CONSTRUCTIVE PACKINGS OF TRIPLE SYSTEMS

BRENDAN NAGLE

ABSTRACT. Let Fp and H be a pair of k-graphs. An Fp-packing of H is a family .# of pairwise edge-
disjoint copies of Fo in H. Let vz, () denote the maximum size |.#| of an Fo-packing of H. Already
in the case of graphs, computing vx,(H) is NP-hard whenever Fp has a component with three or more
edges [5]. Rodl et al. [17] (cf. [11, 10]) proved that, for any fixed k-graph Fp, one can approximate
vr,(H) within an error of o(|V(#)|*) in time polynomial in |V(#)|. For k = 3, we establish an
algorithm which, for all ¢ > 0 and 3-graphs Fo and H, constructs in time polynomial in |V (#)| an
Fo-packing .F of H of size | Z| > vy, (H) — |V (H)]3.

Our result is in the same vein as two earlier works of its type. Such an algorithm was originated
for graphs by Haxell and Rodl [11], and was recently extended to linear k-graphs Fp by Dizona and
Nagle [4]. Our result follows the original approach of Haxell and Rdl, and uses hypergraph regularity
tools of Haxell, Rodl and the author [8, 9], together with some details proven here.

1. INTRODUCTION

Let Fy and H be k-uniform hypergraphs (k-graphs for short, written Fy and H when k = 2). An
Fo-packing of H is a family .# of pairwise edge-disjoint copies of Fy in H. Let vz, (H) denote the
maximum size |.#| of an Fo-packing in H. Already in the case of graphs, computing vg, (H) is NP-hard
for any graph Fj having a component with 3 or more edges (Dor and Tarsi [5]).

Rodl et al. [17, 11, 10] (see Theorem 1.4 below) proved that, for a fixed k-graph Fo, one can approx-
imate vz, (H) within an error of o(n*) in time polynomial in n = |V (#)|. For graphs (k = 2), more is
known, where Haxell and Rodl [11] proved the following constructive counterpart.

Theorem 1.1 (Haxell and Rodl [11]). For every graph Fy, and for all ¢ > 0, there exists ng = ng(Fp, ()
so that, for a given graph H on n > ng vertices, an Fy-packing of size at least vg,(H) — (n? can be
constructed in time polynomial in n.

(Theorem 1.1 also holds for n < ng by exhaustive search.)
Recently, Theorem 1.1 was extended to linear k-graphs Fy, where a k-graph JFy is linear if every pair
of its edges overlap in at most one vertex (which is always true of simple graphs Fp).

Theorem 1.2 (Dizona and Nagle [4]). For every k > 2, for every linear k-graph Fo, and for all { > 0,
there exists ng = no(k,Fo,C) so that, for a given k-graph H on n > ng vertices, an Fo-packing of size
at least vy, (H) — ¢nF can be constructed in time polynomial in n.

We shall prove an analogue of Theorems 1.1 and 1.2 for k¥ = 3 and arbitrary 3-graphs Fjy.

Theorem 1.3 (Main result). For every 3-graph Fo, and for all ( > 0, there exists ng = no(Fo, () so
that, for a given 3-graph H on n > ng vertices, an Fo-packing of size vz, (H) — (n3 can be constructed
in time polynomial in n.

Theorem 1.3 was thought to be possible by Haxell, Rodl and the author in [9], in light of the tools
proven there, at least if one followed the approach of Haxell and Rodl for Theorem 1.1. (We outline this
approach momentarily.) This paper is the corresponding realization (see the Acknowledgment at the
end of this Introduction). It was also anticipated in [9] that further details would need to be developed
(see Remark 1.6 below), which this paper considers. We believe some of the auxiliary tools proven here
could be of use in other contexts, and may be of some independent interest.
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2 BRENDAN NAGLE

The proofs of Theorems 1.1-1.4 all rely on two main ingredients: fractional packings and regularity
methods. (In particular, Theorems 1.1-1.3 can be proven because graphs, linear hypergraphs, and 3-
graphs, resp., are precisely where regularity methods have known algorithms.) We next define fractional
packings and present Theorem 1.4 (which is in terms of fractional packings). Afterward, we outline some
regularity tools employed in the proof of Theorem 1.1 (to motivate upcoming parallels in this paper).

1.1. Fractional packings. For k-graphs Fy and H, let ( ;_:f) ) denote the family of all copies of Fy in
H. For an edge e € H, let (;.{U)e denote the family of copies F € (;0) containing the edge e. In this
notation, an Fy-packing of H is a family .# C (]7_.'2) satisfying that, for each fixed e € H,

H
o
70 <f0)e

Fractional Fy-packings generalize Fy-packings, and can be defined when H has edge-weights. For a set
V and function w : (‘2) — [0,1], write H = w=1(0,1] and H* = {(e,w(e)) : e € H}. (In the unweighted
case when w : (Z) — {0, 1}, we identify H = H*.) A function ¢ : (;.'i) — [0,1] is a fractional Fy-packing

of H¥ if, for each edge e € H,
H
Z{¢(f):?€ <f0>e} < w(e). (2)

Define |¢p| = 3 {1/)(]:)  Fe (;'f))} as the size of 9. Denote by V}U(H“’) the maximum size |¢| of a
fractional Fo-packing of H*.

To motivate Theorem 1.4 below, we relate the parameters vz, (H) and v% (H) (for a fixed Fy and an
unweighted H = H¥), in terms of relative size and relative complexity. First, consider an Fy-packing #
of H. Then the characteristic function g : (;f)) — {0,1} of .# is a fractional Fy-packing of H (cf. (1)
and (2)), and so vg,(H) < v} (H). Second, while computing vz,(H) is known to be a difficult problem,
building a fractional Fo-packing ¢ of H with optimal size [¢)| = v} (H) is a linear programming problem,
and is constructable in time polynomial in n = |V (#)|. The following result is therefore significant.

<1 (1)

Theorem 1.4 (Rédl, Schacht, Siggers, Tokushige [17]). For every k > 2, for every k-graph Fy, and for
all ¢ > 0, there exists ng = no(k, Fo, () so that, for every k-graph H on n > ng vertices,

v, (H) < gy (H) + (.
Thus, vr,(H) can be approzimated within an error of (n* in time polynomial in n.

Various cases of Theorem 1.4 had been earlier considered. Haxell and Rodl initiated Theorem 1.4
when, for graphs (k = 2), they proved Theorem 1.4 in the stronger form of Theorem 1.1. Yuster [21]
gave an alternative proof of Theorem 1.4 for graphs (k = 2) which allowed Fj to be replaced by a fixed
family of graphs. For k = 3, Theorem 1.4 was proven by Haxell, Nagle and Rodl [9].

1.2. Regularity and the proof of Theorem 1.1. We outline the regularity tools in the proof of
Theorem 1.1, and outline the proof of Theorem 1.1 in the case that Fy = K3 is the triangle.

The main tool from [11] is the Szemerédi Regularity Lemma. Let G be a bipartite graph with vertex
bipartition V(G) = X UY. For non-empty X’ C X and Y’ C Y, the density of G w.r.t. X’ and Y’
is dg(X",Y") = |G[X', Y']|/(|X'|]Y"|), where G[X', Y] is the subgraph of G induced on X’ UY’. For
d >0 and ¢ > 0, we say that G is (d,e)-regular if, for every X’ C X, where |X'| > ¢|X]|, and for every
Y’ C Y, where |Y'| > €]Y|, we have |dg(X',Y") —d| < e. For € > 0, we say that G is e-regular if it is
(d, e)-regular for some d > 0.

Theorem 1.5 (Szemerédi’s Regularity Lemma [18, 19]). For all ¢ > 0, and for every integer to > 1,
there exist integers Ty = To(e,to) and Nog = No(e, to) so that every graph H onn > Ny vertices admits a
vertex partition I1: V(H) = VoUVL U--- UV, for some tg <t < Ty, satisfying the following conditions:

(1) I is t-equitable, meaning |V1| = --- = |V > [n/t];

(2) II is e-regular, meaning for all but 5(;) pairs Vi, Vi, 1 <i < j <t, H[V;,V}] is e-regular.
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In the proof of Theorem 1.1, one needs a constructive version of Szemerédi’s Regularity Lemma, which
was established by Alon, Duke, Lefmann, Rodl and Yuster [1]. Their result guarantees that the partition
IT in Theorem 1.5 can be constructed in time O(M(n)), where M(n) = O(n?377) (cf. [20]) is the time
required to multiply two n X n binary matrices over the integers. Kohayakawa, Rédl and Thoma [13]
later improved the constructive Regularity Lemma to run in time O(n?). (Either constructive version
of the Regularity Lemma serves our purposes here.)

Proof-sketch of Theorem 1.1 for triangles. Fix k = 2 and Fy = K3.

Input. Let ¢ > 0 be given. It is possible to fix (', 8,¢",&’,e > 0 and tg, Ty, n € N satisfying

/ C 1 / 1 1 1

(> =3>8>( >>e>>s_t0>>T0>>n, (3)
in such a way as to support all details in the sketch below. (In particular, the notation z < y,z,...
appearing in (3) means that £ > 0 can be chosen as a sufficiently small function of y,z,... > 0 to
satisfy an upcoming list of computations involving z,y,z,.... The notation 1/n < ... appearing
in (3) means the integer n will be chosen sufficiently large with respect to all constants in (3).) Let
H be a graph on n vertices. We build, in time polynomial in n, a triangle packing 7 of H of size
(7| > Ve, (H) = (n? > vicy (H) — (n?.

Step 1: Applying the Regularity Lemma. With e = 1/¢; from (3), use the algorithm of Kohayakawa
et al. [13] (cf. [1]) to construct, in time O(n?), an e-regular, t-equitable partition IT: V(H) = Vo U V4 U
-+ UV;, where tg <t < Tp = O(1). (Record also, in time O(n?), the densities d(V;, V), 1 <i < j <t,
and the pairs (V;,V;), 1 < i < j < t, which are! e-regular.) Construct, in time O(t?) = O(1), the
corresponding (weighted) cluster graph HY, as follows. For {h,i} € ([;]), define w({h,i}) = dg(V, V;)
if H[Vy,V;] is e-regular, and w({h,i}) = 0 otherwise. Set Hy = w=1(0,1] and H§ = {(e,w(e)) : € € Hy}.
A standard argument shows that

Vi, (H)
vie, () = T, 0
where m = |Vj| = -+ = |V;|. We now pause to reveal a few points of strategy.

Pause (strategy). A main tool for building .7 is the following so-called Packing Lemma (see Lemma 5
in [11]). Suppose that for some 1 < h < i < j <t, each of H[V},V;], H[V;,V;], H[V4,,V;] is (d, €)-regular
with d > 3 (cf. (3)). In time polynomial in m, the Packing Lemma constructs a triangle packing 7%
of H[V,, Vi, V] covering all but ¢"m? edges of H[Vj, Vi, V;] (cf. (3)), in which case

(799 > (d =2 = ¢"m? > (d— 2" m? > (1= /) dm?  (recall d > 6). )

Unfortunately, it is unlikely that we find H[V4, Vi), H[V;, V], H[V4, V;] which are all (d, ¢)-regular with
the same d. The so-called Slicing Lemma (see Lemma 6 in [11]) allows us to overcome this problem.
Suppose H[Vi,Vil, H[Vi,V;], H[Vyh,V;] are, resp., (dni,¢€), (dij,€), (dn;,e)-regular. Write Gt =
H|[V4,V;], and suppose we choose (in a careful way (see Step 2 momentarily)) numbers o}, ... 0% >
(cf. (3)) where Y 2" o < dj,;. The Slicing Lemma constructs, in time O(m?), a partition G" =
G UG U---UG" | where each G, 1 < a < sy, is (o1, ¢')-regular (cf. (3)). Now, if there are slices
GM UGy UG with
ont = o)) = ol Lol (6)

IRecognizing when H[V;, V5], 1 < < j <t is e-regular is co-NP-complete (see Theorem 2.1 in [1]). However, the
algorithms of Alon et al. [1] and Kohayakawa et al. [13] will have already recognized ‘most’ of the H[V;, V;] which are
e-regular (see [1, 13] or Section 1.1 of [9] for details). For the concept of hypergraph regularity that we use in this paper,
we will always be able to recognize all ‘regular parts’.
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then the Packing Lemma builds a triangle packing 7" of Ghi U G” U Gh of size

abe
yhlj ®) Yo hzy 2
abc 2 C OabcM (7)
Now, to choose the numbers o}, ..., UQZi > [ above, we appeal to a so-called Bounding Lemma (see

Lemma 7 in [11]), which returns us to Step 2 of the algorithm.

Step 2: Applying the Bounding Lemma. The Bounding Lemma is a tool which constructs, in
time depending on ¢ < Ty = O(1), a fractional Ks-packing o of HY (recall Hy and Hy from Step 1)
satisfying (cf. (3))

[bo| > v, (HE) — ¢'t*, and which is B-bounded, meaning that for each {h,i,j} € (gZ)v
wo({hvla]}) > 67 or elsea ¢0({h,l,3}) = 0. (8)

(ggf = {{h,z‘,j} € (g‘;) Ho({hyi 1) > 6} . (9)

The function vy defines the numbers a;-” > 3, as follows. For {h,i} € Hy and {h,i,j} € (£2)+, set

Set

R )
it = o({h,i,j}) = B. (10)
We now apply the Slicing Lemma.

Step 3: Applying the Slicing Lemma. Fix {h,i} € Hy. With {J;?i :{h,i,j} € (H°)+} from Step 2,
apply the Slicing Lemma to G" = H[V},, V;] to construct, in time O(n?), a partition H[V},, V;] = GM =
Ghuy {Gm :{h,i,j} € (H°)+} satisfying that, for each {h,i,j} € (Ks) , G;” is ( ;”, g’)-regular. Re-
peat over all at most (%) < 7§ = O(1) many {h,i} € Hy so that Step 3 runs in time O(n?).

Step 4: Applying the Packing Lemma Fix {h,i,j} € (H )+ Apply the Packing Lemma to the
slices G U G UG noting that ot = = o) = oM = o({h,i,5}) > B (cf. (10)). The Packing Lemma

i
constructs, in time polynomial in m, a triangle-packing 7" = Z};flj G;” UGy U G?j of size

(D
7] = (1= /) wo({hsi, 7m?. (11)
Repeat over all at most (1) < 7§ = O(1) many {h,i,j} € (ﬁg)Jr in time polynomial in n.

Output. Construct the family .7 = |J {yhij {h,i,5} € (g2)+} in time O(n?). (That is, collect
O(m?) triangles over at most (4) < T3 = O(1) indices.)

Clearly the algorithm above runs in time polynomial in n. To see that 7 is a triangle-packing of H,
let {z,y,2},{r,y,2'} € 7. Then there exist, wlo.g., 1 < h < i < j,j <t so that {x,y,2} € ThV
and {z,y,7'} € Thii" . Then {z,y} € G;” N G?,i, which implies j = j since G;-” and G;L,i are classes of

a partition. Then {x,y,2},{x,y,2'} € Z"J, which implies z = 2’ since 7"V is a family of pairwise
edge-disjoint triangles. Finally,

|§|=Z{|§h”| e () }“>”( V) 22{% (i) (i) € )+}
= (1= V) m2 ol & (1= V&) m? (v, (15) — ') S (1= /) (v, (1) = 20 m?)
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which by (3) is at least v} (H) —4¢'n? = v, (H) — (n?. O

1.3. Itinerary of paper. To prove Theorem 1.3, we shall follow the same approach outlined above
for the graph case. As such, we need 3-uniform hypergraph analogues of each of the tools sketched in
the previous section. We proceed along the following itinerary. In Section 2, we present algorithmic
(3-uniform) tools of the following forms:

a Regularity Lemma (upcoming Theorem 2.12) due to Haxell, Nagle and Rodl [9].
a Packing Lemma (upcoming Lemma 2.7), which we prove in Sections 4-6;

a Slicing Lemma (upcoming Lemma 2.4), which we prove in Section 7;

e a Bounding Lemma (upcoming Lemma 2.18), taken from [11, 10].

In Section 3, we use these tools to prove our main result, Theorem 1.3.

Remark 1.6. The most important tools in this paper are the Regularity Lemma and the Packing
Lemma. In essence, the Packing Lemma is a consequence of a so-called Counting Lemma from [9] (see
Theorem 6.2 in this paper). Since the Regularity Lemma and the Counting Lemma were developed
in [9], Theorem 1.3 seemed possible if one followed the approach of Haxell and Ré6dl [11] outlined above.

In the hypergraph setting, deriving the Packing Lemma from the Counting Lemma is somewhat
technical, despite following standard lines. We derive the Packing Lemma from a so-called Fxtension
Lemma (see Lemma 4.2 in this paper), which we in turn derive from the Counting Lemma. These tools
could be of potential use in other settings.

The algorithmic aspects of the Slicing Lemma are of a less standard nature. The Slicing Lemma could
be of use in other contexts, and it may be of independent interest. O

1.4. A minor technicality. In our outline, we took Fy = K3 to be the triangle, which illustrates all
but one detail in the work of Haxell and R6dl [11]. In particular, whenever Fj is not complete, one also
needs a so-called Crossing Lemma from [11] (see Lemma 4 there), which we now state for 3-graphs. For
3-graphs Fy and H, and for a partition Iy : V(H) = Uy U --- U Uy, we say that F € (;_:i) crosses Iy if
[V(F)nU;| <1forall 1 <i<k We write (J?-:i)n for the family of all crossing copies of F in H.

0

Lemma 1.7 (Crossing Lemma [11]). For every 3-graph Fo on f vertices, and for all £ > 0, there exists
Ky = Ko(&, Fo) so that the following holds.
Let H be a 3-graph on n vertices, and let v be a fractional Fo-packing of H. There exists an algorithm

which constructs, in time O(n'), a vertex partition Ty : V(H) = Uy U---U Uy, for some k < K, where
def

O] < -+ < U] < |0 + 1, satisfying that [vn,| < S {0 (F) s Fe (2), b= a-9ll
Haxell and Rédl [11] proved Lemma 1.7 (see Lemma 11 there) in a setting more general than that of
(k-uniform) hypergraphs and fractional packings. (See Remark 2.10 in [4] for some related comments.)
In our previous outline, if Fjy were not complete, the Crossing Lemma would appear as Step 0. We
would construct a fractional Fo-packing ¢ of H of size || = vy, (H) (via linear programming, running
in time polynomial in n). We would then apply the Crossing Lemma to H and ¢ to construct Il in
time O(n/). In Step 1, we would require II to refine Il in the usual way (which is always possible with
a regularity lemma). All remaining details would proceed as we described.

Acknowledgment 1. The author would like to thank the referees for their extremely careful reading, and
for their very thoughtful suggestions which led to an improved presentation of this paper.

Acknowledgment 2. The author would like to thank P. Haxell and V. Rdl for their support of this
project.
2. ALGORITHMIC 3-GRAPH REGULARITY TOOLS

In this section, we present (1) the Slicing Lemma (Lemma 2.4), (2) the Packing Lemma (Lemma 2.7),
(3) the Regularity Lemma (Theorem 2.12), and (4) the Bounding Lemma (Lemma 2.18), where this
order is determined by inclusion of the concepts needed to present each statement.
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2.1. (a,d)-minimality. For graphs, e-regularity may be viewed as the central concept of the Intro-
duction. For 3-graphs, we shall consider the corresponding concept of («, d)-minimality (see upcoming
Definition 2.3). For that concept, triples of a 3-graph G will be defined on pairs from an underlying graph
P. To make this precise, for a graph P, write K3(P) = {{v1,v2,v3} : {v;,v;} € Pforall 1 <i<j <3}
for the family of all triangles K3 of P. We then say P underlies G if G C K3(P). Whenever P’ C P
satisfies K5(P’) # 0, we define the density dg(P’) of G w.r.t. P' by dg(P') = |G N Ks(P")|/IKs(P")].
Unless otherwise indicated, we reserve the symbol « for a = dg(P) = |G|/|Ks(P)].

In the context above, the underlying graphs P will be 3-partite, balanced, and well-behaved. We call
the following environment a triad.

Definition 2.1 (triad). Let d > 0, ¢ > 0, and m € N be given. We call a graph P a triad if P =
P2 U P? U P is 3-partite with vertex partition V(P) = V1 U V3 U V3, where [Vi| = [Va| = |V3] = m,
and where each P¥ = P[V;,V;] is (d,¢)-regular, 1 <i < j <3.

Throughout this paper, we use the following well-known fact (cf. upcoming Lemma 8.2).

Fact 2.2 (triangle counting lemma). For alld,T > 0, there exists € = epact 2.2(d, 7) > 0 so that whenever
P is a triad with the parameters d,e > 0 and m sufficiently large, then |[K3(P)| = (1 £ 7)d>m3.

Now, let P be a triad and let G C K3(P) be given with o = dg(P). As usual, let KS’Q)Q denote the
complete 3-partite 3-graph with 2 vertices in each vertex class. We then define the family Ko 2 2(G) =

{J € (Vgg)) : J induces a copy of KS’Q)Q in g}. In the context of Definition 2.1, if ¢ = e(a,d) > 0 is
sufficiently small and m = m(a,d, €) is sufficiently large, it is not difficult to prove (see [9] for a proof)
that |Ka22(G)| > a¥d'? (7;)3 (1 —€'/10). The following concept is therefore motivated.

Definition 2.3 ((«, d)-minimality). Let P and G C K3(P) be given as in Definition 2.1 with a = dg(P).
For § > 0, we say G is («, d)-minimal w.r.t. P if |K222(G)| < a8d*? (Z‘)3 (1+9).

2.2. The Slicing Lemma. With the definitions above, we can already present the Slicing Lemma. (In
what follows, z =y £ z denotes y —z <z <y +z.)

Lemma 2.4 (Slicing Lemma). For all ag,d’ > 0, there ezists § = drem.2.4(c0,d") > 0 so that, for all
d > 0, there exists € = eLem.2.4(0,9’,8,d) > 0 so that the following statement holds.

Let P be a triad with parameters d, € and a sufficiently large integer m. Let G C K3(P) be («,6)-
minimal w.r.t. P, for some a > ag. Suppose o1,...,0, > g are gien with > :_; 0; < a. Then, in
time O(m3), one can construct a partition G = Go U Gy U --- UG, so that, for each 1 < i < s, G; is
(e, 0")-minimal w.r.t. P, where o;; = dg,(P) = 0; £ 0.

We prove Lemma 2.4 in Section 7.

2.3. The Packing Lemma. To present the Packing Lemma (Lemma 2.7), we require some additional
considerations. We summarize these conditions in the following environment and subsequent definition.

Setup 2.5 (Packing Setup). Suppose a,d,d,e > 0 and f,m € N are given together with a fixed 3-graph
Fo on the vertex set [f] ={1,..., f}. (This will be the same Fy appearing in Theorem 1.3.) Suppose
(1) P=U{PY : 1 <i<j< f}isan f-partite graph with vertex partition V; U---U V}, where
|Vi| = -+ = |V¢| = m, and where each PY = P[V;,V;] is (d,e)-regular, 1 <i < j < f;
)G =1){G" . 1<h<i<j< C K3(P) is a 3-graph satisfying that, for each 1 < h < i <
J g yimg
j < f, G" = GV, Vi, V] is (anij, §)-minimal w.r.t. P" U PY U P", where ap;; = o £6 if
{h,i,j} € Fo, and ap;; = 0 otherwise (i.e., G" = () otherwise).

Definition 2.6 (partite-isomorphic). Let Fy, P and G be given as in Setup 2.5. Let F C G be a
subhypergraph of G on vertices v1,...,vf, where vi € Vi,...,vf € Vy. We say that F is a partite-
isomorphic copy of Fy if for every 1 <i < j < f, {v;,v;} € P¥, and if v; + i defines an isomorphism
from F to Fy.



CONSTRUCTIVE PACKINGS OF TRIPLE SYSTEMS 7

Lemma 2.7 (Packing Lemma). Let Fo be a fized 3-graph with V(Fo) = [f]. For all ag,p > 0, there
exists § = Opem.2.7(Fo, o, p) > 0 so that, for all d~* € N, there exists € = eLem.2.7(Fo, @0, p,6,d) > 0 so
that the following holds.

Let P and G satisfy the hypothesis of Setup 2.5 with Fo and some a > aq, with d,d,e > 0 above, and
with a sufficiently large integer m. Then, one may construct, in time polynomial in m, an Fo-packing
Fg of G covering all but p|G| edges of G, where Fg consists entirely of partite-isomorphic copies of JFy
in G. One has, in particular, | Fg| > (1 — 2p)ad®m?3.

We prove Lemma 2.7 in Section 4.

Remark 2.8. Lemma 2.7 holds whether d > 0 satisfies d~! € N or not. We make the assumption here
because results we use from [9] to prove Lemma 2.7 made the same assumption. (Moreover, it suffices
to take d~! € N because the Regularity Lemma always provides this condition.) O

Remark 2.9. The last assertion of Lemma 2.7 is an easy consequence of its predecessor. To see this,
we may assume, w.l.o.g., that 26 < p x o2 and that, with 7 = §, we have € < epact 2.2(d, 7). Now, let
G’ C G denote the set of edges covered by %g. Then every element F € Fg covers precisely |Fy| edges
of G’, and every edge of G’ is covered by precisely one element F € .%g. Thus,

| Zg| x| Fol =161 > (1= p)|G| = (1= p) Y _{I6"] : {h,i,k} € Fo}
=(1=p)>_ {omi;|Ks(P* U P9 UPY)|: {h,i,j} € Fo}
> (1= p)a—06)Y {IKs(P"UPTUPY) :{h,i,j} € Fo}

Fact 2.2 (S
> | Fol x (1= p)(a—68)(1—8)d*m> > |Fol x (1 —p) <1 - a) (1 —68)ad*m?,
0
and so now the result follows by a few routine calculations. O

2.4. The Regularity Lemma. We now present the Regularity Lemma from [9] (see Theorem 2.5
there). For a 3-graph #, the Regularity Lemma from [9] will partition the vertices V' = V(H) and

partition the pairs (‘2/), in such a way that the following holds.

Definition 2.10 ((¢,t,¢)-partition). Let ¢,¢t € N and € > 0 be given, and suppose V is a set with size
|[V| =n. An (equitable) (£,t,e)-partition of V is a pair (II, &) of partitions of the following form:

(1) I: V=VyUWVU---UW is a t-equitable partition of V, i.e, |Vi| =--- = |V} L > [n/t];

(2) 2 is a partition of K[V4,...,V;] with classes, for each 1 <i < j <t, K[V;,V;] = P/ U--- UPZU7
where every P € & is ({71, ¢)-regular.

For a 3-graph H, the Regularity Lemma from [9] will construct an (¢,¢,¢)-partition of V(H) and a
‘large’ subhypergraph H’' C H with the following property.

Definition 2.11 ((«y,d)-minimal partition). Let ¢,¢ € N and «g,d,& > 0 be given, and suppose H is
a 3-graph and (II, &) is an (¢, t,¢e)-partition of V(H). For a subhypergraph H' C H, we say (II, &) is
(o, §)-minimal w.r.t. H' if for every {x,y,z} € H', there exist ] < h <i<j<tand 1<a,bec<{so
that {z,y, 2} € K3(PMUPUPM), where HNK3(PPUPZUP!) is (o7 §)-minimal w.r.t. PM*UP UPM
for some a%i > ap.

We now give the regularity lemma from [9] (see Theorem 2.5 there).

Theorem 2.12 (Regularity Lemma [9]). For all ag,d > 0, and for all functions € : N — (0, 1), there
exist positive integers Ty = To(w, d,€), Lo = Lo(ag,d,€), and Nog = No(ap,d,€) so that the following
holds.

Let H be a 3-graph with vertex set V.= V(H), where |V| =n > Ny. Then, in time O(n®), one can
construct an (¢,t,e(0))-partition (I, 2) of V, for some £ < Ly and some t < Ty, and a subhypergraph
H' CH, where |H'| > |H| — (o + 6)n® — tn?, and with respect to which (I, ) is (oo, §)-minimal.
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We make the following Remark for future reference.

Remark 2.13. In Theorem 2.12, suppose a fixed integer k£ > 1 is given with «q, J, and € : N — (0,1).
(The constants Ty, Lo and Ny will now depend also on k.) Suppose H is given with a pre-partition
Iy : V=Uy U---UUy, where |Uy| < --- < |Ug| < |Uz| + 1. If we allow |Vp] to be as large as t + k, i.e.,
| > [H| — (0 + 6)n® — (t + k)n®, (12)
then the proof of Theorem 2.12 allows that II can be taken to refine Ily, in the sense that for each
1 <i <t, there exists 1 <4’ < k so that V; C U;/. In this context, we shall call a triple 1 <h <i < j <t
transversal it Vj, C Ups, V; C Uy, and V; C Ujr, where b/, ¢/, j" are distinct. Since the integers ¢ < Tj and
k < Ky (where Ky will be given by Lemma 1.7) will always be constants in this paper, while n — oo
whenever needed, we abbreviate (12) to say
[H'| > |H| — (o + )n® — O(n?). (13)
O

2.5. The Bounding Lemma. We now present the Bounding Lemma from [10], which appeared as
Lemma 3.6 there. The Bounding Lemma concerns fractional packings in weighted multi-hypergraphs
related to (¢,t,¢)-partitions (cf. Definition 2.10). To make this precise, we require several definitions,
taken mostly from [10].

Definition 2.14 ((¢,t)-augmented (weighted) 3-graph). On vertex set [t] = {1,2,...,t}, let M =
M® () ={p7:1<i<j<t 1<a<{}bethecomplete multigraph with edge-multiplicity ¢, where
the set of multiedges connecting 1 <i < j <tis {pij, e ,péj}. We call M the complete (£,t)-multigraph.
Define M = M®)(¢,t) = {{pZi,pzj,pZi} 1<h<i<j<t,1<a,bc< E} to be the complete (¢,t)-
augmented 3-graph. Any subset A C M is called an (¢, t)-augmented 3-graph. f w : M — [0, 1] is a weight
function, then A = w=1(0,1] is an (¢,t)-augmented 3-graph, and we define A~ = {(A,w(A)) : A € A}
to be the (¢, t)-augmented w-weighted 3-graph.

Clearly, (¢,t)-augmented and w-weighted 3-graphs A% provide the ‘cluster objects’ of the Regularity
Lemma (Theorem 2.12). We make this precise in the following remark.

Remark 2.15. For a set V, an (¢, t,¢)-partition (II, &) of V corresponds to the complete (¢,t)-
multigraph M defined above, where P! € & corresponds to p/* € M. The family of all triads of
(I1, &) corresponds to the complete (¢,t)-augmented 3-graph M defined above, where

A= {pfji,pzj,p?i} € M corresponds to the triad P4 2ef PMUPIUPh c 2. (14)
If V =V(H) and (II, &) is (g, d)-minimal w.r.t. H C H, then A’ and (II, &) will correspond to an
(¢,t)-augmented 3-graph A. Indeed, for A € M, write
HAY 2K (PY) and ot & dy (PY), (15)
and so one would take
Ac A <« His(a?,d)-minimal w.r.t. P4 for some a?* > ay. (16)
More generally, we can define weight function w : M — [0, 1] by

at if a? > ap and HA is (o, §)-minimal w.r.t. P4,
0 otherwise.

w(A) = (17)

Then A = w™1(0,1] is the (¢, t)-augmented 3-graph defined in (16), and A = {(A,w(A)) : A € A} is
an (¢, t)-augmented w-weighted 3-graph. When II has refined a pre-partition ITy of V' (cf. Remark 2.13),
we alter (17) to say
A e vers A Aq (A S\ ming A
w(A) = { o if A is transversal, o > ag, and H. is (o*, §)-minimal w.r.t. P4, (18)
0 otherwise,

and define A and A identically to before. O
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For an (¢,t)-augmented 3-graph A, we next define copies F C A of a fixed 3-graph Fy in A, and
copies containing a fixed edge A € A.

Definition 2.16 (copy, edge containment). Let Fy be a 3-graph and let A be an (¢, t)-augmented 3-
graph. A copy F of Fy in A is a pair (¢1, ¢2) of functions, where the first function ¢; : V(Fp) — [t] is an

injection and where we write @4 def $1(V(Fo)), and where the second function ¢y : (@21) — [¢] satisfies

hi

{u,v,w} e Fy = {pa ,pzj,pgj} € A where
{hvi?j} = (bl({u?’uvw}) and (Cl, b’ C) = (¢2({h7 7'})’ ¢2({Z’]})7 ¢2({ha.7}))

In reverse, suppose A = {pZ",ij,p’gj} € Aand F = (¢1,¢2) is a copy of Fp in A. We say F contains

A, and write A € F, if o7 ({h,i,7}) € Fo and if (a,b,c) = (¢po({h,i}), p2({i,5}), b2({h,j}). Finally, we
write (;})) to denote the family of all copies of Fy in A, and (;O)A = {]—" € (}40) tAe ]-"}.

In what follows, we define a fractional Fy-packing of an (¢, t)-augmented weighted 3-graph A“ (the
definition is identical to (2)), and we also define a concept of boundedness.

Definition 2.17 ((S-bounded) fractional Fy-packing of A“). Let A“ be an (¢, t)-augmented w-weighted
3-graph. A fractional Fy-packing of A“ is a function 9 : (g) — [0,1] satisfying that, for each

A e A, Z{w(}') : F e (}t)A} < w(A). For a fractional Fp-packing ¢ of A¥, we write |[¢)| =
3 {w(]-') tFe( ;L )} for the size of ¢, and we write v} (A) for the maximum size of a fractional

Fo-packing of A. For g > 0, we say that ¢ is B-bounded if for every F € (]“_ft)), P(F) > B, or else,
P(F) =0.

We may finally state the Bounding Lemma from [10] (see Lemma 3.6 there).

Lemma 2.18 (Bounding Lemma). For every 3-graph Fo and for all positive 1), there exists =
BLem.2.18(Fo,m) > 0 so that, for every ({,t)-augmented w-weighted 3-graph A%, there exists a B-bounded
fractional Fo-packing ¢ of A so that || > v (AY) — nl3t3. Moreover, 1 may be constructed in time
depending on £ and t.

Remark 2.19. Lemma 2.18 was proven in [10], but without regard to the constructive assertion. How-
ever, this assertion follows easily from the proof in [10], which consists of an application of a statement
of Haxell and Rodl appearing as Theorem 18 in [11]. Theorem 18, in turn, is proven by a standard
probabilistic argument on a family of sets on £3t3 = O(1) vertices, which one exhaustively derandomizes.
Algorithmic aspects are briefly discussed by Haxell and Rédl in [11] (see Section 3). O

3. PROOF OF MAIN RESULT

In this section, we prove Theorem 1.3 in Steps 0—4. In particular, Step 0 will apply the Crossing
Lemma (Lemma 1.7), and Steps 1-4 will align with those in the Introduction. We begin by discussing
our input, and by defining some auxiliary constants and parameters. The Reader not interested in these
details may refer to the hierarchies provided below in (22), (26) and (28).

Input and auxiliary constants. Let F be a fixed 3-graph on f vertices, and let ¢ > 0 be given. Set

¢
We now define some constants related to the Crossing and Bounding Lemmas. With & given above,
let
Ko = Ko(&, Fo) (20)

be the constant guaranteed by the Crossing Lemma (Lemma 1.7). With n > 0 given above, let
B = Brem.2.18(Fo,n) >0 (21)
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be the constant guaranteed by the Bounding Lemma (Lemma 2.18). We have the first hierarchy

1
C>§:P:77:T>>?aﬂ~ (22)
0
We next define some constants related to the Packing and Slicing Lemmas. With 3 given above, set

g = ,6 (23)

With p in (19) and «g above, let drem.2.7 = OLem.2.7(Fo, @, p) > 0 be the constant guaranteed by the
Packing Lemma (Lemma 2.7). With ap in (23) and ¢’ = drem.2.7, 16t dLem.2.4 = OLem.2.4(00, 0Lem.2.7) > 0
be the constant guaranteed by the Slicing Lemma (Lemma 2.4). Tt is the case that dpem.2.4 < dLem.2.7
(as will be seen in the proof of Lemma 2.4), and so we set

0= 5Lem.2.4~ (24)

Continuing, let £ € N be an integer variable. With p in (19), ag in (23), dLem.2.7 above and d = 1/¢, let
€Lem.2.7(£) = €Lem.2.7(F0, @0, P, OLem.2.7, 1/¢) > 0 be the function (of integer variable £) guaranteed by the
Packing Lemma (Lemma 2.7). With ag in (23), 6’ = drem.2.7 above, § = dpem.2.4 in (24) and d = 1/¢,
let erem.2.4(f) = €Lem.2.4(0,0Lem.2.7,0,1/¢) > 0 be the function guaranteed by the Slicing Lemma
(Lemma 2.4). Finally, with 7 > 0 given in (19) and d = 1/¢, let €pact 2.2(£) = €Fact 2.2(1/¢,7) > 0 be the
function guaranteed by the Triangle Counting Lemma (Fact 2.2). Set

e(f) = min {erem.2.7(£), €Lem.2.4(£); EFact2.2(£) } - (25)
With integer variable ¢, we have the second hierarchy (cf. (22))

1
B> drem.2.7 > dLem.2.4 = 0 > min {E’ 5} > €Lem.2.7; ELem.2.4; EFact 2.2(£) > €(£). (26)

Finally, we define some constants related to the Regularity Lemma. Let k& be an integer variable.
With constants «p in (23) and ¢ in (24), and with function € in (25), let To(k) = To(k, ag,d,€),
Ly(k) = Lo(k, a0, 9d,€), and No(k) = No(k, o, d, €) be the functions (of integer variable k) guaranteed
by Theorem 2.12 (cf. Remark 2.13). (These are not functions of £.) With Ky from (20), let

0=, o) Bo = g Lo Mo =, g No® 0

We take integer ng so that, in the final hierarchy (cf. (22), (26))

1 1
1<HZu<nLo 5( ) > 7107 LO’ NO > no ( 8)

Now, let H be a given 3-graph on n > ng vertices. We construct, in time polynomial in n, an
Fo-packing F4 of H of size
[Pl > v, (H) = ¢n’. (29)
Since vx, (H) > v7,(H), this will prove Theorem 1.3. We proceed to the first step of the algorithm.

Step 0: Applying the Crossing Lemma. Our first step is to apply the Crossing Lemma to H.
(We do so in order to prove (32) below.) For that purpose, construct a maximum fractional Fy-packing
P (;.{O ) = [0,1], i.e., one for which |¢)| = v} (H) (which is a linear programming problem running
in time polynomial in n). With £ > 0 in (19), we apply the Crossing Lemma (Lemma 1.7) to H and
1 to construct, in time O(n'), a partition Iy : V(H) = Uy U --- U Uy, where k < Kq (see (20)) and
[Ur| < -+ < |Ug| < |Ui] + 1, and where

| = {¢(F) e <;i)n } > (1=l = (1= vk, (H). (30)

(recall the notation (;’i)n from Lemma 1.7).
0
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Step 1: Applying the Regularity Lemma. Our next step is to apply the Regularity Lemma
(Theorem 2.12) to H and its vertex partition V(H) = Uy U---U Uy, from Step 1. To that end, recall the
constants agp in (23) and J in (24), the integer k above (where k < K (cf. (20))), and the function e
n (25). With these parameters, Theorem 2.12 constructs, in time O(n®), an (¢, ¢, e(¢))-partition (II, 2)
of V(H), for some ¢ < Lo and some t < Tp (cf. (27)), which refines II (cf. Remark 2.13), and constructs
a subhypergraph H' C H, where |H'| > |H| — (ao + 0)n® — O(n?), and with respect to which (II, &)
is (ap,0)-minimal. To simplify notation slightly, now that Theorem 2.12 has been applied, the integers
¢ < Ly and t < Tj are fized (they are no longer variables), and so we shall write (cf. (25))

€= E(ﬂ), €Lem.2.7 = €Lcm.2.7(£); €Lem.2.4 = €Lcm.2.4(£)7 EFact 2.2 = EFact 2.2(6)- (31)

We construct the corresponding (¢, t)-augmented (w-weighted) 3-graph A (A%) for H' and (II, &)
above using (16) ((18)) from Remark 2.15. Clearly, A and A are constructed in time O(n®). Indeed,
for fixed A € M (of which there are M| = t3¢3 < T3L} = O(1) many), testing o > ap takes time
O(n?3), and verifying Definition 2.3 (by greedy count) takes time O(n®). In Section 3.1, we shall prove
that (cf. (4))

m3 * w 3 (30) * 3
PV (A%) > ] — (00 4647+ 0()n® > (1= ), (H) — (00 46+ 7 +o()n®,  (32)
where o(1) — 0 as n — oo.

Step 2: Applying the Bounding Lemma. We now apply the Bounding Lemma (Lemma 2.18) to
A¥. To that end, with n > 0 in (19) and 8 > 0 in (21), we apply Lemma 2.18 to A¥ to construct a
B-bounded (cf. Definition 2.17) fractional Fp-packing ¢y of A% satisfying

o] > v, (AY) — net3. (33)

Recall from Lemma 2.18 that g is constructed in time depending on ¢ < Lo = O(1) and t < Ty = O(1).
Let us also define (construct) a few related objects. To begin, for A € A (recall Definition 2.16), set

e R O S

For A€ A and F € (]“_%)z, define

oA = po(F) 2 B (35)

Note that the sets and numbers above are constructed in time O(1), since in an (¢, t)-augmented 3-graph
A, there are at most (recall f = |V(Fp)|)

’(;lo)‘ <t/ el < T L3 = o(1) (36)

copies F € (Jﬁt)

Step 3: Applying the Slicing Lemma. Fix A € A. With {aé Fe (%)Z} from Step 2, we wish
to apply the Slicing Lemma (Lemma 2.4) to G = H4 (cf. (15)), but first check that it is appropriate
to do so. Since A € A = w™1(0,1] (cf. (18)), we have that H4 is (a?,d)-minimal w.r.t. P4, where

a?t > ag = B (cf. (23). From (35), every afi_—, F e (;}))Z,

£oe (2)} = mounre ()} Sownire () J w2

where the second equality holds on account that g vanishes outside of ( }t );, and the inequality
holds since 1y is a fractional Fy-packing of A“¥. From (24) and (25) (cf. (31)), we have that § =

satisfies 0'}4_— > B = ag, and moreover,
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5Lc1n.2.4(a075/ = 5Lcm.2.7) and € S 5Lem.2.4(a07 § = §Lcm.2.775a 1/5) are appropriately chosen for an ap-
plication of Lemma 2.4. Applying the Slicing Lemma to G = H*, we construct, in time O(m?), a

partition
A A A AT
H :H(]UU H]:.FE(J__,())A (37)
satisfying that, for each F € (J{%)Z, the 3-graph ’Hé is (cué—7 = 6Lem.2.7)—minimal with respect to P4,
where a4 = 04 £ . Repeat over all at most (5)¢* < T¢L§ = O(1) many A € A in time O(n?).
Step 4: Applying the Packing Lemma. Fix F € (]“_flo)+
following subhypergraph G = Hr C H:

ViHrF) = |J Vi  and  Hr= ] HE (38)
i€V (F) AeF

Said differently, for each 1 <14 < ¢, we include V; C V(H £) if, and only if, i € V(F), and for each A € A,
we take (recall (37))

. We apply the Packing Lemma to the

HA  AeF,
0 AeA\F.
Let us check that it is appropriate to apply the Packing Lemma (Lemma 2.7) to G = Hx.

We first confirm that H r meets the conditions of Setup 2.5 (the Packing Setup). For simplicity, but
w.l.o.g., we assume V(F) = [f] C [t] = V(A). For the function ¢2 = ¢2(F) in Definition 2.16, we write

a;; = ¢2({¢,7}) for each 1 < i < j < f. Then, the graph Pr = J {P;J7 1<i<j< f} underlies H r,
i.e., Hr C K3(Pr), since for each A = {plt pzzj,pgj_} € F, we have by (15) and (37) (resp.) that

Qhi? hj
H4 C HA C K3(PA4). Note that Pr is an f-partite graph with vertex partition V; U --- U V}, where
|Vi| = -+ = |V¢| = m and where, for each 1 <i < j < f, Pj{j is (¢~1,¢)-regular. Finally, suppose A =

{pli .py P} € F. By (39), we see that Hy N Ks(P*) = Hz, which by Step 3 is (a%t, 6" = Spem.2.7)-

Hr N Ks (PH) = { (39)

minimal w.r.t. P4. Moreover, by the Slicing Lemma, a% = 04 4 §', where 0% () Yo(F) > 29 Qp is

constant and bounded over all A € F. (In other words, ¢o(F) plays the role of a in Setup 2.5.) Note
that our constants are also chosen appropriately for an application of the Packing Lemma (Lemma 2.7).
Indeed, for ap above and p > 01in (19), we defined ¢’ = dp.om.2.7(Fo, @o, p) > 0 (cf. (24)) to be the constant
guaranteed by the Packing Lemma, and we defined € < epem.2.7(Fo, o, p, 0", 1/£) in (25) (cf. (31)) to be
appropriate for an application of the Packing Lemma.

Applying Lemma 2.7 to G = Hy and P = Pz above, we construct, in time polynomial in m, an

Fo-packing Fy; . of Hr of size
3

m

| Furl > (1= QPWO(}-)F’ (40)
where every element of %3, is a partite-isomorphic copy of F (cf. Definition 2.6). Repeat over all
Fe (é,)+7 of which there are at most O(1) many (cf. (36)).

Output. Construct the family ¢ = |J {fﬂf : Fe (;}))4_} in time O(n3). (That is, collect O(m?)
copies of Fy over at most O(1) indices F € (g)+ (cf. (36)).

It remains to check the correctness of the algorithm. To that end, the family %, was clearly con-
structed in time polynomial in n. Regarding the remaining details, we first prove that F4 is an Fy-
packing of H.

Proof that .4 is an Fy-packing of H. Let F, F' € .%4, and for contradiction, suppose F N F' # .

By construction, there exist F,F’ € (£ " so that F ¢ Fy. and F € Fy.,. If F = F, then
Fo F F
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Fu, = Fu,,, and so F N F' # () contradicts the Packing Lemma (which ensured that 3, = 4,

was an Fo-packing of H z = H z,). Henceforth, we assume F#F.
Fix {z,y,z} € F N F'. Clearly, this implies (cf. (38), (39)),

{z,y,2} € Hz and {z,y,z} € Hz,. (41)

Since F, F’ C H' (recall the notation in Theorem 2.12), there exist 1 < h <i<j<tand 1<a,bc</?
so that

{z,y,2} € K3(PM U P U PM), (42)
Write A = {pM* ,pb 7pé”} € A. By (39), we have
HeNKs(PY) =HE and Hp NKCs(PY) =HE,. (43)

: A A
But now, (41)—(43) imply that {x,y,2} € HENHZ,

’Hé_ and ’Hé are distinct classes (since F # f’) of a partition.) O

i

which contradicts the Slicing Lemma. (Indeed,

Proof that .%;, has size promised in (29). By construction, we have

T (4o m3 + m3
Ful =Y {Iﬂ% e () } ENREPLA {wom 7e(7) } > (1-29)7 ol

(33) m?> (32)
> (1- 2/7)73 (V7 (A2) =nt® ) > (1= 2p) (1 = g, (H) — (a0 + 5+ 7+ o(1))n® — n?)
. 4 (22),(26) 3 (19) 3
>vp,(H) = (E+tao+d+7+n+2p+01)n> >  vi(H)—8n" = vy (H)—(n’
as promised. O

All that remains to prove Theorem 1.3 is the proof of (32).

3.1. Proof of (32). It suffices to produce a fractional Fy-packing v : (é:) — [0, 1] for which m?|¢|/¢3
has the lower bound promised in (32). To that end, we establish some notation and terminology. Write

(;l(;)no to denote the copies F € (;‘f})no (cf. Lemma 1.7) for which F C H' (cf. Theorem 2.12), and fix

F e (%)Ho We define the following F = (¢, d2) € (;})) to be the projection of F onto A. Define

¢1: V(F) = [t] by ¢1(v) = i, if, and only if, v € V;. Then ¢; is an injection since F € (%)Ho crosses
Iy (cf. Lemma 1.7 and Remark 2.13). Write ®; = ¢1(V (F)), and for i € &1, write v; = 7 (7). Define
bs : (%1) — [(1 by ¢2({i,§}) = aif, and only if, {v;,v;} € P, (¢y is well-defined since {v;, v;} € K[V;, Vj]
(cf. Definition 2.10).) To check that F € (;‘t) (cf. Definition 2.16), fix {u,v,w} € F and write

(31@),61(0), dr(w) = (i) and  (Ga({h.i}), d2({i, 1), ba({h, 1) = (a.b,).

We show that A = {pH ,pb I phi} € A. To that end, by construction we have that {u,v,w} €
K3(P4). Since {u,v,w} € F C H', the Regularity Lemma guarantees H4 (cf. (15)) is (o, §)-minimal
w.r.t. Kz(P4) for some a > ag. Then by (18), A € A.

Set (cf. (14))

A = max {|IC3(PA)| tAe A}, (44)
Define the function vy : (;})) — [0, 1] by the rule

1[,0(]3) — %Z {¢(F) :Fe (?—;)n has projection ]:"} . (45)
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To show that v is a fractional Fy-packing of A%, fix A = {pht ,pb ,pcj} € A. Then (cf. Definition 2.16)

> {7 (7))
_ iZ{Z {w(f):;g Cf_;)n has projection j'?} L Fe (é))A}

(44)

< MZ{Z{‘Z’(?) - Fe CZ;)H has projection f} Fe (}t)A}

Note that an element F € (%)H projects to some element F € (;}])A if, and only if, F N HA # 0
0

(cf. (15)). Therefore,

S{a®:e(z) f /c3<1PA|Z{ < (), Sa“SﬁeS””A”}
|K3PA|Z{Z{“’ {uvw}E}—G<]__>Ho}:{u,v,w}€7'l’4}
VCSPAlZ{Z{w {uvw}efe( )} {u,v,w}e?—lA}
Cf’:@)wz{z{wﬂ:;e {Mw}} {u,v,w}E’HA}

7]

m = dy(P) = a® = w(4),

where in the last inequality, we used that v is a fractional Fy-packing of H, and in the last equality, we
used that A € A and (16) and (18). ) )
To conclude the proof of (32), consider the quality |t | — Altg|. From (45), we see that Alig| equals

> {Z {Wf) Fe Cﬁ;) . has projection ﬁ} Fe (}t) } => {w(f) ' F e C’T‘;) HO} :

since every F € (%) projects to a unique Fe ( ) Thus,

II,

|wno—A’QL0‘=Z{¢(E'IE (;-‘—i) }_Z{w(f):fe (;l;)no}
sl (), (), )
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Now, F € (%)Ho \ (%)HO if, and only if, there exists {x,y,2z} € F N (H \ H’') which crosses IIy. Thus,

[, | — A’@ZO\ <> {Z {d)(]—") {z,y, 2} € Fe Cjo)n} {xz,y,2} € H\ H' crosses no}
< {Z {w(f) a2} e Fe (Z)} A,y 2} € H\ M crosses no}
{3

Thm.2.12 .
< {{z,y, 2} {z,y, 2 € H\H crosses To}| S [H\H/| < (a0 +6+0(1)n?,

} :{z,y,2} € H\ H crosses HO}

{z.y,2}

where in the third to last inequality, we used that 1 is a fractional Fy-packing of H. Using Fact 2.2, the
Triangle Counting Lemma (cf. (19), (25), (31)), the bounds above imply

m3

(L4 7) T v, (A) = A (A%) = A o] > [, | = (a0 + 8+ o(1) ",
and so
m3 L, 1
KTVJT"(A )2 147

(|¢m,| = (o + 6 + 0(1)) n®) > oo, | — (0 + 6 + 7 + 0o(1)) n?,
as promised.

4. PROOF OF THE PACKING LEMMA (LEMMA 2.7)

The proof of the Packing Lemma (Lemma 2.7) will follow immediately from upcoming Theorem 4.1
(a well-known result of Grable [7]) and Lemma 4.2 (which we discuss in a moment). To present the
former result, we review a few standard concepts. For a j-uniform hypergraph [J, a matching ¢ in J
is a family of pairwise disjoint edges from J. For z,2’ € V(7J), define Ny(z) ={I: TU{x} € J} to be
the neighborhood of x, and define Ny (z,z') = Ns(x) N N7(z') to be the co-neighborhood of x and z’'.
Set deg ;(x) = [Ng(x)| to be the degree of x, and set deg ;(x,z') = [Nz (z,z")| to be the co-degree of x
and z’. Grable’s result may now be given as follows.

Theorem 4.1 (Grable [7]). For every integer j > 2 and for all A > 0, there exists f = Bram.a1(j, A) > 0
so that the following holds. Let J be a j-graph with a sufficiently large vertex set X = V(J) satisfying
that, for some A > 0,

(1) for allz € X, deg;(x) = (1 £ B)A,

(2) for all distinct x,x' € X, deg;(z,2') < A/log" | X|.
Then, there exists a matching # of J covering all but N\ X| vertices of X. Moreover, # can be
constructed in time polynomial in | X|.

In addition to Theorem 4.1, we will need the following Lemma 4.2, which we call the Constructive
Ezxtension Lemma. The Reader may already be familiar with ‘extension lemmas’ from hypergraph reg-
ularity literature, and indeed upcoming Lemma 4.2 is similar. However, as its title suggests, Lemma 4.2
adds a constructive element to such lemmas, which we need in the current paper. In the next section,
we will prove Lemma 4.2, and we will discuss its relationship to these earlier lemmas.

Lemma 4.2 (Constructive Extension Lemma). Let Fy be a fized 3-graph with V(Fo) = [f]. For
all ag,y > 0, there exists § = Opema.2(Fo,0,7) > 0 so that, for all d™' € N, there exists ¢ =
€Lem.4.2(Fo0, 20,7, 0,d) > 0 so that the following holds.

Let P and G satisfy the hypothesis of Setup 2.5 with Fo and some a > ayq, with d,d,e > 0 above, and
with a sufficiently large integer m. Then, one may construct, in time O(m'), a subhypergraph G C g,
where |G| > (1 —7)|G|, so that every {u,v,w} € G belongs to within (1 + v)a‘f‘)'_ld(g)_?’mf_g’ many
partite-isomorphic copies of Fo which reside entirely in the subhypergraph G.
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4.1. Proof of the Packing Lemma. We begin the proof by defining the promised constants. Let Fy be
a fixed 3-graph with V(Fy) = [f], and let o, p > 0 be given. Set A = p/2, and let 8 = Brim.a.1(|Fol, A =
p/2) be the constant guaranteed by Theorem 4.1. Set v = 3 so that

7=B<<)\:g. (46)

With v = 3, let dnem.4.2 = OLem.4.2(Fo, @,y = ) be the constant guaranteed by the Extension Lemma
(Lemma 4.2). Let d~! € N be given. Let crema2 = €rema.2(Fo, 20,7 = B,0Lem.a.2,d) > 0 be the
constant guaranteed by the Extension Lemma (Lemma 4.2). We define

0 = 0Lem.27 = OLem.4.2 aNd € = €Lem.2.7 = €Lem.4.2- (47)

Let P and G be given satisfying the hypothesis of Setup 2.5 with Fy and some a > «g, with § given
in (47), with d=! € N given above, with ¢ given in (47), and with a sufficiently large integer m.

To construct the promised family %g, we first apply the Extension Lemma (Lemma 4.2) to P and
G (which is appropriate to do on account of our choice of constants in (47)). The Extension Lemma
constructs, in time O(m/), a subhypergraph G C G satisfying |G| > (1 — «)|G| and satisfying that every
edge {u,v,w} € G belongs to within (1+ 'y)a|f0"1d(£)73mf*3 many partite-isomorphic copies of Fy in
g.

We now apply Theorem 4.1 to the following j-uniform hypergraph J, where j = |Fy|. Set X =
V(J) = G, ie., the vertices of J are the edges of G. For {e1,...,e;} € ()]()’ we put {e1,...,e;} €
J if, and only if, {e1,...,e;} is the edge-set of a partite-isomorphic copy of Fy in G. Set A =
a‘]:o"ld(g)%mf%. In this language, the Packing Lemma (Lemma 4.2) implies that for all vertices
ee€ X,

deg 7 () = (1£7)alPl71d() 3 m/ =3 = (1 £9)A = (1 £ B)A.

Clearly, for distinct e,e’ € X, we have (with m sufficiently large) deg ;(e,e’) < mi=* < since

A
log* [X|”
A = O(m/~3) and |X| = ©(m?). Theorem 4.1 constructs, in time polynomial in |X| = ©(m?), a
matching ¢ of J covering all but A\|X| vertices of X. Then ¢ corresponds to an Fy-packing of G

covering all but A|G| < |G| edges of G. Since |G \ G| < |G|, we have that ¢ corresponds to an

(46) .
Fo-packing of G covering all but (v + A)|G] < 2M|G| (19 p|G| edges of G. Since both G and _# were
constructed in time polynomial in m, the proof is complete.

5. PROOF OF THE CONSTRUCTIVE EXTENSION LEMMA (LEMMA 5.1)

We mentioned that Lemma 5.1 is a constructive version of earlier extension-type results. The first
of these results is due to Haxell et al. [10] (see Theorem 10.12 there), and a generalization of this
result (together with a simpler proof) was given by Cooley et al. [2] (see Lemma 5 there). The following
Lemma 5.1 gives a representation of these results, and for purposes of distinction, we call it the Traditional
Ezxtension Lemma.

Lemma 5.1 (Traditional Extension Lemma [2, 10]). Let Fy be a fized 3-graph with V(Fy) = [f].
For all ag,¢ > 0, there exists 6 = Orem.5.1(Fo,@0,C) > 0 so that, for all d~' € N, there exists ¢ =
€Lem.5.1(F0, @0, (,0,d) > 0 so that the following holds.

Let P and G satisfy the hypothesis of Setup 2.5 with Fo and some a > «q, with 6,d,e > 0 above,
and with a sufficiently large integer m. Then, all but (|G| elements {u,v,w} € G belong to within

s
(1+ C)a‘FO‘_ld(2)*3mf_3 many partite-isomorphic copies of Fo in G.
The Constructive Extension Lemma (Lemma 4.2) is not a trivial corollary of the Traditional Extension

Lemma (Lemma 5.1). In the following remark, we pause to explain this reason, which may help motivate
the proof of Lemma 4.2.
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Remark 5.2. Roughly speaking, Lemma 5.1 says that most {u,v,w} € G extend to essentially the
expected number of copies of Fy in G. The few edges which don’t are exhaustively identified in time
O(m?), and can be deleted from G in time O(m?), which yields a large subhypergraph G’ C G. However,
G’ does not prove Lemma 4.2, since for a fixed {u,v,w} € G’, it is possible that every copy of Fy in G
which contained {u,v,w} also contained a triple we deleted. As such, these copies reside back in G, but
none would survive in G’.

To overcome the difficulty above, we still use Lemma 5.1, but in a more careful way that also takes
into account the underlying graph P. Strictly speaking, these required details will be standard, but they
will also be somewhat technical. a

We mentioned at the start of the section that Lemma 5.1 is a representative of the results proven
in [2, 10], but it is not identical to these results, as we now explain.

Remark 5.3. Lemma 5.1 differs from its predecessors by the condition of hypergraph regularity it
assumes. In particular, Lemma 5.1 assumes the condition of («, §)-minimality in order to be compatible
with the algorithmic Theorem 2.12. The predecessors in [2, 10] assume the condition of (4, r)-regularity
(not defined in this paper) in order to be compatible with the regularity lemma of Frankl and Rodl [6].
It is known (see [3]) that (d,r)-regularity is a stronger condition than («,d)-minimality, and relatedly,
the Frankl-Rodl regularity lemma currently admits no known algorithm. Since our efforts are focused on
algorithms, we can not use the Frankl-Rodl regularity lemma here, and since their concepts of regularity
are not supported by Theorem 2.12; we can not use the extension predecessors of [2, 10] here.

The incompatibility above is not, however, an essential problem. All ‘traditional’ extension lemmas
are corollaries of a so-called Counting Lemma, which was proven for («,d)-minimality in [9], and for
(6, 7)-regularity in [15]. With an appropriate counting lemma in place, the condition of hypergraph
regularity assumed is no longer important for deriving a traditional extension lemma. For completeness,
we sketch this derivation (the proof of Lemma 5.1) in Section 6. O

In the next subsection, we begin to prepare graph concepts motivated by Remark 5.2

5.1. Graph concepts and facts. In this section, we describe (within the context of Setup 2.5) ‘terrible’
vertices, pairs of vertices, triangles, and pairs of triangles. (Later, we also describe ‘bad’ versions of these,
which aren’t quite as bad as their terrible counterparts.) In what follows, for a vertex v € V(P), we
write Np(v) for the neighborhood of v, and we write Np;(v) for Np(v) NV;.

Definition 5.4 (terrible vertices, terrible pairs). Let P be a graph satisfying the hypothesis of Setup 2.5.
(1) We say that u € V(P) is a terrible vertex if there exist at least 2f?d*>m? many {u,v,w} € K3(P).
(2) We say that {u,v} € P is a terrible pair if there exist at least 2fd*m many {u,v,w} € K3(P).
We continue with concepts and facts about triangles. Fix {a,b,c},{h,i,j} € ([g]). We call
({va, Vb, Ve }, {Vn, Vi, Uj}) € K3(P® U PP U P x K3(Ph U P U Ph)

a transversal pair of triangles if |{vq, vy, ve,vp,vi,v;} N V| < 1 for all 1 < k < f. In this case,

note that [{a,b,c} N {h,%,j}| = {va,vs,v:} N {vn,vi,v;}] Lf s e {0,1,2,3}, and so we say that

({va, vp, ve}, {vn, vi,v;}) is s-overlapping. We then define

{U € (V(fp)> : (g> C P and vq, Vp, Ve, Up, i, V5 € UH

to be the number of cliques Ky in P extending (containing) both {v,, vy, v} and {vp,v;, v;}.

To motivate our next definition, we pause to make the following remark.
Remark 5.5. In Setup 2.5, suppose the graph P =, o, ;< P satisfies that each PY = G[V;, V;; d]
is the binomial random bipartite graph with edge density d and bipartition V;UVj;, where 1 <7 < j < f.
(It is well-known that, with high probability, this graph satisfies the regularity hypothesis in Setup 2.5.)
Then, for an s-overlapping triangle pair ({vq, vs, v}, {vn, vi,v;}) from P, we have

B [extry (000, 00), {0, )] = dD-(OHO - 053-9 _ g6 o se-o

GXthyp({’Ua,Ub,’UC}, {’Uh,’Ui,’Uj}) =
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and it is quite unlikely that any of the ©(m®~*) many s-overlapping triangle pairs of P would deviate
much from the mean. (It is also quite unlikely for P to contain any terrible vertices, or terrible pairs of
vertices, and so almost surely, all of its s-overlapping triangle pairs would be free of such objects.) O

Definition 5.6 (terrible triangles). Let P be a graph satisfying the hypothesis of Setup 2.5, and let
({u,v,w},{z,y, 2z}) be an s-overlapping triangle pair from P. We say ({u,v,w}, {z,y,2}) is a terrible
pair of triangles if {u, v, w,z,y, 2} contains any terrible vertices or any terrible pairs of vertices, or if

extr, p({u,v,w}, {z,y, 2}) > 2d(2)+(3) =6y f+a—6, (48)
Relatedly, we also say that {z,y, z} is
(1) (s, 7)-terrible if there exist at least \/7m3~* many {u,v,w} € K3(P) where ({u,v,w},{z,y,2})
is a terrible pair of s-overlapping triangles;
(2) 7-terrible if it is (s, T)-terrible for some s;
(3) terrible when the constant 7 is clear from context.

The following fact is easily proven by standard graph regularity arguments involving the so-called
Graph Counting Lemma (see upcoming Lemma 8.2). For simplicity, we omit these arguments.

Fact 5.7. For all d,7 > 0, there exists ¢ = €pact 5.7(d, 7) > 0 so that the following holds. Let P be a
graph satisfying the hypothesis of Setup 2.5 with d and € above and with m sufficiently large.

(1) For each 0 < s < 3, at most f¢ x 7m®=% many s-overlapping pairs of triangles are terrible.
(2) There are at most f° x \/Tm® many T-terrible triangles.

We now proceed to the proof of Lemma 4.2.

5.2. Proof of Lemma 4.2. We begin the proof of Lemma 4.2 by defining the promised constants. Let
Fo be a fixed 3-graph with V(Fy) = [f] and let «g,~y > 0 be given. Define

| Fol-1
« Y
_ 49
V=g, 7 (49)
Let 0Lem.5.1 = OLem.5.1(F0, @o,¢) > 0 be the constant guaranteed by Lemma 5.1. Set
o
0= 6Lem.4.2 = 5 X 6Lem.5.1- (50)

Let d~! € N be given. Let eroms.1 = €Lem.5.1(F0, @0, (; 0Lem.5.1,d) > 0 be the constant guaranteed by
Lemma 5.1. Define
ag

VT = 876d(‘5). (51)

Let epact 2.2 = €Fact 2.2(d, T) > 0 be the constant guaranteed by Fact 2.2. Let epact 5.7 = EFact 5.7(f, d, 7) >
0 be the constant guaranteed by Fact 5.7. Set

€ = ELem.4.2 = Mil {€Lem 5.1, EFact 2.2, EFact 5.7} - (52)

Let P and G satisfy the hypothesis of Setup 2.5 with Fy and some « > «q, with §,d,e > 0 above,
and with a sufficiently large integer m. To define the promised subhypergraph G C G, we define several
concepts. To begin, let Giory € G denote the set of edges {u,v,w} € G so that {u,v,w} is a terrible
triangle (cf. Definition 5.6).

Claim 5.8. |Geer| < 219

Proof of Claim 5.8. Indeed, by Fact 5.7 (cf. (52)), |Giers| < fé/Tm>. However, from Setup 2.5 and
Fact 2.2 (cf. (52)), we have

161 =2 {16"7]: {h,i,j} € Fo} =Y {aniglKs(P"" UPTUPY)|: {h,i,j} € Fo}
= (a£0)> {|Ks(P" UPY UPM)|: {hi,j} € Fo} = |Fo| x (a £8)(1 £ 7)d*m?.  (53)
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Thus,

@ 14 Py
6 3 6
|Grerr| < fOV/TmM° < f\ﬁm < 51G] < *| E

as promised. 0O

To define C;, we will delete Giepr from G, but we delete other edges too. For {u,v,w} € G, define

EXt]:O’g({UfU,w}) = fO

{]—' € ( g ) : F is a partite-isomorphic copy of Fy in Q}‘ . (54)
{u,v,w}

We consider the following concepts.
Definition 5.9 (bad triples, pairs and vertices).

(1) We say {u,v,w} € G\ Gierr is a bad edge if extr, g({u,v,w}) # (1 £ C)a‘}—°|_1d(£)_3mf_3.
(2) We say {x,y} € P is a bad pair if there exist at least f/Cd*m many bad edges {z,y,2} € G.
(3) We say x € V(P) is a bad vertex if there exist at least f2\/Cd*m? many bad edges {z,y,2} € G.

Denote by Gpaq the set of all edges {u, v, w} € G\ Gierr which are bad edges, or contain a bad pair, or
contain a bad vertex.

Claim 5.10. \Qbad| S %|Q|

Proof of Claim 5.10. Indeed, by Lemma 5.1 (cf. (50), (52)), the number of bad edges is at most (|G|
As such, we may estimate the number of edges containing a bad pair, or a bad vertex. To begin, there
are at most 4f21/Cdm? bad pairs {z,y} € P, since otherwise, there would be

A2\ /Cdm? x f/Cd*m > ¢|Fol(a+ 6)(1 4 7)d*m? (if’) ¢|G]

many bad edges. Similarly, there are at most 4f1/Cm many bad vertices. Now, a bad pair {z,y} € P
belongs to at most 2fd*m many {z,y,2} € G. Indeed, by definition, ‘many’ of these are bad edges
{z,y,2'} € G\ Gierr, which can’t contain terrible pairs (cf. Definition 5.6). Similarly, a bad vertex
belongs to at most 2f2d3m? many {z,y,2} € G. We therefore conclude

(Goaal < CIG]+ (472V/Cdm? x 2fd*m) + (47 /Cm x 2/2d*m?) < (|G| + 16/°/Ca*m?

_ Ve
(a—=0)(1—71)

as promised. 0

(53) (50) (49)
< cigl + 1677 912 g1+ 64710 < 65 L0 '€ Yigl, (55)

To prove Lemma 4.2, define G=¢ \ (Gterr U Gpad)- It follows from Definitions 5.4, 5.6 and 5.9 that
Gierr and Gpag can each be identified in time O(m7) (and deleted from G in time O(m?)), and so G
is constructed in time O(m/), as promised in Lemma 4.2. It follows from Claims 5.8 and 5.10 (and
Grorr N Grad = 0) that |G| = |G| — |Grerr| — |Gbaa| = (1 —7)|G|, as promised in Lemma 4.2. We now verify
the final property promised by Lemma 4.2. To that end, fix {vj,v;,v,} € G, where {vn,vi,v;} € G
for {h,i,j} € Fo. Define ext z s({vn,vi,v;}) analogously to (54), i.e.,

extz g({vn,vi,v;}) = 7

{]—" € < g > : F is a partite-isomorphic copy of Fy in Q}| .
{Uhyvl)vj}
Clearly, ext z s({vn,vi,v;}) < extr, g({vn,vi,v;}). As such, since {vn, vi,v;} & Gpad,

(49)
ext . 5({on, vi,v;}) < extr, g({on, v, v;}) < (L+ Qalol1dE) 2 mf =3 < (1 4 4)alPol=1d(E)=3m =3,
Thus, to complete the proof of Lemma 4.2, we will show

ext z, ({vn, i, 05}) > (1= )l =l =2, (56)
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To prove (56), observe that

extz ({vn,vi,v5}) = extz, g({vn, vi,v;}) — Z extre,, p({Va; Vb, e}, {Vn, vis v;})
{va,v5,0:}EG\G

>(1- C)alf‘)'_ld(g)*:’mf_?’ - Z extr; p({Vas U, Ve }, {Vh, i, v5}).  (57)
{'Uaﬂ)bavc}eg\g

For future reference, we make the following remark.

Remark 5.11.

(1) Summands in (57) are zero when ({vq, Vs, Ve }, {Vn, Vi, v;}) is not transversal.
(2) Since {vp,vi,v;} € G, every {vq, v, vc} € G\ G satisfies [{vq, vy, ve} N {vn, vi,v;} = s € {0,1,2}.
a

In (57), we have G \ é = Gterr U Gphadq, where this union is disjoint. As such,

Z eXth,P({vabavc}a{Uhavi;vj})

{Ua sUb 77)c}€g\g

= Z extr, p({va; Vb, ve}, {vn, visv5}) + Z extr,, p({Va; Ub; vets {vn, viy v;}).

{"’avvbavc}egterr {Uavl“bﬂjc}egbad

We proceed with the following two claims.

Claim 5.12. 3, . veg,o. XUk, P({Va, Vb, vc}s {vn, vis v5}) < f3/mmf =3,
Claim 5.13. 3., . veg,.. ©tx,,P({va; vo, v}, {vn, vi, v;}) < 41f6\ﬁd(£)_3mf_3.
We defer the proofs of Claims 5.12 and 5.13 momentarily to finish the proof of (56). Returning to (57),

extz, g({vn,vi,v5}) > (1 - C)a‘}—°|_1d(£)_3mf_3 — 3Tmi =3 — 41f6\f§d(£)_3mf_3
(51)

2 (1= Qa3 4z e S = (1= ¢ - a2t Y Yl S
«

Fol-1

(49)
> (1 _ 43‘}060[;:/0'21) a|f0‘—1d(£>—3mf—3 > (1 _ ,y)a|.7:0|—1d(£)—3mf—3-

This proves (56). It remains to prove Claims 5.12 and 5.13.

Proof of Claim 5.12. For {a,b,c} € Fy, write G = Gierr N G2¢. Note that

terr

Z eXth,P({Ua,’U(”UC},{Uh,Uz','Uj}) = Z Z eXthyp({/Uavvba,UC}v{,Uhavhvj})'

{va,0p,0c} €Gserr {a,b,c}EFo {va,vp,ve FEGELE

err

Fix {a,b,c} € Fo, and let {a,b,c} N{h,i,5} =s € {0,1,2} (cf. Remark 5.11). We claim

Z eXth,P({vahUC}a{Uhaviavj}) < \/;mfii))'

{va,vp,0e}EGENS

Indeed, every term above is at most m/ =6, Moreover, since {vn,v;,v;} € G is not an (s, 7)-terrible

triangle (cf. Definition 5.6), at most /7m3~* indices {v,, vp, v} € G2 have non-vanishing terms (cf. Re-

mark 5.11). Claim 5.12 now follows. O
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Proof of Claim 5.13. We proceed along similar lines to the proof of Claim 5.12. Fix {a,b,c} € Fy, and
let {a,b,c} N{h,i,j} =s € {0,1,2} (cf. Remark 5.11). Then,

Z extx ;P ({Va, Vb, Ve s {Vn, vi,v5})
{va,vp,0.}€GEES
= Z {extrc;,p({vasve, v}, {vn, vi, v;}) © {va; ve, ve} € Gebe satisfies (48)}
+ Z {exth,p({va,vb,vc}, {vn,vi,v5}) © {va, V5, 0.} € gggg fails (48)} .
The first sum has at most /7m3~* terms, since {vj,v;,v;} € G is not an (s, 7)-terrible triangle (cf. Defi-

nition 5.6), and every of these terms is at most m/**~6. In the second sum above, every term is bounded
by failing (48). Write #; for the number of non-vanishing terms in the second sum. Thus,

Z extre,, p({Vas Vb, ve}, {Vn, vi, 0 1) < Vrmd 72+ 2d(£)+(;)76mf+3_6#8. (58)
{va,vb,v. }EGRYS
We claim that
#e < 20f7/Cd* Bm? =, (59)
which we prove in cases (depending on s € {0, 1,2}).

Case 0 (s = 0). We use #o < |G| < |Gbadl, and recall from (55) that

(53)
|Gradl < ¢IG] + 163/ Cd®m® <" ACf3dPm® + 16 £5\/CdPm® < 20f3\/Cd*m?.
Thus, #o < 20f3d*m?, which proves (59). O

Case 1 (s = 1). Without loss of generality, assume a = h but {b,c} N {4, j} = 0. Since {vy,vi,v;} € G,
the vertex vj, = v, is not a bad vertex (cf. Definition 5.9), and so #; < f2\/{d*m?, proving (59). O

Case 2 (s = 2). Without loss of generality, assume {a,b} = {h, i} but ¢ # j. Since {v,v;,v;} € G, the
pair {va, vy} = {vn,v;} is not a bad pair (cf. Definition 5.9), and so #9 < fv/Cd*m. proving (59). O

Employing (59) in (58), we see

(51) ]
Z extre,, p({Va, Uy, Ve }, {vn, vi,v5}) < \/me73+40f3\/6d(£)73mf73 < 41f3\/5d(£)*5mf*3,

{va,vp 1Uc}€gg:§

which implies Claim 5.13. U

This completes the proof of Lemma 4.2.

6. PROOF OF THE TRADITIONAL EXTENSION LEMMA (LEMMA 5.1)

In this section, we prove Lemma 5.1 by deriving it from a ‘Counting Lemma’ of Haxell, Nagle and
Ro6dl [9]. (This derivation resembles one of Cooley et al. [2].) For that, we consider the following setup
which generalizes Setup 2.5, and which uses (for reasons seen in context) some alternative notation.

Setup 6.1 (Counting Setup). Suppose g, d,dg,e > 0 and r,m € N are given together with a graph R
and 3-graph H satisfying the following conditions:

(1) R=J{R¥ : 1<i<j<r}isan r-partite graph with vertex partition V;U---UV,., V1| =--- =

|V;| = m, where for each 1 <i < j <r, RY = R[V;,V;] is (d;;,e)-regular, for some d;; > dy;
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(2) H=U{H" : 1 <h<i<j<r}CKsR)isa 3-graph satisfying that, for each 1 < h <
i <j<r, H" =HV,, V;, V] is (apij, 0)-minimal w.r.t. R* U RY U RM | for some api; > ao,
meaning (cf. Definition 2.3)

3
37 m
1ICE) H ()| < @l (dnadiydny)* ( 2) (1435). (60)

H

In the context of Setup 6.1, let K.(H) = (K(;.)) denote the family of r-cliques in H.

Theorem 6.2 (Counting Lemma [9]). For every r € N and for all ap,& > 0, there exists § =
OThm.6.2(7, @0, &) > 0 so that, for all dy > 0, there exists € = erhm.¢.2(7, o, &,0,do) > 0 so that the
following holds.

Let R and H satisfy the hypothesis of Setup 6.1 with r,ag,d,dy,e > 0 above, and with a sufficiently
large integer m. Then, [Kr(H)| = (L £ &) [[1cpcicjcr @nig X [Licpcic, dij x m”.

Remark 6.3. In [9], Theorem 6.2 was proven in the case when all ap;; = ap, 1 < h <i<j <r, and
all dij = do, 1 < h <i<r. Itis well-known and standard to show that this case implies the Counting
Lemma in full. For completeness, we sketch these details in Section 8. a

To prove Lemma 5.1, we also use the following version of the Cauchy-Schwarz inequality.

Fact 6.4 (Cauchy-Schwarz Inequality). For ay,...,a; > 0 and 8 > 0, suppose 22:1 a; > (1 —B)at and
S a2 < (1+ B)at. Then, all but 28"/3t indices 1 < i <t satisfy a; = a(1 + 28/3).

We also use the following easy fact.

Fact 6.5. For all §,dy > 0, there exists € = epacte.5(0,do) > 0 so that the following holds. Let R satisfy
the hypothesis of Setup 6.1 with r = 3, dy,e > 0 above, and m sufficiently large. Let H = K3(R). Then,
H is necessarily (1,9)-minimal w.r.t. R.

Proof. Indeed, it is well-known that for a suitable function f(g) — 0 as ¢ — 0, the Graph Counting

Lemma (see upcoming Lemma 8.2) implies that R contains within (14 f(¢))(d12d23d13)* (7;)3 many copies
of the graph K§22)2 Thus, we take £ > 0 small enough so that f(g) < J, and (60) is immediate. O

6.1. Proof of Lemma 5.1. Let F( be a fixed 3-graph with V(Fy) = [f]. Let o, ¢ > 0 be given. Define

3 3
F=2f-3, and choose ¢ > 0 to satisfy 1— <g> < (1= < (142022 <1+ (g) . (61)

With r = f, let dthm. 6.2(f) = dThm. 6.2(f, @0,&) > 0 be the constant guaranteed by Theorem 6.2. With
r=F,let orhme.2(F) = drhm.6.2(F, ap, &) > 0 be the constant guaranteed by Theorem 6.2. Set

0 = OLem.5.1(Fo, @0, ¢) = min {a¢, 0Thm.6.2(f); OThm.6.2(F)} - (62)

Let d~! € N be given. With r = 3 and dy = d, let epact6.5(5,dg) > 0 be the constant guaranteed
by Fact 6.5. With » = f and dy = d, let erhme2(f) = eThme.2(f, @0,&,0,d) > 0 be the constant
guaranteed by Theorem 6.2. With » = F and dy = d, let erpme.2(F) = ernm.e.2(F, o, &,6,d) > 0 be
the constant guaranteed by Theorem 6.2. Finally, with 7 = &, let epacta.2 = EFact2.2(d, &) > 0 be the
constant guaranteed by the Triangle Counting Lemma. Set

g = 5Lcm.5.l(f0a Qo, C? 57 d) = min {gFact6.5a E€Fact2.2; €Thm.6.2 (f), €Thm.6.2 (F)} . (63)

Let P and G satisfy the hypothesis of Setup 2.5 with Fy and some a > «q, with §,d,e > 0 above, and
with a sufficiently large integer m. To prove Lemma 5.1, we prove that for each fixed {h,i,j} € Fo, all
but ¢|G"7| elements {u,v,w} € G"J satisfy

extr, o({u,v,w}) = (1 £ ¢)alFol=1g(5) =3/ =3 (64)



CONSTRUCTIVE PACKINGS OF TRIPLE SYSTEMS 23

(recall the notation in (54)). Without loss of generality, we assume {h,4,j} = {1,2,3} € Fy. The proof
of (64) will use the Counting Lemma (Theorem 6.2) to show that

Z extz,.g({u,v,w}) > (1 _ (g)?’) <a|f0|—1d(£)—3mf—3) x G123, (65)

{u,v,w}egt2s
and
2 ¢ ° |Fol-14(5)-3,,f—3 2 123
Z extzr, ¢({u,v,w}) < 1+(2> (a ol=1q\2) =3y ) x |G (66)
{u,v,w}egt23

Using (65) and (66), the Cauchy-Schwarz Inequality (Fact 6.4) immediately concludes (64).

Proof of (65). Write
#{Fo Cpi. G} = H}" € (]_’C’i) : F is a partite-isomorphic copy of Fy in gH
0

for the number of partite-isomorphic copies of Fy in G. Observe that Z{u%w}egm extr,.g({u,v,w}) =
#{Fo Cp.i. G}. To bound this quantity with the Counting Lemma, construct the following hypergraph
H from G: for {h,i,j} € ([g]), set
Hhij _ ) ghzg ) if {hﬂla]} € FO,
K3(PMu P9 U PMY if {h,i,7} € Fo
and set H =J{H"7:1<h<i<j<f}. Then, Z{u)uw}egug extr, g({u,v,w}) = #{Fo Cpi. G} =
|r(H)|. Since G and P satisfy the hypothesis of Setup 2.5, % and R = P satisfy the hypothesis of

Setup 6.1, specifically with ap;; = £ when {h,i,j} € Fy and ap;; = 1 otherwise, and all d;; = d,
1<i<j<f(cf (62), (63) and Fact 6.5). An application of the Counting Lemma (Theorem 6.2) gives

Yo extmgfuuw)>1-6 [ amx [ dyxm’ =1 -)a—8)FldEms,

{u,v,w}egt?3 1<h<i<j<f 1<i<G<f
To infer (65), we rewrite the inequality above. By the Triangle Counting Lemma (Fact 2.2),
IG'3| = a123|K3(P? U PP U PY)| = (a £ 6)(1 £ &)d°m?. (67)

As such (using (1+2)71 >1—2),

(1-8@-8%!

> exta gl > Sy gt

{u,v,w}eg123

2 g\ 7o |Fol-14(5)—3,,f—3 123, (62 3+£% | Fol-14(4)-3, f-3 123
>(1-¢) 1—a a1 d2) ™m0 |GY > (1 =€) al o= d2) ™m0 |G|

and so (65) follows from (61). O

Proof of (66). The proof is similar to its predecessor, but more involved. We begin by defining a graph
R, and 3-graphs 77, H and H, and use the following notation: define ¢ : [F] — [f] (cf. (61))

o a if a € [f],
¢(a)a{ a—f+3 ifac[F]\[f]

For a € [F]\ [f], let V,, be a copy of V5 (where V(P) =V (G) =V1 U---UV; from Setup 2.5).
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Defining R. Set V(R) = Vi U---UVp. Foreach 1 < i < j < f, set R = PY. For distint a €
{1,2,3,f+1,....,Fyand b € {f +1,...,F}, let R% be a copy of P (which is defined on V; U V})
defined on V,UV,. Finally, fora € {4,..., f}and b € {f+1,...,F}, set R% = K[V,,V;]. (Any complete

bipartite graph is (1,0)-regular.) Set R = {Rab :{a,b} € ([Z])} Note that P C R. By Setup 2.5 and
the construction above, R has precisely 2(’20) — 3 many bipartite graphs R*, 1 < a < b < f, which are
(d,e)-regular, and all remaining bipartite graphs R of R are (1,¢)-regular.

Defining Fi, H and H. Set V(Fy) = [F] = [2f—3] (cf. (61)). Set F) = {{a,b, ¢} e () : {a,b,¢} € ]-'0}.
Note that Fy C F1, and moreover, that (F; \ Fo)U{1,2, 3} is isomorphic to Fy. As such, |F;| = 2|Fg|—1.
Set V(H) = V4 U--- U Vp. For each {h,i,j} € Fo, set H" = G, For each {a,b,c} € F1 \ Fo, let
Hebe C K3(P®UPYUP) be a copy of G¢ C K3(P¥ U P*U P%). Finally, for each {a,b,c} € ([g]) \F1,
set Hoe = K3(P®PUPP*UP®). Set H = J{H*® : {a,b,c} € Fi} and H = {Habc :{a,b,c} € () }
Note that ¢ C H C H. By Setup 2.5 and the construction above, H has precisely |F1] = 2|Fo| — 1 many
subhypergraphs H°, 1 < a < b < ¢ < F, which are (@abe, 0)-minimal, where agp. = a £ §, and all
remaining subhypergraphs H¢ of H are (1,§)-minimal (cf. Fact 6.5).

Observe that
Z extZ, g({u,v,w}) = Z extr, w({u,v,w}) = #{F1 Cpi H} = |K3(H)|.

{u,v,w}egt23 {u,v,w}egtz3

Since Fy, P and G satisfy the hypothesis of Setup 2.5, R and H satisfy the hypothesis of Setup 2.5,
specifically with agp. = o == § when {a,b,c} € F; and agp. = 1 otherwise (cf. Fact 6.5), and all d,p, €
{d,1}, 1 <a < b < F (cf. (62), (63)). As such, an application of the Counting Lemma (Theorem 6.2)
gives

Z extr, ¢({u,v,w}) < (1+¢) H Qgpe X H dap x m¥
{u,v,w}eg123 1<a<b<c<F 1<a<b<F
<1 +€)(a+5)\}'1\d2(£)—3m2f73 = (1+¢)(a _‘_6)2\f0|71d2(£)—3m2f73
(6<7> (1+¢)
T (1=8(a-9)
Using (1 —z)~! <1+ 2z for z € [0,1/2], we further infer

(a+ 5)2|f0|71d2(£)76m2f76|g123|.

2| Fol
> exth g({uv,w}) < (14267 (1 " 22) (a7 a8 =37 =) g2

{u,v,w}egi23

(6;) (1+ 25)2+2F3 <a|f0\—1d(§)—3mf—3)2 |g123|,

and so (66) follows from (61). O

7. PROOF OF THE SLICING LEMMA (LEMMA 2.4)
In our proof of Lemma 2.4, we use the following two lemmas.

Lemma 7.1 (Auxiliary Slicing Lemma). For all p > 0 and s € N, there exists Sog = SrLem.7.1(p,8) € N
so that the following statement holds.

Let K®)[A, B, O] be the complete 3-partite 3-graph with vertex partition AUBUC, |A| = |B| = |C| =
S >Sy. Let qi,...,qs > 0 be given where Y., q; < 1. Then, there exists a partition K®[A B,C] =

JoUJ1U---UJs so that, for each 1 <i <s, |T;| = (¢ £ p)S® and |Ka22(Ti)| < q§(§)3(1 +p).
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Lemma 7.1 holds by the following standard probabilistic considerations. In the context above, inde-
pendently for each {a,b,c} € K®)[A, B, C], place {a,b,c} € J; with probability ¢;, 1 < i < s, and place
{a,b,c} € Jp otherwise. To prove that the resulting partition has the desired properties, one appeals to
the Chernoff and Janson inequalities (cf. [12]). For simplicity, we omit these details.

Lemma 7.2 (Inheritance Lemma). For all ag,d¢ > 0, there exists § = Orem.7.2 > 0 so that, for all
d > 0, there exists € = epem.7.2 > 0 so that the following statement holds.

Let P be a triad (cf. Definition 2.1) with parameters d,e > 0 above and sufficiently large integer m,
and suppose G C K3(P) is (a, §)-minimal w.r.t. P, for some a > ag. Let V! CV;, 1 < <3, be given
with |V{| = V3| = |V4| > dom. Then,

(1) for each 1 <i < j <3, P[V/,V/] is (d,e/do)-regular;
(2) GV, V3, V4] is (&, 6p)-minimal w.r.t. P[V/, V3, V{] (cf. Definition 2.3), with o' = o £ Jp.
Statement (1) of Lemma 7.2 is well-known, but we prove Statement (2) in Section 7.2.

We shall also use the following easy fact. In what follows, K 522)2 denotes the complete 3-partite graph
with 2 vertices in each vertex class. For a graph R, let Kz 2 2(R) denote the set of all copies of K%),Q in
R.

Fact 7.3. For all d > 0, there exists € = €pact7.3(d) > 0 so that the following statement holds. Suppose

R = R2 U R U R® is a 3-partite graph with 3-partition Uy U Uy U Uz, where each RV, 1 < i <

Jj < 3, is (d,e)-reqular and where each |U;|, 1 < i < 3, is sufficiently large. Then, |K222(R)| <
ULl (U2 (U

24" (15N (5N (%51).

Fact 7.3 is a standard and well-known consequence of the Graph Counting Lemma (Lemma 8.2 in the

Appendix). We omit the proof.

7.1. Proof of Lemma 2.4. This proof involves quite a few constants, which we summarize below
in (75). Let g, d” > 0 be given. Let

9
1 5
0<p<—min{ag, &)} satisfy (1+162) <1+ 2. (68)
16 o 2

With p > 0 given above, and for an integer 1 < s < 1/ag, let Sp(s) = Srem.7.1(p, s) be the constant
guaranteed by the Auxiliary Slicing Lemma (Lemma 7.1). Set Sy = maxi<,<i/a, So(s), and set

29.105
S = max {SO, ’76/058—‘ } . (69)

:’vzszg and let  OThme.2 = OThm.6.2(r = 6, 00/2, €) (70)

Set

be the constant guaranteed by the Counting Lemma (Theorem 6.2). Set

1 5\°
0<dp <min< —, 0Thm.6.2 to satisfy 1+ 2 <1+¢. (71)
25 Qo
The Inheritance Lemma guarantees constant

OLem.7.2 = OLem.7.2(®0, 00) and set & = Orem.2.4(0,0") = dLem.7.2- (72)

Let d > 0 be given. Let

EFact2.2 = €Fact2.2(d, T),  EFact6.5 = EFact6.5(0,d),  EThm.6.2 = €Thm.6.2(1 = 6, g, &, 0o, d),
€Lem.7.2 = €Lem.7.2(0,00,0,d),  EFact7.3 = EFact7.3(d), (73)

be the constants guaranteed by the Triangle Counting Lemma (Fact 2.2), Fact 6.5, the Counting Lemma
(Theorem 6.2), the Inheritance Lemma (Lemma 7.2) and Fact 7.3, respectively. Set

/ .
€ = €Lem.2.4(0, 0", 6,d) = 6o X Min {EFact2.2; EFact6.5, EThm.6.2) ELem.7.2; EFact7.3 } - (74)
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In all that follows, let m be a sufficiently large integer. The constants above can be summarized by the
following hierarchies:

ag, 8 >p>E>T;

1
p> 3 0Thm.6.2 > 00 > Orem.7.2 = 0;

1
d > EFact2.25 EFact6.5) EThm.6.2, €Lem.7.25 EFact7.3 > € pro (75)

Let P = P12U P23 U P!3 be a triad (cf. Definition 2.1) with parameters d,e,m above, and let

G C K3(P) be (a,d)-minimal w.r.t. P, for some o > a. Let 01,...,04 > ag be given with >°7_, 0; < .
To define the partition promised by Lemma 2.4, we make two preparations.
First, we prepare an application of the Auxiliary Slicing Lemma (Lemma 7.1). Let A = {ay,...,as},

B ={by,...,bs}, C ={c1,...,cs} be auxiliary sets (cf. (69)). Set ¢; = o;/a >0, 1 < i < s, so that

i=1 i=1

For qi,...,qs > 0 defined above, let K®)[A, B,C] = JoUJ1 U---U J, be the partition guaranteed by
Lemma 7.1. (This partition can be found by an exhaustive search in time depending on S = O(1).)
Second, we construct a vertex partition of V(G) = V(P) which ‘mirrors’ AUBUC. Fix 1 <i <3, and
let

s
Vi=VioU | Via (77)
=1
be any partition satisfying |V;1] = -+ = |Vi.s| = [m/S]. (Clearly, such a partition is constructed in

linear time O(m).)
We now define the promised partition G = GoUGi U---UGs. Fix 0 < a,b,c¢ < S. If {a,b,c} N{0} # 0,
put G[Via, Vas, Vs o] C Go. Otherwise, for 0 < k < s, put

g[vl,m ‘/Q,ba V3,C] - gk‘ <~ {a’a b7 C} € jk' (78)

Since s < 1/ag and S (cf. (69)) are constants, the partition G = GoU Gy U---UG; is constructed in time

O(m3). Tt therefore remains to show that it has the desired property. For that, and for the remainder

of the proof, fix 1 < k < s. We show that Gy, is (ag, ¢')-minimal w.r.t. P, where dg, (P) oy = op £ 6.
It is fairly easy to see that dg, (P) = oy, = o £ ¢’. Indeed,

|G| = Z G V1,0, Vo, Va,c]| = Z Aabe| K3 (P[Vi,a, Vo, Va,c))l,
{a,b,c}eTk {a,b,c}eTy

where we wrote, for each {a,b,c} € Tk, tape = |G[Vi,a, Vo, Vacll/IKs(P[Vi,a, Vap, Vacl)|. Now, for
each fixed {a,b,c} € Ji, we will apply the Inheritance Lemma (Lemma 7.2). Since |Vi,| = |Vap| =
[Va.c| = |m/S] > dom (cf. (71)), Lemma 7.2 (cf. (72)—(74)) guarantees that agp. = o £ dp and that each
of P[V1 4, Vas], P[Vi,a;Va,cl, P[Vaup, Va.] is (d,e/dp)-regular. Applying the Triangle Counting Lemma
(Fact 2.2) (cf. (73), (74)), we have

3
Gil = (@ d0) Y [Ka(PVias Vo Vo)) = (@2 80) (1 £ ) | | |-
{a,b,c}€Ty

Applying Lemma 7.1 (cf. (69)) and recalling aqr = oy, we see

1G] = (1 o(1))(qr = p)(a = 80) (1 £ 7)d®m® 2 (o), £ 7p) d®m®.
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Finally, by the Triangle Counting Lemma (Fact 2.2) (cf. (73), (74)), we see?

3
L 2 g (P) = IIJ?,Q(I}L)I - ((Z i j’)’()ifm3 @ o8 @ o 0, (79)
as promised.
It remains to show that Gy is (ag,d’)-minimal w.r.t. P, i.e.,
3
K222l < o (7) (14 (50)

for which we establish some notation and terminology. Let O = {a,d’,b,V/,¢c,c'} € Ka2.2(Jk) be an
octohedron of Jj, where we understand a,a’ € A, b,/ € B, ¢, € C. Define Go = G[V1,, UV 0/, Vo U
Va,pr, V3, UV3 /] to be the subhypergraph of G induced on V3 ,UV; o UVa , UVa 1y UV (UV3 0. Note that,
since O C Ji, we have Go C G. We call an element o= {V1,0, V1,07, V2,6, V217, V3.0, U3, } € K2.22(G0)
standard if

Vi,a € Vi, Vi € Vi, vop€Vaoy, voy €Vop, wv3c.€ Vi V3o € V3, (81)
where, necessarily, a # a’, b # V', ¢ # ¢. We write
Kf22(G0) = {0 € Ka22(G0) : O standard ), K50(Gk) = | {Kf22(G0) : O € Kaz2(i)}
and K35 5(Gk) = K2,2,2(Gk) \ K3, 2,2(Gk)-

We proceed with the following claims.
Claim 7.4. For each O € K322(Jk), |K355(Go)| < a®d*?|m /S5 (1+ p).
Claim 7.5. |K£2,2(gk)| < %dmm6

We postpone the proofs of Claims 7.4 and 7.5 in favor of finishing the proof of (80).
By Claims 7.4 and 7.5,

|IC222 gk |— |’C222 gk |+|’C222 gk ’— |IC222 gk |+Z{|K222 )| . 06K2,2,2(\7k)}
< L;dwmﬁ - [Kana(J0)| % aBd'2[m/S]% (14 p).

Applying Lemma 7.1 (cf. (69)) and recalling agr = o < ay, + 8p (cf. (79)), we see

3
1K2,2.2(Gk)| < (qrev) g2l 3 (1+p) +1—;d12m6 < ((1+o(1))a,§ (14 3p) + 125) d12<2>

(79) 105 3 % 105 3
< ((Ozk+8p)8(l+4p) S >d12<2> < ((Hsofk) +Sag) azdm(”;) .
k

(68)
From (79), we have that oy > o, —8p > ap — 8p > ap/2 (recall, by hypothesis, o > «g). Therefore,

9 3 3
p 105\ ¢ 15 /m) "~ (68).(69) N 8 12 (M
< L —_ <
|K2,2.2(Gk)| < <<1 + 16a0> +2 Sat ayd 5 < (1+48)azd 5 )

which proves (80).

2We write
atb a—b< <a+b

T ctd ctd-"=c—a
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Proof of Claim 7.4. Fix O = {a,d’,b,V,c,c'} € Ka22(Jkx). We apply the Counting Lemma (Theo-
rem 6.2) to Go, in the following way. Define a 6-partition V3 o UV} os U Vo U Vo U Vs .U Vs o, where
Vial = Vi = [Vap| = [Vow| = [Vae|l = [Va| = |%], which will be the vertex set of the fol-
lowing 6-partite graph R and 3-graph H C K3(R). For each (ag,bo,co) € {a,a’} x {b,b'} x {c,c'},
define R = P[Vi 4, Vap,], R = P[Vay,, V), R®° = P[Via,,Vael By the Inheritance
Lemma (Lemma 7.2) (cf. (73), (74)), each of these 12 bipartite graphs is (d,2Se)-regular. Define
R* = K[Vi4,Viw], R? = K[Vay,Vay], R® = K[Vs.,Vsw]. Bach of these bipartite graphs is

(1, 0(1))-regular. Set
R={J {Rw Ay} € <{a’ o b’;’/’ © Cl}) } . (82)

For each (ag,bo,co) € {a,a’} x {b,b'} x {c,c'}, define H*bo = G[V; 4., Vap,,V3.,]. By the Inheri-
tance Lemma (Lemma 7.2) (cf. (72)—(74)), we have that Hb0% is (q4p,c0, d0)-minimal with respect
t0 R[V1 g, Va,bos Va,eo)s fOr some aggbee, = @ £ dg. We now define 12 further 3-partite 3-graphs. To
that end, fix {z,y,z} € ({a’a/’bébl’c’c/}) where, for some d € {a,b,c}, we have {d,d'} C {z,y,z}.
Define H*¥* = K3(R*¥ U RY* U R™) so that, by Fact 6.5, (cf. (73), (74)) H"Y# is (1,)-minimal
w.r.t. R®™ U RY* U R**. Set

H=J {Hy Az,y,2) € <{“’ «, b;f’/’ 07 Cl}) } . (83)

By the construction (82) and (83), every clique Kg in H corresponds to a copy O € K322(G0), and
vice-versa. Moreover, by construction, R and H satisfy the hypothesis of Theorem 6.2 with r = 6, ay,
8o, d, 2Se (cf. (71)—(74)). Thus, by the Counting Lemma (recall o > ),

Ks22(G0)| = IKo(H)] < (14 &) TT {otatmes * (a0,b0,c0) € {a,ay x (b6 x {ere}} x a2 | |
8
< (1+6)(a+ 6o)3d™? {%f <(1+¢) <1 + Z‘;) aBd1? {%JG 1+ o2t [%JG :

and so Claim 7.4 follows from (70). O

Proof of Claim 7.5. Indeed, note that

O = {V1,0, V1,07, V2,5, V2,17, V3,0, V3,0 } € K522(Gr) =
either O NV; o # 0 for some i € [3], or (81) holds with a = a’ or b=1b or ¢ = ¢
Clearly, at most 3Sm® = O(m?) elements 0O e K2,22(Gk) can satisfy on (VioUVagUVs) # 0. To

enumerate O € K3.9.2(Gk) of the latter variety, fix 1 < a,a’,b,0',¢,¢’ < S where, w.lo.g., a = a’. We use
Fact 7.3 to estimate

[K2,2.2(Gk[Via, Voo UVay, Vo UVs o)) < |Ka22(P[Vig, Vap UVay, Vs UVs o).

To apply Fact 7.3, set Uy = Vi,, Uz = Vo UVay, Us = Va3, U Vs and RY = P[U;,U;] for all
1 <i<j<3. Since each |U;| > |m/S], 1 <i < s, the Inheritance Lemma (Lemma 7.2) (cf. (73), (74))
guarantees that each R¥, 1 <i < j < 3, is (d,2S¢)-regular. Fact 7.3 (cf. (73), (74)) then guarantees
Via Vo U Vo V3..U V3 o 6
[K2.2,2(P[Via, Vas U Vo, Ve U Vs <2d12<| : |) ( UV |> (I nel s ') <4d?
Summing over all 35°% many 5-element indices 1 < a,a’,b,b,c,¢’ < S, we conclude
6
1
Kaaa(G0)] < O(m®) +128%02 105 < 2at2m®,
as promised. 0O
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7.2. Proof of Lemma 7.2. We prove Statement (2) of the Inheritance Lemma, and use the following
important concept of Frankl and Rodl [6].

Definition 7.6 ((«,d)-regularity). Let P be a triad (cf. Definition 2.1) and let G C K3(P) satisfy
dg(P) = a. For 6 > 0, we say that G is (a, §)-regular if, for all @ C P with [K5(Q)| > §|K3(P)|, we have
dg(Q) — af <é.

It was shown by Nagle, Poerschke, R6dl and Schacht (see Theorem 2.1 and Corollary 2.1 in [14]) that,
with suitably defined constants, (a, §)-minimality and (o, d)-regularity are equivalent concepts.

Theorem 7.7 (Nagle, Poerschke, Rédl, Schacht [14]). For all Q0,0 > 0, there exists § = OThm.7.7(0, 5) >
0 so that, for all d > 0, there exists € = eThm.7.7(0,0,0,d) > 0 so that the following statement holds.
Let P be a triad with parameters d,e and a sufficiently large integer m, and let G C K3(P) satisfy
dg(P) = a > «p.
(1) If G is (v, 8)-minimal w.r.t. P, then G is (a,d)-regular w.r.t. P.
(2) If G is (o, 0)-regular w.r.t. P, then G is (a,d)-minimal w.r.t. P.
By using Theorem 7.7, the proof of Lemma 7.2 is a formality.

Proof of Lemma 7.2. Let ag, 8 > 0 be given. With 6 = dy, Theorem 7.7 ensures constant

01 = OThm.7.7(0g — 09, 00) > 0, and set o = 258’61. (84)
With 6 = 02, Theorem 7.7 ensures constant
03 = drhm.7.7(0g,02) > 0, and set & = dpem.7.2(v0, d0) = J3. (85)
Let d > 0 be given. With 7 = 1/2, let
€0 = EFact2.2(d, 7 =1/2) >0 (86)
be the constant guaranteed by the Triangle Counting Lemma (Fact 2.2). With 5 = 8o, let
€1 = eThm7.7(0 — d0, 0, 01,d) > 0 (87)
be the constant guaranteed by Theorem 7.7. With 5 =6y, let
€2 = €Thm7.7(Q0,02,0,d) > 0 (88)
be the constant guaranteed by Theorem 7.7. Set
€ = €Lem.7.2(0, 00, 0, d) = min{dpeg, doe1, €2} (89)

In all that follows, let m be a sufficiently large integer.

Let P be a triad (cf. Definition 2.1) with parameters d, e, m above, and suppose G C K5(P) is («, d)-
minimal w.r.t. P. Let V/ CV;, 1 <i <3, be given with |V]| = |VJ| = |V4| > dpm. To simplify notation
in the argument below, we write P = P[V{, V4, V{], ¢’ = G N K3(P’), o/ = dg/(P’). By Statement (1)
of Lemma 7.2, each bipartite graph P[V/, V], 1 <i < j < 3, is (d,&/dp)-regular, and so by (89), each
such P[V/,V]] is (d,eo)-regular and (d, £1)-regular.

We first apply Theorem 7.7 to G and P. To that end, recall from our hypothesis that G is («,0)-
minimal w.r.t. P, where @ > g and where each P, 1 < i < j < 3, is (d,¢)-regular (cf. (85), (88)
and (89)). As such, Theorem 7.7 ensures that G is (a,dz)-regular w.r.t. P. We proceed with the
following claim.

Claim 7.8. G’ is (&, 01)-regular w.r.t. P', where o/ = o+ 85.

Proof of Claim 7.8. We first check that o/ = a4 . Using Statement (1) of Lemma 7.2, it follows from
(two applications of) the Triangle Counting Lemma (Fact 2.2) that

1 1 1 (84)
IK3(P")| > §d3|‘/f||‘/§/||‘/é’| > 553d3|V1||‘/§||‘/§\ > 15(?)’|’C3(P)| > 0o|IC3(P)]. (90)



30 BRENDAN NAGLE

Setting @@ = P’ in Definition 7.6, we conclude from the («, d2)-regularity of G w.r.t. P that |o/ — a| < o,
as promised.

Now, let Q C K5(P') be given satistying |KCs(Q)] > 61/KCs(P')| & (48,/63)|K5(P")|. By the penulti-
mate bound of (90), we see |[K3(Q)| > J2|K3(P)|, and so by the (a, dz)-regularity of G w.r.t. P, we have

(84)
|dg(Q) — a| < b2, where clearly, dg(Q) = dg/(Q). By the Triangle Inequality, |dg/ (Q) — &/| < 25y < 61,
concluding the proof. O

We now apply Theorem 7.7 to G" and P’. To that end, we have from Claim 7.8 that G’ is (a/, 1)-
regular w.r.t. P/, where o' > o — da > g — do, and where each constituent bipartite graph P[V}, V]],
1<i<j<3, is (der)regular (cf. (84), (87), and (89)). As such, Theorem 7.7 ensures that G’ is
(o, 8p)-minimal w.r.t. P/, as promised. O

8. APPENDIX: PROOF OF THEOREM 6.2
As we mentioned in Remark 6.3, the Counting Lemma was proven in [9] in the following special case.

Theorem 8.1 (Haxell, Nagle, R6dl [9]). For every r € N and for all a,p > 0, there exists § =
OThm. 8.1(r, c, 1) > 0 so that, for all d > 0, there exists € = ernm. s1(r,a, 1, 6,d) > 0 so that the
following holds.

Let R = P and H = G satisfy the hypothesis of Setup 6.1 with r,ag = «a,9,dy = d,e > 0 above, where
all apij =0, 1<h<i<j<r,andalldyj =d, 1 <i<j<r, and where m € N is sufficiently large.
Then, |K.(G)] = (1+ u)a(g)d(g)mr.

It is not difficult to show that Theorem 8.1 implies Theorem 6.2, and we sketch this proof now. Our
proof closely follows lines from [15, 16], where these ideas were used for different notions of regularity.

Before we start, we state, without proof, two very well-known results referenced earlier in this paper:
the Graph Counting Lemma and the Graph Extension Lemma. To state these results, we use the
following notation (for a graph R satisfying the hypothesis of Setup 6.1): K,.(R) = ( ) and for each
{u,v,w} € K3(R), ext {u,v,w}) = |{U € £.(R) : {u,v,w} CU}|.

R
K
K&
Lemma 8.2 (Graph Counting and Extension Lemma). For every r € N and for all dg,7 > 0, there
exists € = erem.s.2(r, do, 7) > 0 so that the following holds.

Let R be a graph satisfying the hypothesis of Setup 6.1 with r,dy,e > 0 above, and where m € N is
sufficiently large. Then,

(1) 1Ko (B)] = (1% 7) [Ty dig x " -
(2) for each 1 <h <i<j<w, all but Tm3 triangles {vy,vi,v;} € K3(R" U RY U RM) satisfy

1
ext . (2) U, 0,0 1) =(1E£7)——— dapy X m”.
el = )dhidijd’lj 1<(];[b<r

8.1. Proof-sketch of Theorem 6.2. We omit a formal description of constants and refer to the hier-
archy 1/7, ag,& > 6 > dy > ¢ >> 1/m, which is consistent with the quantification of Theorem 6.2. In
the hierarchy above, we introduce further constants u, o, d, 7 (cf. Remark 8.4):

1 1
S00,E> 0> 0> do > d, T > e3> —, (91)

which is consistent with the quantification of Theorem 8.1. Now, let R and H satisfy the hypothesis of
Setup 6.1 with the constants ag, d, dg, e, m. We show

IKr(H)| = (L £§) H Qpij X H dij x m'. (92)
1<h<i<j<r 1<i<j<r

The main idea for proving (92) is to ‘randomly’ partition the graph R and 3-graph H in a standard
but suitable way. Fix 1 < h < i < j <7, and set pp;; = a/ap;; (cf. (91)) and Ap;; = [1/phi;|. Define
Hhi = HPT UM U H%fij by the following rule: for every 1 < a < Ay;; and {vp,v;,v;} € H",
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put {vp, v;,v;} € H"i7 independently with probability Dhij- We define a random partition of R similarly.
Fix 1 < 1< j < r, and set qij = d/dR(Vz,‘/J) and Bij = Ll/q”J Define Rij = Réj ] Rzlj y---u Rg”
by the following rule: for every 1 < b < B;; and {v;,v;} € R¥, put {v;,v,} € sz independently with
probability g;;. We set

HO:U{Hgij:1§h<i<j§r} and RO:U{jo:1gz'<jgr}. (93)
We have the following standard probabilistic fact.

Fact 8.3. With probability 1 — o(1), where o(1) — 0 as m — oo, the following hold:

(1) foralll <i<j<randl<b< By, the graph sz is (d, 2¢)-regular;

(2) for all {h,i,j} € ('§)) and (a,bni,bijsbry) € [Anig) ¥ [Bua] x [Bi] X [Buy], the 3-graph H3Y N

Ks(Pl U Pg’fj u Pb}fj) is (a £ o(1), 26)-minimal w.r.t. P} U P;fj U Pb};]j.

With probability at least 1/6, the following hold:

(3) the graph Ro satisfies [Rol <331, i<, qi;|R| = 3(5)dm?.

(4) foreach {h,i,j} € (15), [H47| < 2(5)pnij | HM | = 2(5) al K3 (PPUPTUPM)| < drdadpd;jdpym?.
We omit the proof of Fact 8.3, but indicate its key ingredients. Statement (1) is a well-known and routine
application of the Chernoff inequality. Statement (2) is a routine application of the Janson inequality.
Statements (3) and (4) are immediate applications of the Markov inequality. The last inequality in

Statement (4) follows from the Triangle Counting Lemma (Lemma 8.2) with r = 3.
We may now argue (92). We call a function a : ([g]) — N an H-pattern if, forevery 1 < h <i < j <,
we have a({h,i,j}) def ani; < Ap;j. We call a function b : ([g]) — N an R-pattern if, for every

1<i<j<r, wehave b({i,j}) def b;j < B;;. We call a pair of functions (a,b) an (#, R)-pattern if a is

an H-pattern and b is an R-pattern. For an (#H, R)-pattern (a, b), we write

Mo = {Hf;fjij :{h,i,j} € ([Q]) } , Re=J {R;',{j i, i} e (@) } . Hab = Ha N K3(Rp).

Since there are (exactly)
eV Vi) |~ () (s
H Apij X H B;; = H \‘%J X H \‘R(d])J <« (S)d () = O(1) (94)
1<h<i<j<r 1<i<j<r 1<h<i<j<r 1<i<j<r

many (#, R)-patterns (a,b), Fact 8.3 implies that every one of them yields a pair G = Hqp and P = Ry
which satisfy the hypothesis of Theorem 8.1 with the constants r,a £ o(1),26,d,2e,m (cf. (91)). As
such, we may immediately conclude the lower bound in (92):

K (H)| > Z {IK+(Hab)| : (a,b) is an (H, R)-pattern}

Thm.8.1 r 7‘
(1- H)a(a)d(Z)mr X H Apij X H Bi;
1<h<i<j<r 1<i<y<r
(94)
>(-w [I Ceny-o)x [ @r(ViVy)—d)xm’
1<h<i<j<r 1<i<j<r
(91)
> (1 — f) H Qpij X H dTJ X mr,
1<h<i<j<r 1<i<j<r

where we used dg(V;,V;) > d;j —e, 1 <i < j <r. It remains to prove the upper bound in (92).
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Observe that

IKr(H)] < Z {IK;+(Hab)| : (a,b) is an (H, R)-pattern}

+HR€/CT(’H): <7§> N Ry #@H + HRGICT(H) : (?) ﬂHo%@}‘- (95)

An application of Theorem 8.1 (cf. (91)) yields

S {IK: (Hap)| = (a,b) is an (K, R)-pattern} < (1 + p)aDd@m x [ 4wy x [] By

1<h<i<j<r 1<i<j<r
(94) .
<@+p) I ensx [ digxm’. (96)
1<h<i<j<r 1<i<j<r
Clearly,
R 9 Fact8.3 9
ReK (H): ) NRy# 0| <|Ro|m” < 3redm”. (97)
Momentarily, we will prove the following bound (see Remark 8.4):
R
HR e (H): <3> NHo # @H < r3rm” 4 8rfa H dij xm". (98)
1<i<j<r

Combining (95)—(98) and applying api; > ag and d;; > do, {h,i,j} € ([g]), we have
K (H)| < H Qpij X H dijxm" (1 + o+ 3r2da5(3)d5(2) + TSTa()_(B)dg(Z) + 87“60(&;(3))
1<h<i<j<r 1<i<j<r
(91)

S (1 —+ f) H Qpij X H dij X m’", (99)

1<h<i<j<r 1<i<j<r
as promised.

Remark 8.4. In (96), (98) and (99), the constants in (91) play a subtle role. We introduced the constant
a in (91) to satisfy 0 < o < ap. Indeed, we used take o < g in (99), but we used § < « in (96) (for
applying Theorem 8.1). The quantification of Theorem 6.2 allows dy < J, so we must accept a > dy,
which makes (98) necessarily more delicate than (97). O

Proof of (98). Note that

‘{Re/@(%) : (?) mHHA@H < ¥

{R €K .(H): (733) NHLY # (Z)H . (100)

1<h<i<j<r
Now, fix 1 < h <i<j<r. Clearly
R e K (H): R NHLT £gt] = > ext ({vn,vi,v;})
T . 3 0 = K7(‘3>,'H hy Vi, Uy
{vh,,vi,vj}eﬂg”
Lem.8.2 1 L hid
< > ety p{onviu}) < T HW [T da x m =2 x |37
{vh,vuvj}E'Hg” 1<a<b<r
Fact8.3
acﬁ ™" + 8r’a H dap x m”.  (101)

1<a<b<r

Applying (101) to (100) yields (98). O
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