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1. Introduction
Biclund transformation(BT) :

e One of the important integrable properties of non-
linear evolution equations

e A effective tool to derive solutions

Difficulty: No universal algorithm for constructing




Recall:

e Compatibility of Lax pair
L,Al=LA—- AL =0, L, A are operators.
e Commutativity of BT

i J1
J12 = fo1,

(A1, 01,-+)

(Ag, B2, f2

where \;, 0;(i = 1, 2) are parameters in BT formulae.

e The Commuting symmetries to soliton equations,



Our 1dea: Using the commutativity of pfaffianization
and BT (CPBT)

mz pfaffianization g Pfafﬁanized mZ
BT BT
2 pfaffianization .C OU. 31 e d Z

e CPBT was proposed for the first time in 2005, and proved to be valid
for the KP equation
X-B. Hu and J-X. Zhao, Inverse Probl. 21(2005) 1461

e Here we show that CPBT is also valid for some differential-
difference systems,such as the 2-D Toda lattice, the differential-
difference KP equation and the Leznove lattice equaion, as a result,
tli)e BTdformulae for the coupled systems of these equations are
obtained.



2. CPBT: 2-D Toda lattice equation

Review:

e A pfaffian P = pf(1,2,--- ,2n) can be defined by an
antisymmetric determinant,

P? =det(a;j)1<ij<on. PLU k) =aj (1)
where Gj5 = —Ajj, 1 <1,9 <2n.

+ pi(j, k) 1s called pfatfian entry or element

#pi(y, k) = —pt(k, 7)
+n: the order of pfaffian P



Example: when n = 2,

det<az’j>1§i,j§4 = (a12a34 — (13024 + a14a23)2
= [pf(1,2)pf(3,4) — pf(1, 3)pf(2,4) + pf(1,4)pf(2,3)]’
= [pf(1,2,3,4)]

Expansion formula:

P = Z 1 £ pt(in, 12)pf(is, i) - - - ptlian—1, i2,), (2)
where Z' denotes summation over all permutations ¢, %9, - - , 9, Of
(1,2,---,2n) which satisfy the inequalities

1 < lg, 13<1lyg,c 0o <oy, andip < iz < - <dgy_y,

and

. 1 2 -+ 2n
+ = sign (i1 by - izn)



e Any determinant can be expressed by a pfaffian

det(b]k)lfj,kgn — pf<17 27 IR TL/? T 72/7 1/> (3)
by defining

pf(j,k) =0, pf(i', k") =0, pfG.K)="bj (4

Example: when n=2,

pf(1,2,2',1") = pf(1,2)pf(2',1") — pf(1, 2")pf(2,1") + pf(1, 1")pf(2,2')
— b12091 + D11b2

b11 512‘

ba1 baa| -
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e What is pfaffianization

4 )
nonlinear KP =——— bilinear KP det.sol.
Reduction Reduction
nonlinear _ pfaffianized KP Pfaff sol
coupled KP \(bilinear cKP) 50k y

pfaffianization

* R.Hirota and Y.Ohta, J.Phys.Soc.Japan,Vol.60(1991) 798-809.
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e CPBT: 2-D Toda lattice equation
The 2-D Toda lattice eq.
82

' f .
Nonlinear form 57

In(up + 1) = upy1 + Up—1 — 2un.

()

Nonlinear form: D, Dsfy, - fn =2(fni1fn-1— f%),
(6)
* The bilinear operators
o a\"[/a a9\
mnk, - (- _ 7 . "N I_4.
Dy Dta b= (ay ay/) (at at,> a(?Jat)b@:tﬂy—yﬂf—t
(7)



Aim: To obtain BT for the coupled 2-D Toda lattice
equations:

2 ~
D.Dsty, - Ty = 2(Tys1Tno1 — T,) — OnOn,
D)@, © Wil = =ID)ef@p 131 © Wi (8)
DxTn " Op+1 — _DsTnJrl *Op.

X-B. Hu, J-X. Zhao, and H-W. Tam, J. Math. Anal. Appl., 296 (2004) 256.



Main steps:

modified 2-D Toda plaffianization _pfaffianized modified 2-D Toda

BT BT

7D Toda pfaffianization g Couple d 2-D Toda
Fig.2

Stepl:pfaffianize the modified 2-D Toda lattice equations

Dxfn—H . ff,{L — _)‘_lfnfq,z+1 + an—klfv{m
Dsfn : fq{b — >\fn+1fq{b—1 o anfq{m

Step2: Prove that the pfaffianized modified 2-D Toda lattice equa-
tions constitute a BT for the coupled 2-D Toda lattice (8)

©)



For stepl, we choose A = u = v = 1 for convenience.

x Wronskian solution to the modified 2-D Toda lat-
tice equations (9):

fn=det(g;(n + 75— 1)1<ii<n, (10)
fh = det(¢i(n + j — 1))1<i j<N: (11)

where ¢;(m) and ¢;(m) satisfy the following linear
equations:

i(m) = ¢i(m + 1) — ¢i(m), (12)
%@(m) = ¢i(m+ 1), (13)

%qbz(m) = —qbz(m — 1), for = 1, 2, T ,N. (14)

* R. Hirota, : Direct method in soliton theory (In English), (Edited and Translated by A. Nagai, J. Nimmo, and
C. Gilson, Cambridge University Press, 2004.6).



x Suitable pfaffian functions

fn:pf(1727 7N)n7
f?llzpf(LQ? 7N7N_|_1ac>n7

whose entries are defined by

N 1s even, (15)

M

PE(i, j)n = D _[®k(n+ ) Wi(n + §) — Pe(n+ 5)Ui(n +i)], (16)
k=1

pf(é, c)n = 1, (17)

with M is positive integer, ®;(m) and W, (m) satisfy equations (13)
and (14).



x The pfaffianized modified 2-D Toda lattice equa-
tions

Dﬂ]fTH—l : fTIL -+ fo;L-i—l - fn+1f7{L — gn+1/g\7,1;

Ds f - fylz - fn+1f7’1—1 + fnfqlz — _gn/g\;w

Dyfn- /9\7/1 — fn+1/g\7/z—1 — fn/g\;z — _/g\nf;u (18)
Dsfn : L/C]\qlﬂb—l T fn—qu\qll + fn%_1 — /g\nf;z—b

D.gy - fé - gn+1f7{0—1 — gnfT/L — _fngvlw

Dsgni1 - f;L + gnfq/hq + gn+1f7{L — fn+1g7/1-



For step2,

Proposition: The pfaffianized modified 2-D Toda

equations (18) constitute a Backlund transformation
of the bilinear coupled 2-D Toda equations (8)

2 ~
DxDsTn " Tp = Q(Tn—HTn—l — Tn) — OpOnp,
D:cO_n " Tp+1 — _Dso_n+1 " Tn,
DxTn *Onp+1 = _DSTn—i—l " Op.

X-B. Hu, J-X. Zhao, and H-W. Tam, J. Math. Anal. Appl., 296 (2004) 256.

Key of proof: The pfaffian identities:

(&1,&2,@3,0&4,1,"‘ 72n)(17 ,271) — (0417052717"' ,271)(&3,0(4,1,"' ,271)
- (0417043,1,"' ,271)(042,0[4,1," : ,271) + (0517044717' ©e ,277,)(042,@3,1,"' ,271), (19)
(1,9, a3,1,-++ 2n — 1)(y,1,--- ,2n — 1) = (a1, 1,- -+ ,2n)(y,a2,a3,1,--- ,2n — 1)
— (ag, 1, 2n — 1)(a1, v, a3, 1,--- ., 2n — 1) + (a3, 1,- -+ ,2n — 1) (a1, 0,7, 1, -+ ,2n — 1),
(20)



3. Conclusion and Discussion

e The CPBT is valid for the 2-D Toda lattice equations if f,,, g, and @, are solutions to
equations (8)

modified 2-D Toda pfaffianization _ pfaffianized modified 2-D Toda

BT BT

D Toda pfaffianization g Couple d 2-D Toda

e A BT for the couple 2-D Toda lattice equation (8)

e Pfaffian functions f/, ¢/ and g, are new pfaffian solutions to the
couple 2-D Toda lattice equations (8) if f,, g, and g, are solutions
to equations (8)



e We also prove that the CPBT 1s valid for the follow-
Ing equations:

* The DAKP equation
ou _Ou ou 0*u
A +2— —2u—) = (24+ A)—
(Gt T 25, ~ 25, B+

J-X. Zhao, Gegenhasi and X-B. hu, J. Phys. Soc. Jpn., 78(2009)064005
* The Leznov lattice equations

Q)
0x0s

C-X. Li, J-X. Zhao and X-B.Hu, J. Nonlinear Math.Phys. 16(2009)1
* The semi-discrete Toda equation

— Vn—l—l — 2Vn + Vn—la Qn — hl(l + Vn)

d Uk:+1
k:+1 k k+1
— n—i—l—i_vn 1 — YV, — U,
dt e

J-X Zhao, Math. Comp. Simulation, 74 (2007)388
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