A(1,a) = A(1,b) and A(1,a) = A(1,b). We set 11 = ¢ and define 2(1) = Z(1). In other words, both %
and & split the sets V) for A € [¢] into the same pieces V) = Vi1 U---UVyp,.

For 2 < j < k, we shall define 220) and G\9) in such a way that the following statement (C;) holds:

(C;) There is a partition 20) = 29§ 2D, of Kéj)(Vl, ..., V4) where, for x € {orig,new}, we define

orig
PO = J{P0): PW e 201,
and an (n, £, j)-cylinder G&) C Kéj)(Vl, ..., Ve) such that (I)—(III) below hold:
(1) 2 = {RV@D): 9 € A(j.a) and RyD) = RV )},

orig
isa ((6,..., 55); (dy,...,dj), r')-regular (n/ay, j, j)-complex},
s @) if =2
GNPl =G\ Pute if  3<j<k
(ITI) the family of partitions &; = {2W . 20} s a perfect
((985/ds, ..., 98%/d;), (da, . .., d;), ", b)-family.
Before we give an inductive proof of statement (C;), we list a few of its consequences in Fact 42. The

properties (1)—(5) of Fact 42 will be derived directly from (C;). They are utilized in our proof, in particular,
we use Fact 42 with j — 1 to establish (C;).

Fact 42 (Consequences of (C;)). Let 2 < j < k — 1 be fived. If (Cj/) holds for 2 < j' < j and if 22

refines G2, then the following is true:

(1) G c gu,
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(2) g"(j) {GMY _ is an (n K ,j)-complex and for each 2 < h < j, i.e., G C K (Q(h vy,

(8) P; refines the complex g
(4) foreverngzgf

j
’lC (GINAK,(G ‘ H , and
(5) for every &%) € A(j,b),
_ J S I (nby)itt
K; PO (& ‘ =(1+n A7A4 Y
‘ H ~ In(n/by)
h=2
Proof of Fact 42. part (1) follows clearly from (II). We prove (2) by induction on j. For j = 1 or 2 there
is nothing to prove. Let j > 3. Suppose (C;) is true for 2 < ¢ < j and suppose, by induction, (2) holds for

j—1, e, Q(jfl) is an (n, ¢, j — 1)-complex. We show that every j-tuple J € G satisfies J € K; (é(j_l)).
Let J € GU) be fixed. Tt then follows from (II) of (C;) that

JegWnpY). (63)
We first confirm
J e K;(PUY) . (64)

To that end, since J € Péﬁl)g, it follows from (I) of (C;) that there exists y\9) € A(j, a) such that J € R\ (y\9))
and the complex R(y)) = {RM (y0)} _ is ((85,...,6%), (jg,...,dj)m')—regular. Consequently, J €
K; (RU=D(y)) and by (I) of (Cj_1) we have that RU~D(y1)) C Pgigl). This yields J € K, (’Péﬁlgl)) as
claimed in (64).

Now from (63) and (64), we infer that J € K. (Q(J Hn Pong ) (since G is a complex), and so by (II)
of (Cj-1) we have J € K, (GU=1). This completeb the proof of (2).

Next we show part (3), again by induction on j. The statement is trivial for j = 1. It holds for j = 2

by assumption of Fact 42. So let j > 3 and assume that &?;_; refines {_C';(h };1 We have to show that
either PU) C G or PO NGYH = & for every P e 220). So let PY € 2 be fixed. If PU) € e@new,
then PU) N GUY = & by (I) of (C;). Therefore, we may assume that PU) € QZO Now, if PU) 0 GL)

then again by (II) of (C;) we infer P NG = @. On the other hand, if P\) N Q(J) # @, then PU) C G J)
since P ¢ 1)

orig’

Therefore, P C G N P(Ef"?g =G by (1) of Fact 42. This verifies (3) of Fact 42.
Next we show (4) of Fact 42. From (62) and (I) and (II) of (C;) we infer that

(I) of (C;), and the fact that the original family of partitions & refines the complex G.

GDAGY| = |60\ GV < u(k)nﬂ
j

Consequently, by the choice of p in (54)

‘ i ‘
(g(J YAK, (g )’ < M(k)nj « (6 Z)ni—j < 0y, Hd}(Lh) xnt,
J v h=2
which yields (4).
Finally, we note that (5) follows from (IIT) and IHCk 1¢ (cf. (18)) since j < k — 1. In particular, (5) is
a consequence of the choice of ¢ and ' in (55) and (56), (III) of (C;), and (18). O

5.3. Proof of statement (C;). As mentioned earlier, we verify (C;) by induction on j.
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5.3.1. The induction start. In the immediate sequel, we define 22 = 2 22” U222 of Kéz) V.., V)

orig
In our construction, we use that our constants satisfy

(57) -~ (57)

6D 5
026, < 126, < 126, D 5@) < ap(d) 2

=) 8, < dy < dy (65)

and also use that dy/dy is an integer (see (58)). Before constructing the partition 2(2), we require some
notation.

Notation. Recall that the partition 22 = {R®)(y?)): y? € A(2,a)} refines the partition G2 U
G® (here, G? = Ké2)(%,...7W) \ G®). Therefore, for each gV = (\N),(8,8)) € A(1,a), there
exist disjoint sets of indices I:°® = I3%(g)) and T,* = T, (") so that {R(Q)((Q(l),a))}aelge
{R(Q) ((Q(l), a)) }aejgeg are the collections of all (85, da, 1 1)-regular graphs R(?) (y(?) = R(2) ((Q(l)7 a)) whose
edge sets are subsets of G2 (y1)) = GA[V; 5 U Vy 5] and G (yM) = (Va5 x Var ) \ G2, respectively.
Plan for constructing #(). We now outline our plan for constructing 22 = {P®)(x?). z? ¢

A(2,b)}. Later we fill in the techmcal details. Wlth g =g = = ((A\N),(8,8)) € A(1,a) = A(1,b) fixed,
we define a partition 2@ (&) of K (’P(l)( )) = V.8 X Vv @. More precisely, with &1 = g defining
a pair of sets Vi g, Vi g/, we con51der all regular subgraphs of Vy 5 x Vi g from the partition %2(?) and leave
them in the “original part” (,@(2 @&1)) of 2@ (&M). In other words, for 21 = §1) we set

25,@0) = {R (3", ))} U{RO(@Y ) e (66)

. and

acls*® (@)

This collection of graphs consists of all subgraphs of V) g x Vi g belonging to #?) which are (5&,&2, 1)-
regular. In order to simplify the notation, we set

P2 (3 >):U{p<2> PO e 22 (3 1>)}

orig orig

For the construction of the partition of (Vi g x Vi g/) \ P, we will use the Slicing Lemma to introduce

orlg’

new (94 /dg,dg, 1)-regular graphs that do not belong to (2. We shall call the collection of those graphs
f@r(lgzv(fiz(l)). We now provide the technical details to the plan described above.

Technical details for constructing 2@, Let 21 = ((\X),(8,8)) € A(1, ) remain fixed. Let
. 2)
Gia@™) = P,@ ") ng?

be the union of all graphs P C G2 in P (& (1)) Similarly, we define

orig

Gia@®) = P n g
Note that while gﬁﬁg)(:z“)) and Q(Q)(‘(l)) are disjoint, they are not necessarily complements of each other.
Moreover, observe that gg{%(i(l)) is the umon of ay® = |Ireg( M| < a5 (@M) < 2/dy (see (60)) (8, da, 1)-
regular graphs. Consequently, Qreg( DY is (20 /dy, obBdy, 1)-regular (cf. Proposition 50). Similarly,
gr(gé( £ W) is (264 /dy, a8 dy, 1)-regular, where @™ = |Ireg( Wy).

Since G is (8, do, 1)-regular by the assumptlon of Lemma 29, we infer that g (1) = g Va3, Vv g
is (a20,,dy, 1)-regular. Therefore, G (&) is (8}, d2, 1)-regular by (65). Consequently, since 28 /dy + &, <
364 /dy, we have that @ (1) \ gr(gé(i(l)) is (30/da, dy — o®dy, 1)-regular. We now apply the Slicing
Lemma, Lemma 30, to g(f)(:%(l)) \gr(,fg)(:ﬁ(”).

To this end, recall da/ds is an integer (see (58)) and set p = dg(dg — gdg) so that 1/p = da/dy — ai®
is an integer. We apply the Slicing Lemma with ¢ = do — sy €dy, 6 = 36} /dg, p as above and rg;, = 1 to
decompose G2 (& )\Q (@) into 1/p = dy/dy — o’ pairwise edge-disjoint (98 /da, da, 1)-regular graphs.
Denote the family of these blpartlte graphs by (@nezv g(2)( (1)).
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The partition 32( ) g@)( &) of g (&) \@(:ﬁ(l)) will be defined in a very similar way. Indeed, the

graph G2 (&) = (VA 5) %V g )\G? is (a282, 1—dy, 1)-regular since it is fhe complement of the (a2d,, da, 1)-
regular graph ¢@ (&), By (65), the graph@(ﬁ:(l)) is then also (04/da,1 — dg, 1)-regular. Furthermore,
gg);(:%( ) is (28} /dy, ay®ds, 1)-regular (since gﬁfg( W) is the union of @4 disjoint (8}, dz, 1)-regular graphs
and ay® < al® < 2/dy by (60)). Consequently, G2 ( (1)) \ g<2)( ) is (352/d2, 1 —dy — ay®dy, 1)-regular.
We apply the Slicing Lemma with o =1 — dy — @y 8dy, 0 = 352/d2, p= dg/g and rgr, = 1 to decompose
G (@MW) g 2)( 1)) into a family @( ) e
are (90 /dy, ds, 1)-regular. Indeed, note that by (58) we have that 1/p = (1 — dy — @y®ds)/ds is an integer.
For &) = (A, ), (8. 8). set

(& (1)) of bipartite graphs. We conclude that all of these graphs

P@ )= 22 @V 22 (@)
and

2) (4(1) 2 (2) (41)

2@ @W) = 22, @) v 2 @),

Also set z(&Y) = | 2@ (1)]. The partition 2@ (1) has the following properties:
(4) 2@ (2W) is a partition of Vy B XV g
(B) z(2#")) = by. Indeed, since all graphs from 222 (1)) have density within dy & 98} /dy, we have that
1 1
e < 2(@Y) < (67)
doy + 905 /dy ~ dy — 96 /dy
It follows from (55) that 984 /ds < (d/2)? yielding (dy — 964 /dy)~* — (dy + 985 /d3) ™" < 1. Conse-
quently, z(2™") = by follows from (61).
() 2@ (&WY) refines G in the sense that for every a € [2(2")] either 73(2)((:%(1),04)) C G or
PO (@M, 0)NG = @.
(D) All graphs from 22 (&1)) are (96} /ds, da, 1)-regular.

Now, we set
GO (zM) = U{p@) e 2@ M)y, p@ g(2)} and G® — U{gu)(@(l)): &M ¢ A(1,b)}, (68)
and we set
22, =U{22.6"): eV c Anb)},

728, =\U{Z8@"): 2V e Ao} and 2 = 22,028, .

orig new orig

It is left to verify (I)~(III) of the statement (Cz). Due to (66) and the definition of I:°(2™") and T, * (&),
for every 2V € 151(1, b), we infer that

P2 = {R(Q)(y@)): RP (y @) is (8}, da, 1)—regular} ,

orig
which yields (I) of (C3). Owing to (C) from above and (68), we have G®) = G®) (which is (IT)) and
P@ refines G . (69)

Finally, we infer from (B), (D), and (61) that 22, = {21, 23} is a perfect (95}/dy, dy, 1, b)-family
(see Definition 28), which gives (III) of (C2).
This concludes the construction of 2 which satisfies (Cz) and, therefore, we established the induction
start of our construction of 2 and G. Also note that we additionally verified (69).
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5.3.2. The inductive step. We proceed to the inductive step and construct partition 220U+ and (n,€,541)-
cylinder GU*1) which will satisfy (I)—(IIT) of (C;11). We assume that 22" and G satistying (Cp,), 2 < h < 7,
are given. Moreover, due to (69), we assume Fact 42 holds as well for 2 < h < j.

Our work in constructing 22U+ will be quite similar, albeit easier, than our work for constructing 2.
This is in part because we do not require that GUTY = gU+D for j > 2. Tt will be necessary to construct
P2(i+1) pefore constructing GUTY as the partition ends up defining the hypergraph.

Construction of 2U+1) and GU+D. The partition 20+) = 2LV @0@1) of KV (v,..., V) will
be defined separately for each family K; (’p(j)(:fs(j))) of (j + 1)-tuples with 2 € A(j, b).

Fix 29 € A(j,b). We define the partition 20+ (7)) = yl(lévtl)(i(j))u,@é{;gl)(:%(j)) of K; 1y (ﬁ(j)(i(j)))
by distinguishing two cases.
Case 1 (&) € A(j,b) and there exists 1 < s < j + 1 so that P@(9,2Y)) e @éje)w) We want to apply the
Slicing Lemma to K, +1(75(j)(A(j))) For that we first appeal to (9) of Fact 42 for j. Indeed, observe that
K (ﬁ(j)(:ﬁ(j))) is (8,1, r)-regular w.r.t. PU)(£9) for any positive § and integer . Consequently, we may
apply the Slicing Lemma, Lemma 30, with o = 1, p = dj+1, 0= 35j+1/dj+1, and rep, = ' to FUTD =
ICjH(ﬁ(j)(a?(j))) (Observe that 36 = 95’+1/dj+1 < djy1 = poby (55).) Since 1/p = 1/d; 11 = bj1 by (61),
we obtain a collection of 1/d;j; pairwise edge-disjoint (905 1/djt1,djy1,7")-regular (n/b1,j + 1,7 + 1)-
cylinders PUHD (29), a)) with a € [bj4+1]. Denote by

PN @) = {PU (@D, 0)): 0 € byl }

the family of (n/by, j+1, j+1)-cylinders newly created. Set (@égl)(ﬁ:(j )} = @. This concludes our treatment

of Case 1.
Case 2 (29 € A(j,b) and PU) (9, :iz(j)) gzgl)g for every 1 < s < j + 1). By the assumption of this case

and ( ) I) of (C;), we infer that there exists 39 € A(j, a) such that R (§) = PO (£9). Recall the definition
of a’%8 (g @) (preceding (60)). Without loss of generality, let {RU+D (57, a))}ae[

of the (¢, dj1,7")-regular (n/by,j 41,7 + 1)-cylinders (regular w.r.t. RU) (g @y = 77( N (&9))). We set

reg be an enumeration

1 , o
230 @D) = {RUD((D,0)} - and (70)
a€lal]
pglgl)(@( )y = U {p(j+1): PG+ ¢ yo(iigl)(a}(j))} - U R(j+1)((g(j),a)),
a€la}®]
Observe that Péi;g_l)(a“:(j)) is (aj 805,050 1j11,7")-regular w.r.t. PG (&) (cf. Proposition 50) and,
as a consequence of (60), also (35’+1/d]+1, ]_de_H, r')-regular. Then, K, (PU) (A(j))) \P(jﬂ)(A(j))
is (3§§+1/J+1, - ;‘;1(2 +1,7")-regular. We apply the Slicing Lemma to K, (P(J)( (]))) \Péil—gl)( )
with p = 1 — JHd]_H, p=djii/0 6 = 35, +1/dJJrl (vielding 36 < po by (05)) and rg;, = r’. Note that

1/p=o/djs1 =1/dj11—a a’? is an integer by (58). We thus obtain a collection %EQVU( @) of I/Jj+1—a;ef1

pairwise edge disjoint (9 ;‘+1/dj+1a chH,r’)—regular (n/b1,j + 1,5 + 1)-cylinders P Hl)((i(j) @)). Setting
1 j 1) ()N o, S0 A (DN = re re
PG+ (30)) = 2, )( (j))UQ@(JJr )( (@) yields a partition ofle_H(P(J)(w(]))) into 1/dj41—aj P +ajF) =
1/d;j11 = bjy1 (by (61)) disjoint (95’+1/d]+1,dj+17 r’)-regular (n/by,j + 1,5 + 1)-cylinders. This concludes
our treatment of Case 2.
Now, we set

U+ (39)) = | {p<j+1> e 20tV (g0 puth C g‘j“)},
guty —| | {Q<J+1>(§;(j)): &) e A(j, b)} ;
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and we set
2@ = {780 @) @V e AGb)
280 =UJ{250 @) @9 e (b)) and 20 = 20w 2B

orig orig new orig

It is left to verify (I)—(III) of statement (C;11).

Confirmation of (Cj;1). First we verify (I). To this end, we establish the equality of sets in (I) by
decomposing the equality into its respective ‘C’ and ‘D’ parts, and begin by considering the former.
We verify the ‘C’ component of the equality of the sets in (I) of (Cj41). Let PU+Y = pU+D ((:%(]H), a)) €

f@ggl). Owing to the construction of 22U+ above, PU*Y originates from Case 2. By the assumption of

Case 2, we know that P (9,871 e 29 for every s € [j+1]. Consequently, from (I) of (C;) we infer that

orig

for each s € [j + 1], there exists y') such that ’R,( ={RM(y < }] is a ((65,...,08%), (da, ..., czj),r’)-
regular (n/a1, j, j)-complex and RU )(ygj)) =PU)(0, A(JH)). Clearly,

J
{ U =™ (ygj))} is ((85,...,0%),(da, ..., d;),r")-regular (72)
se[j+1] h=1

and PU) (&) = Usei+1 R (y). Moreover, by the construction in Case 2 and PU+1) € 2YD there

orig

exists RUHD e %’UH) such that PUtD = RO+ and RUTD ig (5;-+1,czj+1,r')—regular with respect to
Usepit1] R(J)( ) P@(2Y)). Then (72) yields the ‘C’ component of the equality in (I) of (Cj11).
We now verify the ‘O’ component of the equality in (I). To that end, let ) € A(j,a) and a € [aj1]

be given so that ’R((‘(j) )) = {RW((yD, ) 2“1 isa ((,..., i1 (d, ..., djs1), r')-regular complex.

Hence, RUHD(9,59) € 2Y) for every s € []Jrl] by the induction assumption (more precisely by (I) of (C;)).

orig
reg

Moreover, the (n,j+ 1, +1)-cylinder R(JH)(( 7) ,a)) is (85115 dj11,7")-regular (ic., o € [a i (& 2£9)]) and,
consequently, R(j“)((@(j),a)) e pUTD (cf. (70) in Case 2). This concludes the proof of (I) of (C;).

Since j + 1 > 3, part (II) follows dlrgectly from (71).

In order to verify (IIT), we appeal to the induction assumption. Observe that we only need to con-
sider PUTD (xU+D) for U+ € A(j + 1,b). It is clear from the construction that in both of cases we
partitioned IC; 4 (ﬁ(j)(w(j))) into bj41 different (96§+1/dj+1, dji1,7")-regular (n/by,j + 1,5 + 1)-cylinders.
Consequently, (III) of (Cj4+1) holds and (C;41) is verified.

This finishes the inductive proof of statement (C;) for 2 <i < k — 1.

5.4. Finale. Having inductively defined partitions 2U) and hypergraphs G, 2 < 7 <k —1, we proceed
to construct the promised hypergraph G*) (see (73) below). Then we shall show that the conclusions of
Lemma 29 hold for 2 = {22 ... 2*=1) and G = {GV) -

Let Areg( (k1) ,GF) k-1 b) denote the set of all 1) ¢ A(k 1, b) for which P k- 1)( (k— 1)) - ple—1)

orlg orig

and G is (3, 7)-regular with respect to P*—D(2*~D) We set
6% = {0 NI, (P00 60 € Ay (P60, k— 1,8) ). (73)

It is left to verify that the earlier constructed family of partitions &2 = {PU )};?;11 and G = {G(i)}le
satisfy the conclusion of Lemma 29.

Recall that for 2 < j < k — 1, we constructed 22) and GV so that (C;) and (69) holds. Consequently, by
Fact 42 assertions (1)—(5) hold for every j = 2,...,k — 1. The verification of Lemma 29 will rely on these
assertions.

We first show that

G is an (n, £, k)-complex . (74)
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By (2) of Fact 42 for j = k — 1 we see that {G<J’>}§;} is an (n, £,k — 1)-complex. Now, let K € G*). We
have to show that K € K, (G*~1). From (73), we infer that K € K, (G*~1 N Péfigl)) and, consequently,
by (1) of (Cr_1), we have K € K, (G*#~1). Therefore, G*~1) underlies G*) and (74) follows.

Now we show that

d is componentwise bigger than &. (75)

Suppose de < ¢ for some 2 < j <k — 1. Recall, that d was given by Corollary 27 as the density vector of
Z(k —1,a,p). Moreover, Ly, > |A(k — 1,a)| and hence |A(j — 1,a)| < 2'L¥ for j = 2,..., k. Therefore, the
assumption d; < & = 1/(2F2LF) (see (57)) implies that the number of j-tuples in (6%, d;, r")-regular polyads
of Z is at most 2°LE(d; + 85 )nd < 271 Lyém? = nd /2. On the other hand, by (62), all but at most ,u(’;)nj
crossing j-tuples belong to (47, Jj,r’)—regular polyads of #Z. Since (1/2 + u(l;))nj < (ﬁ) n’ the assumption

ch < ¢; must be wrong and we infer that cij > ¢; for every 2 < j < k —1, as claimed in (75).
Using (IIT) of (Cr—1) combined with (55) and (56) yields that

P = P4 is a perfect (5, d,r, b)-family of partitions. (76)
Moreover, (3) of Fact 42 for j = k — 1 states that
P = P)_; refines G . (77)

From (74)—(77) we infer that it is left to show (¢)—(vi) of Lemma 29, only. We observe that (7) is immediate
from the construction of G*) in (73). Also, due to (73), (II) of (C;) for j = 2,...,k — 1 (see also (1) of
Fact 42), and the definition of G = G we have (ii) of Lemma 29.

Now we verify (4ii) of Lemma 29. For 3 < j < k it is given by part (4) of Fact 42. For j = k, we recall
the definition of C;(k) in (73) and consider g \Q(k). There are two reasons for a k-tuple K € G") to be in
G \G(k). Either K ¢ ICk(Péfigl)) or K belongs to a polyad P*~1 such that G*) is (5k, 7)-irregular w.r.t.
Pl

Consider a k-tuple of the first type, i.e., K & I, (Péfigl)). Owing to (I) of (Cx—1) we see that K belongs to
a ((5’2, ce 01 q), (JQ, ce, cik_l), r')-irregular (n/a1, k,k — 1)-complex of the original family of partitions Z.
Consequently, by (62) (with j = k) there are at most un* k-tuples K of the first type (K ¢ K, (P(Efigl))).

Now consider a k-tuple K, which is not of the first type, but of the second type. In particular, K €
le(Péfigl)) and G is (gk,f)—irregular w.r.t. P*=1D the underlying polyad of K in the family of parti-
tions #. From (I) of (C,_1) we infer that P*~1) corresponds to k different (n, k — 1, k — 1)-cylinders, which
are all elements of Z(*~1). Since Z is a (8, r')-regular partition w.r.t. G*) and 6 > &), and 7 </ (cf. (54)
and (59)), there are at most &,n* k-tuples K € G n ICk(Péfigl)
the underlying polyad P* =1 of K.

Summarizing the above, we infer that

) so that G®) is (8, 7)-irregular w.r.t. to

G AGH| = [6®\ G| < (u+ sfn* ) 25,
Consequently, by the choice of §, in (54), the following holds for every k < i < ¢,

3 [ N DL
K,(GHFH)A /ci(g%))\ < 200nF x (Z B k) n =k <o [ dy x
h=2

which completes the verification of (i) of Lemma 29.

We further note that (iv) of Lemma 29 is an immediate consequence of by = a1 < rankZ < L < Ly
(cf. (57)), G = G and the assumption of Lemma 29 that G is a (8, d, 1)-regular complex.

Finally, we show (v) of Lemma 29 as follows:

b1 k—1
¢ _ ("1 @ ¢ L3~ | | <
k= |A(k -1 = i S - ¢ - 1
rank & = |A(k ,b)] <k1>b1 jI |Qb] k—1)Fk i d;
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Then (v) follows from & < d and the choice of Ly in (57). Finally, (vi) follows from (58). This completes
the proof of Lemma 29.

6. PROOFS CONCERNING CLEANING PHASE II

We prove Lemma 37 and Lemma 39 in this section. We work in the context of Setup 36, the environment
after Cleaning Phase I (after an application of Lemma 29) with the constants summarized in Figure 2.
The main objective of this section is to construct the complexes Hy4 and H_ stated in Lemma 37 and
Lemma 39. We prove these lemmas in Section 6.2 and Section 6.3, respectively. The following section,
Section 6.1, contains some preliminary facts, which are immediate consequences of the choice of constants
given in Section 4.4.1 (see Figure 2).

6.1. Preliminary facts. We start with the following facts which we apply liberally in the remainder of
this section. The first two facts are immediate consequences of IHCj,_; , and the choice of constants in
Section 4.4.1 (applied to differing setups).

Fact 43. For all integers 2 < j <k and j <i </ and every A; € (m)

( (GY[A ‘—1177 Hdh n', (78)
I
(ici (.C’;(j)[Ai})‘ =(1+m+) ][] d,(j) x nt. (79)
h=2
Consequently, by the choice of n in (30) and &, < 1/8 in (33),
505 1—1/4— 4y : 1 ;
DA, DA, - DA,
LGV 2 7 KGN 2 5K (V)| (30)

Proof. Due to the choice of § = (02,...,dk—1) and r (cf. (31), (37), and (38)) for 2 < j < k, the com-
plex VW) = {GW}] _| satisfies the assumption of IHC},_; . As such, we conclude that (78) holds. Since G
is given by Lemma 29, it satisfies (4ii) of that lemma and (79) follows. O

In the following fact, H(j_l)

application of Lemma 29 (i.e., the complex ﬂ(j

represents an arbitrary regular (n/by,i,j — 1)-complex arising from an
s “built from blocks” of the partition &2).

Fact 44. If1<3—1<kand]<z<£and7't(] Y = (ML is a (02, ... 0-1), (d2y ..., dj_1),7)-
regular (n/by,4,j — 1)-complezx, then

‘Ki(ﬁ(j‘l))‘ = (1+7) ﬁ an) (b"l) . (81)
h=2

In particular, due to Lemma 29, for every 1 < j —1 < k and every &0 ¢ fl(] —1,b), we have
56-1) (501 T o (Y
‘/Cj(p(J— )&V~ )»‘ =(1+7) H dy" x <bl> : (82)

Proof. Slmllarly as in the proof of Fact 43, by the choice of 7] and 6 =(02,...,0,_1) and 7 (cf. (33) and (35)),
we infer that ’H — for 2 < j—1 <k — 1 satisfies the assumptions of IHCj_; ¢ and, consequently, (81) of
Fact 44 holds. O

Recall that G is a (8, d, r)-regular complex where by (i) and (i) of Lemma 29 (with ¢ = 7)

I
gM =GM g®@ — G anq ‘g@) \gm‘ <o [ d,(j) xnl for3<j<k. (83)
h=2
Since 0y, is significantly smaller than d;, 3 < j <k (cf. Figure 2), we infer the following fact by a standard
argument.
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Fact 45. The (n,{, k)-complez G is (28,d,r)-regular.

Proof. From G®? = G® (see Lemma 29 (ii)) we infer that G is (82, da, 1)-regular w.r.t. G = g,
We now show that GU) is (28;,d;,r)-regular w.r.t. GU=1 for each j > 3. Let j and A; € ([ ]) be fixed.
Let QU1 = {Q(J 1)} be a family of subhypergraphs of GO~V [A i1 C glu-1 [Aj] such that
U e (054)] 2, 0921
s€(r]

From (78) and (80), we then infer

U K, (v~ 1>)‘>5 K, (691 A })\>5j(1—n)j]‘[ld§)xnj. (84)
h=2

s€lr]

Since QYUY is a family of subhypergraphs of GG—1) [A;] and since G [Aj] is (85, d;, r)-regular with respect
to GUTY [A;], we see

'g@ 10 U K, (ng1>)‘ (d; £,

s€(r]

)| U K ( )‘ (85)

s€lr]

On the other hand, (83) and (85) imply

J j ‘
'Q(j) nn U K, (ng—l)) g0 a0 | &, (ng—1)> ‘ 5 ] d;(«f) <
s€(r] s€lr] h=2
J j .
(8))(d + (S ) U K:j (ng_1)> ‘ + Sk H d}(zh) x nJ
selr] h=2
(d; =267 | |J K, (@~ 1>)‘
s€(r]
where the last equality uses (84) and 5kdj < 5?(1 —n) for j > 3. O

6.2. Proof of Lemma 37. The proof of Lemma 37 will take place in stages. Setting H(1) = GM and
H®?) = GO satisfies part (a) of Lemma 37. We prove part (b) of Lemma 37 in Section 6.2.1 and part (¢) in
Section 6.2.3.

6.2.1. Proof of property (b) of Lemma 37. We prove part (b) by induction on j.

Induction Start. Recall that we set H® = G . Consequently, the symmetric difference considered in
part (b2) of Lemma 37 is empty. Hence, (b2) holds trivially for j = 2 and it is left to verify (b1). To that
end, let 2Y = (A1, \2), (B1,32)) € A(HW,1,b) = A(1,b) be fixed. From part (iv) of Lemma 29, we infer
d(g~ A(l)(ﬁz(l))) = dy + L38,. From (ii) of Definition 28, we then infer

b= Lid < |1@V)| < Bt Lid
da + 02

Therefore, to verify (b1), we may show that the left-hand side of the last inequality is bigger than daby —1/2
and the right-hand side is less than dabs + 1/2. Consequently, it suffices to verify

(dQ + 52)(d2b2 — 1/2) < dy — Ei(SQ and do + Eiég < (d2b2 + 1/2)(6?2 — 52) . (86)

d2 *52

The proofs of both inequalities are similar and we only present the details for the first one here.
We consider the left-hand side of the first inequality in (86) and see

(CZQ + Sg)(dgbg — 1/2) < JQdeQ — CZQ/Z + SQdeQ (4:2) dy — JQ/Q + Sgdg/dg < dy — JQ/Q + SQ/CZQ . (87)
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Therefore, the first inequality of (86), follows from the choice of constants dy > 6y > iﬁég (see Figure 2),
by

~ ~ (87) ~ ~ ~
(d2+(52)(d2b2—1/2) < dg—d2/2+ 52<d2_L%52.

Induction Step. Assume that for 2 < j < k, part (b) of Lemma 37 holds for j — 1 with inductively defined
complex HU™Y = {H(M}I - (Here, one may want to recall the notation A(HU—1),j—1,b) defined in (44).)
We define the promised sets I(ﬁ:(j_l)), AN (H(jfl),j -1, b), and the promised hypergraph H). We
then verify that property (b) of Lemma 37 correspondingly holds.

To define the sets I(:i(jfl)), 20V ecA (H(j_l),j -1, b)7 and the hypergraph HY), we first set, for every
97 e A(HU-D,j—1,b),

J(#9°V) = {ﬁ e b;]: PO (@Y, 5)) C é(ﬁ} . (88)

We then construct the sets (27 1) for every 7~ in A(HU=Y,j — 1,b) as follows:
. If|J(:?: i1 )| > d;b;, then I(&Y~Y) is defined by removing |J (&9Y) | —d;b; arbitrary indices from
J(”(F1 ) (recall from (43) that d;b; is an integer, j = 2, . -1).
o If |J(& G- 1)){ < djbj, then I(& G- 1)) is defined by addmg d b, — |J(& A )’ arbitrary indices of
I\ J(@Y7) to I (&07Y),
We then define the promised hypergraph H) as

HE) — U {P(j)((z?:(j_l),a)): 29V c AHUY j—1,b) A aeI(@V 1))} (89)

It remains to prove property (b) of Lemma 37 (for j fixed by induction), which we recall consists of
parts (b1) and (b2). Note, however, that the above definitions of I(&Y~V) for 891 ¢ A(HU-D j —
1,b), and HU) immediately imply property (b1) of Lemma 37. Note, in particular, that the family of
partitions & = 2 (k — 1,b, ) refines the (n, £, j)-complex HY) = {H™} _ now defined.

The main burden in establishing the Inductive Step, therefore, consists of proving property (b2), which
we recall asserts that for fixed ¢ (where 7 < i <),

i\

ICi(H(j))AICi(QN(j))‘ < 5;/3 (H d,(f)> ni. (90)
h=2

In the immediate sequel, we present an outline for how we prove (90). Subsequent to this outline, we fill in

all remaining details.

Outline for proving (90). We begin our outline with notation. For a j-tuple Jy € K; (HW) = ch(g~<1>)7

(-1

write & 5 ) e A(j —1,b) as the (unique) polyad address for which

Jo € K,(PU=D(@F~1y). (91)

The following two observations guide most of our outline. For any Iy € K;(H@)A K;(GY), there exists
Jo € (") with Jo € HOAGW. Tf, for Iy € K,(HD)AK,(GY), there exists Jo € (') for which 27 e

A(j—1,b)\A(HU=D j—1,b), then Jo € HD A GU) (although the converse does not hold). In fact, slightly
more is true.

Fact 46. If Iy € K,(HY)A K, (GD) has Jy € (If’) with & j 2 ¢ A(HU=D j—1,b), then Jy € GO\ HW C
HOA G,

Proof. Tt follows from the definition of A(HU=Y,j — 1,b) (cf. (44)) that PU-D(@F ") ¢ HU-D. As

such, Jy & ICj(H(j_l)) follows from property (b1) of Lemma 37 (the partition & = Z(k — 1,b,) refines

the (n, £, j)-complex {H™}/ _ (cf. Definition 26)). Thus, Jo ¢ H) (since HY) C K (H(j_l))) and there-

fore, I ¢ K,(H)). But now, Io € K;(HO)AK,(GY)) must belong to K;(G¥)), and hence Joto GW. O
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We choose to organize our proof of (90) by subdividing the set of all Iy € K;(HU)A K;(GY)) according
to whether there exists a Jy € (IJO) for which a‘:(fo_l) o4 A(’H(j*l),j —1,b). To that end, set

. o I . X
Thgo-vj-18) = {Io € K;(HU)AK(GY): Vo € (;’) a5 e AU -1 b)} (92)
and

IA(j_Lb)\A(H(J’—l),j—1,b) = (’C (H )A’C (g )) \IA(’)—[(J 1 j—1,b)

= {10 € K;,(HUYA K, (GY):

I - - . .
3Jp € (;) with 27" € A(j —1,b) \ A(HVUY,j — l,b)}.
Then,
‘IC H(]))AK g(]) ‘—‘ A(HG-D 5 11,)"’" AG-1,b\AMHG-D j-1,)| (93)

and so to prove (90), we will prove

‘IA(H(J D16 = 3 31/3 (Hd ) (94)

and

Lo (1100 i
’IAU—LM\A(WUJ—Lb)’ <39 (H dy"” | n'. (95)
h=2

Since proving (95) is fairly immediate, we proceed to do so now. We then continue our outline by discussing
how we prove the inequality (94).
Proof of (95). We first observe that

LiG—1,p\AHG-D j—1,0) K (GU D)\ K (HU™D) CIC(HU™D)AK(GYY). (96)
Indeed', any Iy € IA(jfl_’b)\A(H(j,l)’jfl’b) contains Jy € (I]‘)) for which Jy ¢ ICj(H(jfl)). As such, Iy ¢
K,(HYU=1). On the other hand,

Io € IA(jfl DVAHG-D j—1,) © K.(H(j))A]Ci(G(j)) < ’Ci(H(j)) U Ki(g(j)) c ]Ci(H(jil)) U ’Ci(g(jil))a

so that Ip € KC,(GU=D)\ K;(HU-D).
Now, to prove (95), we use (96) and the induction assumption on (b2), with j replaced by 7 — 1, to

conclude
i—1 5(5—1 1/3 = (L) 1 1 2 ,
”Q‘(H(y_ AR (GYT ))‘ =05 (H dy;’ > < 39 <H )

(where the last inequality follows from 6;_1 < J;,d; as guaranteed in Figure 2). |

We now focus on proving (94), and to that end, need a few preparatory considerations. Fix 207D ¢
A (HU=Y,j —1,b). By our definition of the set I(& G- DY and our definition of @) in (89), we have
HD NKC. (73(] Db~ 1))) U p(j)((j(jfl)’a)).
acl(20-1)
Similarly, from our definition (88) of the set J (&Y "), observe that
G n K; (75(3'—1)(530*1))) — U p(j)((j(jflh a)).
acJ(@U-1)
As such, it follows that
(H HDA g(])) NniK. (79(1 D (g0~ 1))) U p(j)((:g(jfl),a)). (97)

acl(@G-)A J(@U-D)
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The identity in (97) prompts the following observation.

Fact 47. For each Iy € 1 4(3y-1) j_1 ), there exists Jo € (IJO) and o € I(:if,{)_l))A J(:i:f,{)_l)) for which Jy €
P&V q).
0
Proof. Fix Io € Tj34-1) j_14) S K;(HOYAK,(GYD)) and let Jy € (I?’) be any j-tuple for which Jy €
AGW . Then Jy € (H(-j)A ,C';(j)) N IC]- (75(<7_1)(:%%_1))). Since I € IA(H(J o1, the vector w(J D
necessarily belongs to A(HU=D,j — 1,b). As such, by (97), there exists an o € I(@Y~)A J(@VU™Y)
with Jo € PO (2971, ). O
To prove (94), we subdivide IA(H(J D j—1,b) For a fixed Iy, Joy and « as in Fact 47, we shall want to know
whether the index set (& A( ))A J(& (F )) hosting « is a ‘large’ set or a ‘small’ set. To that end, we define

BU-Y = {@“‘” € A(HU*U,]‘ ~1,6): [1@Y0)A I @) > /ad;bs | (98)
We then set
i 1 N
Zz(gmyl),jq,b) = {IO € Ligo-v -1 30 € <;) so that &Y ") € BU 1)} (99)
and
small b1
IA(H(] -1 b) A(H(J D.,j— lb)\ g HG=D) j—1,b)

1 (i . oy L
= {IO € LG j-1,p) vV Jy € (;) , w(J]o D¢ A(H(J D - 1,b)\ BU 1)}_
The subdivision above then gives
big
N e e b

To prove (94), we shall prove each of

Zsm 11
L3t 1) (100)

m 1 1/3 ] ; )
Titti-v 1| < 36]/ (H d,@) n' (101)
h=2
and |
big 1 1/3 J (;L) i
‘IA(H(J 1),j_17b)‘ < 39 14" ) »" (102)
h=2

The inequality (94) now follows from (100) - (102). The proof of (102) relies on the fact that ‘not many’
vectors &1 belong to BY~1). More precisely, we will show the following.

Claim 48. |BU | < 2/5; T[} (dubn)#) x o]

We defer the proof of Claim 48 until Section 6.2.2. For proving (90), we now only have to verify (101)
and (102) and Claim 48.

Proof of (101). We first define a set 1'2“(1;1(19 Do 1b) and will then observe that it contains IZ‘?;?}J D jo1b)
Set
1
mall . 0 ~(—1)
IZ(H(J 1 j—1,b) {[OGIA(H(11>,j—1,b)' dJy € <]) andaE[( )AJ( ] )

so that a‘c%fl) e AHY™Y 5 —1,b)\ BY™Y and J; € P(j)((a‘c%fl),a)) } .

Note that the set I“?;l(lj D j-1b) doesn’t insist that w(J 2 ¢ BU=Y for every Jy € (IJO) The contain-
ment, 757! C emall - is clear from Fact 47. To prove (101), we show |I“?al(j D1 b)| <

A(H<J D j—1,b) = TAHGE-D j—1,b)
1/3 " ;
15 ( 7 _ Qd,(lh)) ni.
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To that end, let #9~Y € A(HU-D j—1,b)\ BU=D and a € J(@&Y"Y)A I(2Y~)) be fixed and consider
the (n/by, 7, 7)-complex implicitly given by P (( =1 )) By property (b1), there are

i (Tt @6 ) 8901 — 0 (€= )55 TT )~
(=) (=)

—J h=2 h=2

ways to complete any 73(])(( =1, @)) to a ((52, ey 05), (da, . .. 7al ),7)-regular (n/by, i, j)-complex " =

{H™}7 _ | in such a way that {H(h }-1 is a subcomplex of H =1 For each such H@, (81) of Fact 44
yields

i ;
| < e [LY « (1)
h=2 b
As such, summing over all choices 291 € A(HU-D j —1,b)\ BG-D C A(HU-D, j —1,b) and o €
J(&Y- ))AI( =Dy gives

Ismal

| <A L) max{]J(gz<j—1>)m(;e<j-1>)’; 301 ngUU} «

9o () 0o )

By property (b1), we have

’A(H(j_l),j - Lb)‘ - (g) (ﬁ (dhbh)(i)> b

J h=2

By the definition of BY~1) in (98), we have, for each £V~ ¢ BU-1), |J(& U=DYA I(&Y~D) )| < \/6;d;b;.
Consequently, the right-hand side of (103) is less than

O()(=2) 0 fanir)

Now, using (43) and the choice of 77 and §; < d; yields

J

7small 1/3

IA(H<J 1),5—1,b) —553 (Hd )
h=2

and (101) follows from IZ“{%}J b-1b) 2 IE‘?:;}FI) o1b) O
Proof of (102). In view of the definition of Iblg in (99), let 2979 € BU-Y be fixed. By

A(RG-D,j—1,b)
property (b1), there are (l j)(H (dhbh)( )- (h))bl 7" different ways to complete PU~1 (20D to a

((52,...,5j_1), (dg,...,d;_1), 7)-regular (n/by,i,j — 1)-subcomplex A = {H h’)}%:ll of HU=Y. For
each such 7:1(]71), (81) of Fact 44 yields

om0, () (2) (1) 2)

Using Claim 48 in the second inequality below, we therefore see

Sl (s )14 )
. 4<£—j)\/g (JH (dnbp) ) <Hd ) (&Qx/@ <ﬁ(dhbhdh)(i)> n'.
h=2

t—1J t=7 he2
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By (43) and the choice of §; < d;, we have the upper bound

% ca(C Y o (T ) < Lot (YT
ARGV j-1,b)| — i—j J H h n = gj H h n .,

h=2

which is (102). O

6.2.2. Proof of Claim 48. The proof is rather straightforward. We first split the set BU-1 into two
parts ng_l) and BY™Y as follows:

_)_{(JI)GA(H(Jlj_lb ‘J 31)‘>(1—|—\F>db}
BE-—>:{QE<J*1 € A(HU=Y j—1,b): ‘J (V1) ‘< (1—\/(7j)djbj}~

We prove the following claim which in view of Fact 45 is a slightly stronger statement than Claim 48.
Claim 48’. If for some x € {+,—},

’BE‘”‘ > /5 (ﬁ(dhbh)(i)> bl |

h=2

>
+<

(104)

then GUY) is not (205, d;,r)-reqular w.r.t. gu-1,

Proof. We prove the case * = — only with the other case very similar. We assume there exists an ordered
set Aj € ([f])< such that

BYV1A)

j—1
> Y% (H(dhbm(i)) b (105)
() \izs
where B(j*l)[Aj] is the set of 2771 = (&, &) € BY™Y such that & = Aj.

We show that (105) implies that G is irregular. Note that the polyad addresses #7~V in 39_1)[Aj]
considered in (105) correspond to subhypergraphs of H (=1 and not necessarily to subhypergraphs of GU—1.
The set f‘(_j_l)[A ;] which we define below is the subset of those polyad addresses of BY- 1)[Aj} which corre-

spond to subhypergraphs of GU=Y as well. Only those addresses are useful to verify Claim 48'. We therefore
set

FU-D[A,] = BYD[A] N AGY, - 1,b) (106)
and
QY = [PUN(aUD): gD e PUTIA L = QUYL oL
where ¢t = ‘F(J 2 [A;]|- In what follows, we show
U zcj(ng—U)’ > 25, )zcj (QU—”[AJ])\ (107)
s€[t]
and
a(G18" ") < d; — 2. (108)

From (40), we see that r > }A(] —1,b)| > ‘f(_j*l)[AjH = t. Therefore, establishing (107) and (108) proves
Claim 48'. o
We first verify (107). Observe that due to the definition of I‘(_]_l)[A ;| in (106),

BUDIINTY VA € ARUTY, 5 - 1,6)\A(GYU Y, - 1,b)
CAMUD,j-1,6)AAGU™Y, i —1,b)
39
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and since 20U~ respects HU~1 (cf. part (b1)) and 22U~ respects GU—Y (cf. Setup 36),
U {,Cj (PUD(@VUV)): 2V € A(HU=D j - 1,B)AA(GUD, 5 — 1,b)}
=K; (H(jfl))Ale (g(jfl)) i
Combining (109) and (110) with the induction hypothesis on (b2) for j — 1 yields

}U{ (PU-D (&) azU*l)eBY*”[Aj]\fQ*”[Aj]H

i1
< Jic, (HU=D) Ak, (697) | < 014 <H d,@) nd
h=2

(110)

Consequently, we have

U K, (Q¢7)

s€(t]

lu{ (PU=D(20)): j(a‘—nefg—l)mﬂ}‘

> Z{‘Kj(ﬁu—l)@(jfl)))‘ 207D e BUTU[A] } 1/3 <Hd 0 )

Applying (82) of Fact 44 to each term in the sum above yields the further lower bound

e [) )1 1)

Finally, from our assumption (105) and (43), we infer

SLgJ[t]{/c QU1 }’ <f>_1(1—ﬁ)\/<§<;1_[:(dhbhdh)()> i sl (Hd )

(111)

A0 v (L) (1)

where the last inequality follows from the choice of 7}, and §; > 6;_1. Now, (107) follows from (111) combined
with (79) of Fact 43 for j — 1 and i = j.
It is left to verify (108). First, observe that from the definition of QA(FD that we have
' G | i, (Q6) ‘ > {[69 i, (PU-D@-) | 807D e POV (A1)
s€(t]
= ZZ {"p(i)((@(]’—l),ﬁ))‘: #U-1 ¢ f(_j—l)[ Aj], Be J(@ (= 1))}

Recall that by Definition 28, part (i), every P(j)((a“c(j_l),ﬂ)) is (&,c@,?)—regular w.r.t. ﬁ(j)(i(j_l)),
207D ¢ f(_j_l)[Al} and 8 € J(&Y~1). Consequently, from (82) of Fact 44, we note

ot < i ([10) ()

for every m(jfl) and 8 considered in (112). Consequently, we may bound (112), using that for every #071 ¢

}f{‘l)[/\j]’ x (1 - \/@) d;b; x (Jj +Sj) 1+ 1) <Hd ) ( >j : (113)
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On the other hand, we infer again from (82) of Fact 44 that

U ]Cj(ngl))‘ — Z {’]Cj (75(]’*1)(@(]'—1)))‘: 20-1) ¢ f‘(_j_l)[Aj]}
seft

> ‘f(jf”[Aj}‘ x (1—1) (ﬁ dff») (Z)J . (114)
h=2

J

Comparing (113) and (114) yields

d (g(j)|Q<j—1)) <d; (1= v0) (bjldi; b;0;) (1 + )

From (43) and 77 <« d; (observe j > 2 here), we infer
~n o oa(i—1 L~
a (691" ") <a; (1-67) (1+5,/d;) - (115)

Finally, we observe that (108) follows from (115) and the choice of constants d; > d; > ¢;. This completes
the proof of Claim 48'. O

6.2.3. Proof of property (c) of Lemma 37. In this section, we define the promised hypergraph H*) and
confirm the properties (¢1) and (¢2).

We begin by mentioning that the hypergraph G(*) ‘almost’ satisfies the properties of the promised H*). In
particular, due to Lemma 29 (i), the hypergraph G*) is (Sk, 7)-regular w.r.t. every polyad Pph-1) (a‘:(k_l)) for
2%~ € A(k—1,b). However, the relative density d(g(k)|75(k71)(:%(k_l))) of G w.r.t. PE-D(2*=Dy may
be ‘wrong’ (that is, differ substantially from dj) for some gD ¢ A(H(k’l), k —1,b). To construct H*),
we intend to replace G on those ‘aberrantly dense’ polyads, but otherwise, take H*) to coincide with G+,

To make the plan above precise, we define

B-1) _ {:i?(k_l) c A(H(k—l)vk _ 1,b): \d(é(’“)

POD (@5 )) — dy| > /o .
Using B*~1 | we define H*) ‘polyad-wise’ as follows. For fixed g ¢ A(H(’“’l), k—1, b), set

o gatee _ [0 ML (POD @) i 80D € A, k- 1,6)\ B,
H (:B ) = S(k) (;ﬁ(k}—l)) 1f ;fj(k_l) c B(k*l) .

where, for each 2D ¢ B*=1 the k-graph S*) (aﬁ(kfl)) is obtained by applying the Slicing Lemma,
Lemma 30, to I, (ﬁ(k_l)(i(kfl))) with parameters m = n/by, p =dg, 0 =1, 0 = Sk/?) and rg;, = 7. In
particular, the Slicing Lemma guarantees

S (:f:(kfl)) C K, (75(76_1)(53(1“1))) is (0, dy, 7)-regular w.r.t. ’p(k_l)(:f:(kfl)). (116)

We then set
HE = [J{HP@ED): 26 e AmED, k- 1,6)}

to be the k-graph promised in Lemma 37. It remains to prove the corresponding properties (c¢1) and (c2).

With H*) defined above, we claim that property (c¢1) of Lemma 37 is immediately satisfied. Indeed,
the Slicing Lemma (cf. (116)) guarantees that property (c1) is satisfied whenever %~ € B#=1 To see
that property (c1) is satisfied otherwise, fix kY e A (H(kfl), k— l,b) \ B*=1) g5 that H®) (:i'(k_l)) =

HF) NIC, (75(’“71) (ﬁ:(k_l))) =g NI, (75(’“71) (ﬁ:(k_l))). By property (i) of Lemma 29, G*) is (Sk, 7)-regular
with respect to P*=D (&%) Moreover, since 851 ¢ B*=D _our construction of H*) gives

4 (RO [P (301)) = (G0 [P (6)) = % .

Thus, property (c1) is satisfied with H*) as defined above.
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The remainder of this section is therefore devoted to the proof of property (c¢2), the statement of which
asserts

"Q(H(’“))A’Cz(g(k))‘ < 5113 (H dgl;z)) nt (117)
h=2
Our proof of (117) is quite similar * to our proof of (90) (that is, proving property (c2) is quite similar
to proving property (52)). Recall from our proof of (90) that we defined, for j < i < £ and j < k, the
partition (cf. (92))
K (H(J))A’C (g(])) A(H<J 1 ,j—1,b) UIA(j—1,b)\A(H<J‘—1>,j—1,b)~

To prove (117), we shall decompose KC, (H(k )A K, (g<k ) in the analogous way. Indeed, for a fixed Ky €

HBAGH®) | we write & A(k D e A(k — 1,b) as the polyad address for which K, € K, (75(7“_1)(5:(]“71))) (the
analog of :U(J Y from (91)). Set

. s L
L im0 po1p) = {Lo e Ko(HM)AK,(GM): &% € AH*D & —1,b) for all K € <k°) }

and
LA (l—1,0)\ A= k—1,b) (’Cz (H(k))A’Ce (G(k))) \LAp-1) g—1,0)

~ L _ A
- {Lo € K,(HM)AK,(GH): K, e (;) with 205 ¢ A(HF=D k — 1,b)}.

Then,
"CL’(H(’C))A’CE(Q(’C))’ = "CA(H(’C*U,k—l,b)‘ + “CA(k—l,b)\A(H(k*U,k—l,b) )

and so to prove (117), we shall prove each of

“CA(HUC D k—1,b) ‘ 1/3 (H dy" ) (118)

and

k
[SVE (1)) ¢
‘EA(k—Lb)\A(H(kfl),k—1,b)’ = §5k <H " | n’. (119)

h=2
The proof of (119) follows almost immediately by induction. Indeed, one may argue, identically as we did
for (96), that

L k-1 A0 w15 © Ke(GED) N (HETY) K (HED) A K, (GEY).
As such, property (b2) of Lemma 37 (with j =k — 1 and ¢ = ) ensures

2
1/3 . 1 13 ,
EA(k Lo)\A(H -1 e 1b)‘<’IC€ H(k 1)AIC Glk— 1) ‘<5/ (Hd >n2§25k/ (Hdﬁh)>nf
h=2

where the last inequality follows from dx_1 < 0k, dy (as given in Figure 2). Thus, to prove (117), it only
remains to prove (118).
Similarly as (102) followed from Claim 48, we shall deduce (118) from the following claim.

Claim 49. |B*=1| < 2/5, TT*ZL (duby) (W) x b

The proof of Claim 49 follows the lines of the proof of Claim 48, so we omit the details here. We mention,
however, that in the proof of Claim 48 (concerning BY~1), we used the Counting Lemma for (j — 1)-uniform
hypergraphs (cf. (82) of Fact 44). In a proof of Claim 49, we would do the same with j —1 =k — 1.

3In fact, it will be slightly easier to prove (117). Indeed, in the proof of (101) (part of the proof of (90)), we used the
counting lemma for j-uniform hypergraphs. With j = k, however, we have to proceed differently, and will therefore allow the
weaker statement of densities varying in dj + V/dy. (We return to this issue in Lemma 39.)
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Proof of (118). First we note that
VLo €L 1)+ 30 € ( .) such that a:(k Ve g1, (120)

Indeed, let Ly € £A(H<k—1>,k—1,b)' Since Ly € K (H(k))AK (g(k>) there exists Ky € (Lk") so that Ky €
HEAGH . By definition of ‘CA(H(k—l),k—l,b) we are ensured w(k R A(H(k_l),k — 1,b). However,
our construction of H®) guarantees that for any gF ¢ A(H(k D,k — 1,b) for which (H(k)A Q(k)) N
K (75(’“_1)(4]“71 )) # @, we have #*~Y ¢ BE-1) Thuys, (120) holds.

Now, let 2%~V e B*-1) be fixed. Property (b1) implies that there are Hh 2(dhbh)( )=(2) % bik
ways to complete P D(# 2k 1)) to a ((62,.. k1), (da, ... dr_1), 7)- regular (n/by,¢,k — 1)-subcomplex

A {HMYEZ of H*=1). Moreover, (81) of Fact 44 implies that yrAN

’/CE(H““* )) ‘ (1+1) Cl_[:d ) (”1)Z <2 Clidgﬁ)) <(Z>e

Therefore, with Claim 49, we have
. k—1 k—1 ~(£) n )
a0 ([0 (40 )
h=2 he2
k—1
< 4/5;, (H dhbhdh ) 2(4%)4\ﬁ (H ;" >
h=2

As such, with §;, < dj, (as given in Figure 2), we have

k
s < Loy (Hdc;)) v
AHE-D k=1,b)| = 5% h )
h=2

proving (118). O

satisfies

6.3. Proof of Lemma 39. Lemma 39 follows from a simple and straightforward application of the Slicing
Lemma, Lemma 30. Recall Setup 36 and that H = {H(h)};ﬁ:l is the (n, ¢, k)-complex given by Lemma 37.

Proof of Lemma 39. Recall that by part (c) of Lemma 37, for every g1 ¢ A(H(k’l), k—1,b), the (n, £, k)-
cylinder

H® (@F D) = H® A (PED (@ F D)) s (5, d(@F ), 7)-regular (121)
w.r.t. PED (@R D) where d(@*F V) = dy, + 0k
Construction of H_. For 27V ¢ 121(’/‘-[(’“1 k—1 b) apply the Slicing Lemma, Lemma 30, with
o=d@* V), p=(di — Vi)/0, § =6}, and rgr, = 7 to H® (&%) to obtain a (3, dj, — /3x, 7)-regular
hypergraph S(_k)(zf:(k_l)).

Note that the assumptions of the Slicing Lemma are satisfied. Indeed, the family of partitions Zis a
perfect (4, d,7,b)-family and, consequently, the polyad ’P(k_l)(:fs(kfl)) is (((52, ceyOp—1), (day oo di—1), f)-
regular. Hence, by (82) of Fact 44 (with j = k),

. B by)*
K (k—1) /2 (k—1) ‘ (n/b
e (PED @) > In(n/b1)
for every 271 € A(H*+=D k —1,b).

We then set
H® = [ J{sP (@) 247V e Am*D, k- 1,b)}.
Obviously, H™ has the desired properties («) and (81) by construction.

Construction of H. The construction of Hsrk) is similar and follows by an application of the Slicing

Lemma to the complement of H*). More precisely, for every 2~ ¢ AH*D k—1,b), set =Y (@*1) =
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K, (75(37;(]“71))) \ H*). Note that, due to (121), ﬁ(k)(:ﬁ(kfl)) is (6,1 — d(@*Y), 7)-regular. Consequently,

we can apply the Slicing Lemma to ﬁ(k)(aﬁ'(k_l)) with o = 1 — d(@* V), p = (1 — dy — Vi) /0, § = 05,
and rgr, = 7 to obtain a (30,1 — dy — /0%, 7)-regular hypergraph Ef) (&%), We then set S_(f) @&+ =
K, (ﬁ(a‘c(k_l)))\ggf) (&%), Clearly, S_(f)(a“c(k_l)) is (30, dx-++/3, 7)-regular and it contains ¢cH® (z*~1).
Finally, we define Hf) to be the union of all S_(f) (a‘:(k_l)) constructed that way.

Construction of F. The construction of F*) is only slightly more involved than before (owing to the
requirement H(_k) c Fk) C Hff)).

Let H*) and Hf) be given as constructed above and for * € {4+, —} and 2*~V € A(H*-D k —1,b),
let H&k)(:?:(k_l)) =HMn K, (ﬁ(kfl)(aﬂz(k_l))). Due to (81) and (52), H,(kk)(:iz(k_l)) is (30, df, 7)-regular
where d;, = di, — /0 and d = dy + /8. Moreover, Hf) @*Yy 2 Hgf)(:i:(k_l)) and, consequently,
HP (@ * D)\ HP (D) s (635, 24/, 7)-regular. We now apply the Slicing lemma to H{" (2*D) \
H@(i(}“l)) with 0 = 20k, p = Vox/o = 1/2, 6§ = 60, and rs;, = 7 to obtain a (185k,\/5>k, 7')-regular
hypergraph Sﬁf)(:i:(k_l)). Now define F®)(£*~1) to be the disjoint union H@(:ﬁ(k_l)) U S](f)(a‘:(k_l)).
Clearly, H* @*=Dy c 7 (gD ’Hf) (&*~1). Moreover, it is straightforward (see also Proposition 50
below) to verify that F*) is (216}, dy,, 7)-regular w.r.t. 75(’“_1)(:%(’“1)) and, consequently,

Flk) _ U {]_-(k) (:E(k—l)): (k=1) c A(H(k*”, E—1, b)} ,

has the desired properties. 0

7. PROOF OF THE UNION LEMMA

7.1. Union of regular hypergraphs. Below we present some useful facts regarding regularity properties of
the union of regular (m, j, j)-cylinders. We distinguish two cases depending on whether the (m, j, j)-cylinders
in question have the same underlying polyad or not.

The first proposition says that we may unite disjoint regular (m, j, j)-cylinders of the same density which
share the same underlying (m, j,j — 1)-cylinder without spoiling the regularity too much.

Proposition 50. Let j > 2, t and m be positive integers, let 6 and d be positive reals and let Pl(j), e ,Pt(j)
be a family of pairwise edge disjoint (m, j, j)-cylinders with the same underlying (m, j, j —1)-cylinder pU-1),
If for every s € [t], the hypergraph ng) is (6,d, 1)-regular with respect to PU-D | then PUW) = Use[t] PD s
(t6, td, 1)-regular with respect to PU~1),

Proposition 50 is a straightforward consequence from the definition, Definition 9, and we omit the proof.
The next proposition gives us control when we unite hypergraphs having different underlying polyads. Before
we make this precise, we define the setup for our proposition.

Setup 51. Let j > 3, t and m be fized positive integers and let § and d be positive reals. Let {75?_1)}
be a family of (m,j,j — 1)-cylinders such that
Acil1 A1
6 (U Pe) = UK p0)
s€lt] s€[t] (122)
and le (ﬁéj_l)) ﬂle (758(,]'71)) =g forl<s<s <t.

s€t]

In other words, Use[t] K; (’ps(jfl)) is a partition of the j-cliques of Use[t] ’ps(jfl). Let {Pﬁj)}se[t] be a family
of (m, j,j)-cylinders such that PYIY underlies Péj) for any s € [t]. Set PU-1 = Use[t] U gnd PU) =
Use[t] PS(])

Proposition 52. Let {’Pﬁj)}se[t] and {ﬁijfl)}se[t] satisfy Setup 51. If”Ps(j) is (8, d, 1)-regular w.r.t. pU-b
for every s € [t], then PY) is (24/6,d, 1)-reqular w.r.t. pU-1.
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Proof. Let Q(j_l) - PG=1) be such that

K, (QU=D)] > 2v/5|Kc; (PU—Y)]. (123)
For every s € [t], set Q(] R = QU-bn P(J Y. Since {IC (773] 1))}
User PY™Y | we have that {K;(Qs 7~ 1))}

selt] is a partition of the j-cliques of

selt] is a partition of the j-cliques of Qu-1) = Use[t] ngfl). Hence,

S| (00| = Jie (@) (124)
s€(t]
Define
T={sel: K, (QV V)| = ok, (BUY)|}.
Observe that ‘
S Jie; (@0 1) < i, (PO < V3 [k, (@6 (125)
s¢T

Inequalities (123), (124) and (125) give
3 [0 2 e @5 s (o 2 0B @)
seT

If s € T, then the (4, d, 1)-regularity of P(j) w.r.t. 750;1) implies
’p(]) NK. ( Qu- 1) ‘ = (d+0) ‘IC Qu- 1))‘
Consequently,

‘fp(] ﬂlC OU-1) ’_Z‘fp Q]C(Q(J 1)‘
s€t]
= 2 [P, (@) [+ [P e (67|
seT sgT
= (@%5) 3|, QU + [P ke, (047).
seT sgT

We then see that
(d—9) Z ’Kj(égj—l))‘ < "P(i) N Kj(Q(j—l))‘ < (d+6) ‘]Cj(Q(j—l))‘ + Z ”CJ—(QAQ_I))} .
s€T s¢T

In view of (125) and (126), we infer
(d—0)(1—V8) <d(PD|QU=) <d+5+ 5,

from which Proposition 52 follows. O
72 Proof of Lemma 41. Before proving Lemma 41, we recall some notation. For x € {+,—}, let

= {HU }k U {'HUC } = {Hgf)}?:l be given by Lemma 39. It follows that for each j = 2,...,k — 1,
the set A(’H,(kj 1) .7 — 1,b) of polyad addresses with P(2Y~Y) C HU-D satisfies that for each £V~ e
A(H,(kj_l),j —1,b), there is an index set I(#Y~Y) C [b;] of size d;b; such that

HY) Nk, (p(j—l)(,i(jfl))) = U 73(3)(( =1 a)).
acI(#6-1)

Moreover, d(Hﬁk)|’ﬁ(k_1)(:%(kfl))) = dj, where dj, is defined in (47). Recall that for A; = (A1,...,\;) €
([ﬁ])<, we denote by Hij)[Aj] the subhypergraph of HY) induced on Vi, U---UVy,.

Due to Lemma 37, we know that for j = 2,..., k—1, for every 87~V € A(HU=D j—1,b), the set I(ﬁ:(jfl))
satisfies |I(#Y 1) = d;b;; moreover, for every o € I(&Y~Y), the (n/by, j, j)-cylinder P(j)((:ﬁ(rl),a)) is
45



(8;,d;, 7)- regular w.r.t. PU=D (20U~ Inductively on j, we aim to show that HY)[A 51, which is the union of
all PO 297V ), with 297V = (&, &1, .. L &jo1), Zo=Ajand a € I(2Y97Y), is regular w.r.t. HY~ 1)[AJ].
Proof of Lemma /1. We only prove the statement about H, here. The proof for F is identical. Consider
the following statement:

(S;) TA; = (Ai,...,0) € ([L’]) then H[A;] is a ((¢,...,€),(ds, ..., d3}),1)-regular (n,j,j)-complex.
Lemma 41 then follows from (Sk).

We prove statement (S;) by induction on j. Suppose j = 2 and let Ay € ([g])< be given. By (a) of
Lemma 37, we have G = H® = ¥, Consequently, H [A2] is (d2,d2,1)-regular w.r.t. ’HS})[AQ} and
(S2) follows from dy < &’ (cf. Figure 2).

We now proceed to the induction step. Assume 3 < j < kand (S;_1) holds. Let A; = (A1,...,\)) € ([§1)<

be arbitrary but fixed. The proof of (S;) consists of three steps and we begin with the easiest.

Step 1. Let X(Aj) - A(ng_l),j —1,b) be the set of all polyad addresses 207D = (Zo, &1,...,&;-1) with
o = A;. In Step 1, we consider

H(J)( (=1 (75J D(gl—b )) (127)

for every 20 ¢ X(A ). To that end, fix a & U= ¢ Aj). This step splits into two cases, depending on
whether 7 = k or not.

Case 1 (3 < j < k). We apply Proposition 50 to
pli— 1( (G- 1)) and {P(j)((ci(j_l),a)): ael(# 5 (j— 1))}

with § = d;, d = d; (since j < k), and t = ‘I =1y ‘ = d;b; = d;b;. Consequently, for every AT X(A)),

H)(kj)(:;:(af )y = U 73(])((53(%1)70()) = HW) nK; (73(]—1)(5:( - )))
acI(#6-1)
is ((d; )d 1)-regular w.r.t. PU-D(EUV). Since b;6; = 6;/d; < 7 and from (43), each such

H(])(a:(] 1)) ( d3,1)-regular w.r.t. PU-D(g0~Y),

Case 2 (j = k). Here, we infer from (3) of Lemma 39 that Hik)(:f:(k_l)) =HYnK (75 D (@k- 1)))
is (35k,d,”;, 1)-regular with respect to ﬁ(k’l)(:ﬁ(k_l)). Hence, Hik)(ﬁ:(k_l)) is also (f],dk, ) regular w.r.t.
75(]671)(*(]6—1))

Summarizing the two cases, we infer that for every V=" e X(A;), the (n/by, j, j)-cylinder HY ( =1,
as given in (127), i

(77, d;, 1)—regular w.r.t. ’p(j_l)(gfc(jfl)) . (128)
Step 2. In this step, we apply the induction assumption (S;_1). For every i € [j], set
Aj(5) = My MmNy -5 Ag)

We apply (S;_1) to the (n,j —1,j — 1)-complex HYV[A;(i)] for every i € [j]. As a result, we infer that
Jj—1
I = U s 0= {Unow o
i€lj] h=t

is an ((5', ey €),(dsy e di ), 1)—regular (n,7,7 — 1)-complex.
Step 3. Finally, as the last step, we show that the disjoint union
U #P2@) =1
#0-DeX(Ay)
is (¢’,d},1)-regular w.r.t. H(j_l)[A i]. Recall that HY ( =Dy js s (1, d}, 1)-regular w.r.t. PUE-D(UY) for
each 297" € X(A;), as shown in Step 1 (cf. (128)). Moreover, {PU~1 (20~} satisfies (122).
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Consequently, the assumptions of Proposition 52 are satisfied with § =17, d = d}, and ¢ = ‘X (Aj)| for the
families
{75(3‘71>(i<j—1))}

Therefore, it follows from Proposition 52 that Hij)[Aj] = Uso-vexm,) H,(kj)(:?:(j_l)) is (2v/1, dj, 1)-regular
wrt. Uso-vexa,) PG (20~D) = HYVIA,]. Then (S;) follows from 2./7j < &’ (cf. Figure 2). O

and {H&j)(iz(j_l))}

#0-DeX(A;) @U-DeX(n;)

8. PROOF OF THE REMOVAL LEMMA

In this section, we apply the hypergraph Regularity Lemma, Theorem 25, together with the Counting
Lemma, Theorem 12, to prove Theorem 3. We shall, in particular, use the Counting Lemma in the form
of Corollary 15 in the case F*) = K,E’i)l (our proof makes use of the concept of a (5, >d,r, K,gi)l)-regular
(n, ¢, k)-complex which, strictly speaking, doesn’t appear in the original formulation seen in Theorem 12).

The proof presented here is straightforward and follows the lines from [7, 9].

Proof of Theorem 3. Let k and € > 0 be given as in the hypothesis of Theorem 3. Keeping in mind that we
intend to apply the hypergraph Regularity Lemma in conjunction with the Counting Lemma, we introduce
the auxiliary constants:

v= % and e = 2 (129)
We also define a constant d; and functions 6;(Dj,..., Dg—1) for j = 2,...,k — 1 in variables Da,..., Dy
in terms of the the Counting Lemma (applied with £ =k + 1, k, 7, and dj, = d}.) as follows
= min {(5k (Cor.15(d},)), ;} ,
o (130)
0;(Dj, ..., D_1) = min {5]~ (Cor.15(Dj, ..., Dy_1,dy)), QJ} )

Moreover, we consider functions (A1, Da, ..., Dg_1) and ng(Da,..., Dy_1) coming from Theorem 12

r'(A1, Do, ..., Dp_1) = r(Cor.15(D2, ce Dk_l,d;.)) , (131)
and

no(Dz, ..., Dr—1) =ng(Cor.15(Dy, ..., Dy_1,d},)) . (132)
(We may assume, w.l.o.g., that the function ng(Da, ..., Dk_1) is monotone in each variable.) We also fix

constants

1 k
=7 and Ereg—max{g,(Lk/%) +k} . (133)
We recall the quantification of Theorem 25, which for fixed constants lyg (¢ in Theorem 25), k, d;,
p and functions 65(Ds, ..., Di_1),...,0;_1(Dr—1), and r'(A1,Ds,...,Di_1) defined in (130)—(133) yields
constants ny and L. Finally, we define the promised § and ng as

1 1 d. \"
5= _— k 134
. (21’]2) . (greng> ’ ( )
and

ng = max {zregnk, CrogLino (2L1) ", .., (2Ly) 7 )} . (135)

(k—2)-times

2k+1

W~ |

Having all constants determined we are ready to give a proof of Theorem 3. Let H*) be a k-uniform

k+1 copies of K ,ii_)l We want to apply the Regularity

hypergraph on n > ng vertices which contains at most dn
Lemma to H®*). In the proof of Theorem 12, it was of some notational advantage to state the Regularity
Lemma for (n, fyeg, k)-cylinders. At this place we have to pay a little tribute to this earlier convenience and
we first artificially partition the vertex set of H®*) into lreg classes Vi,...,Vy,,, of size n/lg (we may ignore
floors and ceilings again, since they have no effect on the arguments). Deleting all non-crossing k-tuples
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from H®*) w.r.t. to the artificial vertex partition into lreg classes, we obtain an (n/lieg, lreg, k)-cylinder
HE’“) C H® | where n/lreg > My, due to (135). Moreover,

k  (133)
(k) (k)| < n/lreg n <" < &k 1
|H"\ HY |_eregx< S I PR ST 57 (136)

We apply the Regularity Lemma, Theorem 25, to Hgk) with constants fyeg, k, J},, and p and functions
55(D2, ey Dk‘—l)a ey 6271(Dk—1)7 and T/(Al, DQ, ey Dk‘—l) defined in (130)*(133) Theorem 25 ylelds a
vector of positive real numbers d’ = (d5, ..., d),_;) and a family of partitions Z = Z(k — 1, a, ¢) such that
for

0 = 05(dy, ... dy_y) for j=2,... k-1, 8 = (0. 05_1),
and ' =1'(ay,dy, ..., dj_4)

the following holds:
(i) Zis (u,d',d’,r")-equitable,
(i) Z is (6}, r")-regular w.r.t. Hgk), and

(#i) rank Z < Ly.

Next we define a subhypergraph ’Hék) of ’Hgk) by deleting those edges of Hgk) which either belong to
irregular or sparse polyads of Z. (Note that all edges Hgk) are crossing w.r.t. Z1) since Hgk) is {reg-partite
and Z) refines that given vertex partition of Hgk).) More precisely, let K be a k-tuple in ’Hgk). We then
delete K if at least one of the following applies:

(a) R(K)={RM}F_, (see (6)) is not a (&’,d’,r’)-regular complex,
(b) 'Hgk) is not (8, 7')-regular w.r.t. R*=1 or
(c) A" [RED) < di.

We bound the number of deleted edges. Due to (i) and Definition 23, at most p x (n/freg)* edges K of

the (n/lreg, lreg, k)-cylinder Hgk) are deleted because of (a). Moreover, (i7) and Definition 24 give that at

most 8, X (n/lreg)® edges fail to be in 'H;k) due to (b). Finally, at most djn* edges can be deleted because
of (¢). Summarizing the above considerations then gives

gk

reg

/
[HON D] < RO\ D]+ (M + d;) n* <ent, (137)

where we used (136), (133), (130) and (129) for the last inequality.

Consequently, it suffices to show that Hgk) is K ,(fgl—free in order to verify the theorem. So assume

k)

the contrary and let K’ be the vertex set of a copy of K ,(c ; contained in Hék). Then K’ witnesses that

+
Hék) contains a (&, Zd’,r’,K,iﬁ_)l)—regular (n/(lregar), k + 1, k)-subcomplex (see Definition 13). Owing to
the choice of the functions in (130)—(132) we see that this (6’,>d’,7’, Ké@l)-regular (n/(bregar), k + 1, k)-
subcomplex satisfies the assumptions of Corollary 15. (Note that it follows from Claim 53 below, the

monotonicity of the function ng(Ds, ..., Di_1) in (132), and the final choice of ng in (135), that n/(legar)
is sufficiently large.) Consequently, ’Hék) C H™® contains at least

Tt (- )'““

h—2 regal
copies of K ,gli)l If we show that
k—1 k+1
1 k1 d,
- d’(h)x< ’f) >4, 138
s T (2 (139

(k)

1 copies of K7}

we derive a contradiction to the assumption that H®) contains at most dn
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Consequently, in order to prove Theorem 3 it is left to verify (138). For that we first observe that
a1 < |A(k —1,a)| = rank#Z < Lj. Then, in view of the choice of ¢ in (134), inequality (138) follows from
the next claim. O

Claim 53. d;>ﬁforeveryj:2,...,k—l,
k

(Clearly, the lower bound promised in Claim 53 is rather crude, but it is all that is required to confirm
inequality (138)).

Proof. Suppose, on the contrary, that for fixed 2 < j <k —1, we have d} < 1/(2L¥). It shall not be difficult
to produce a contradiction from this assumption, but for this, we need to establish a few observations.

First, observe that |A(j — 1,a)| < LY. Indeed, with f,oe > 2k from (133), we have (using the formula
in (14))

|A(j — 1,a)| = (er;g) ﬁa,(f) < <€Tkeg) ﬁa&?) =|A(k—1,a)|.

Observe, moreover, that for each %~ ¢ fl(k — 1,a), the polyad ﬁ(k*”(a‘c(k—l)) identifies (kfl) classes
from Z#. As there are at most rank % < Lj, such classes, we see

|A(j - 1,a)| < |A(k—1,a)| < <ka) < Lk,

as promised.
We now produce the contradiction desired to prove Claim 53. Using d} < 1 for any i < j, the number of
j-tuples in (&7, d’, r’")-regular polyads is at most

7370
J ~ 3d. n J 3 n \’
) x |A(j —1,a)| < 5 X (Erega&) x L < 1 <€reg> , (139)

(d; + 0%) x (

Eregal

where the last inequality used the assumption d; <1/ (2L£). On the other hand, as we prove momentarily,

at most ] ]
) G/ Gey) =)

. , < 140

K <£reg) J k— J K Ereg ( )

distinct j-tuples are in irregular (n/(lrega1), J, j)-complexes of the partition %. As such, (139) and (140)

combine to give
lieg n \’ () 3 n \’ (33 /o \J
=|K,” (\,..., Vi, <|- <
( j > (greg> | ereg( 15 ) @reg)| =\ + greg > Ereg ’

a contradiction establishing Claim 53.
To prove (140), one simply double-counts. Every crossing (w.r.t. Z(!)) j-tuple which belongs to a

(09, ---,05_1), (dy, ..., dj_y),7")-irregular (n/(fregar), j,j — 1)-complex

can be extended to (zr,:g_;j) (n/lreg)*™7 k-tuples in Kéi)g(vl, ..+, Vi, ). Moreover, at most (];) different j-
tuples extend to the same k-tuple. Each such k-tuple necessarily belongs to a (&7, d’,r')-irregular polyad.
Due to (i), there are at most y x (n/freg)* such k-tuples, proving (140). O

9. CONCLUDING REMARKS

In the course of writing this paper, the authors realized that the methods used here, combined with the
result of [10], yields a hypergraph regularity lemma that would be simpler to state and likely more convenient
to use. For 3-uniform hypergraphs, such a result immediately follows from Theorem 34 and the RS-Lemma
with k& = 3 (equivalently, the FR-Lemma).

Theorem 54. For every positive real v and a positive real-valued function e(Ds), there exist integers Ls
and ns such that for any 3-uniform hypergraph H®) on n > ns vertices there exists a 3-uniform hyper-
graph F®) and a (V,e(dg),dg, 1)—equitable family of partitions Z = Z (2,a,p) = {#V), # >} such that
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(i) for every 8@ € A(2,a)

3
‘(H(?’)A j:(3)) NK, (7@(2) (@(2)))’ < vd} (:) , (141)
1
(i) all but at most vn® edges of K belong to some polyad R (2?)) where F®) is (e(dy), 1)-regular
w.r.t. R (&), and
(#i) rank Z < Lg.

We omit the details of the proof of Theorem 54 (see [36] for more general results).

There is an important single difference between Theorem 54 and the FR-Lemma (or, equivalently, RS-
Lemma with k = 3); Theorem 54 provides an environment sufficient for a direct application of the Dense
Counting Lemma, Theorem 16. Indeed, unlike the output of the FR-Lemma where one has constants ds,
da, 62(ds) and r, so that d3 > da > 02(d2), 1/7, Theorem 54 admits sufficiently small £(ds) with e(dy) < da
and no formulation of 7 such that both the 3-uniform hypergraph F®) and the graphs from the underlying
partition Z(?) are £(dy)-regular.

The only cost of the cleaner environment Theorem 54 renders is that our original input hypergraph H(*)
is slightly (albeit negligibly) altered to the output hypergraph F).

In [36] we prove a generalization of Theorem 54 to k-uniform hypergraphs. The proof of that generalization
is more technical and requires a restructuring of the arguments from [10] and this paper.
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