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Discretization

Discretization:

u(x,t): x=xo+nh, t =ty + mk, u(x,t)= upm

)

Notations:

U=uUpm, U= Upt1im, U= Up-1m, U=Upmil, U= Uny1m+l

Map: u u
q(k)
u p(h) | &
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Some Lattice Equations

LPKdV:
(u-W)@-0)=p-q (1)
LPmKdV:
p(VV — W) = q(vv — V) (2)
LSKdV:

z-2)(zZ-% 2
(-HE-2) 2 o

(z-=2)(z—-2) 4
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Multidimensional Consistency(MDC)/CAC[Nijhoff,Walker-01,GMJ]

Q(u,u,1,1d; p,q) =0, P
Q(u,u,d, i p, r)=0, Q(u, ﬁ, u,u; p, r) =0,
0 q

Q(“? /lj, U’ ﬁ’ q? r) = Y Q(Z’/7 H’ ﬁ? D/Y
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Consistency Around the Cube (CAC) [ABS-03]

U e

[ABS-03]'s requirement: (CAC +D4+Tetrahedron)
» Linearity w.r.t. each {u, 1,1, ﬁ}
» Symmetry: @ invariant under group Dy

» Tetrahedron Condition: 1 = f(u,u,u;p,q,r)
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ABS List

ABS List: H1, H2, H3% A1, A2, Q1°, Q2, Q3%, Q4
» H1(LPKdV):
(u-)(@-0)=p—q
» H2:
(u—w)(G—0)+(q—p)u+T+T+0)+qg* —p>=0
» H3%:

p(uti + 1) — q(uli + Ga) + 5(p> — ¢?) = 0
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ABS List

ABS List: H1, H2, H3%, A1%, A2, Q1%, Q2, Q3%, Q4

» A19:
(p(u+0)(a+ 1) — q(u+8)(@+ ) — 8%pg(p — q) = 0
> A2:

(¢%—p?)(uitu+1)+q(p?—1)(ut+u)—p(q>—1)(ut+aa) = 0
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ABS List

ABS List: H1, H2, H3%, A1%, A2, Q1%, Q2, Q3°%, Q4
» Q19

~

p(u—)(@ — U) — q(u — T)(@ — 1) + 6pq(p — q) =0
> Q2:
plu—0)(F — ) — g(u— 1)@~ 1)
+pq(p— q)(u+TU+1+u)—pa(p— q)(p> — pq+ q?) =0
> Q37
(¢° - p2)(uﬁ +101) + q(p? — 1)(uli + ) — p(q? — 1)(uli + 110}

3*(p* — ¢*)(p* — 1)(¢* — 1)/(4pq) = 0
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ABS List

ABS List: H1, H2, H3%, A1%, A2, Q1°, Q2, Q3°, Q4
» Q4: [Adler/Hietarinta/Nijhoff/Krichever-Novikov/- - - |
p(ul + T0) — q(ud + T0) — r(u + d) + pqr(l + utiia) = 0

(p, P) = (Vksn(a; k),sn'(a; k), (q,R) = (Vksn(B; k),sn'(53; k)
(r,R) = (Vksn(v; k),sn'(v; k), y=a—4

points on the elliptic curve:

M= {06, X): X2 =x* +1— (k+1/k)x*}
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Benefit From CAC/MDC

» Lax Pair

» BT/DT:
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Constructive approach[Hietarinta,Zh-09]

U e
0SS: Fixed point idea [Atkinson,Hietarinta,Nijhoff-07]
1SS: DT/BT

v

v

v

2SS/3SS: Hirota's perturbation expansion

v

Transformation /Casoratian/Bilinearization

v

Casoratian proof
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1.3 NSS of Q1

Step 1: 0SS of Q1: p(u—15)@— 1) — q(u—)(@— 1) — 6%pq(q— p) =0

u, U, T, p,r) =0, _ _
» 0SS: { Q( N p:r) (fixed point: T = u)
Q(u,u,u,u;r,q) =0,
>» u—u+c:
w9 = an+ fm+,
A /r—6%r 2 /r—6%r

P—ﬁa Q—ﬂ, a=pa, [(=qb.

» U— —u—+c:
u03S = %c + Aa"f™ + BaT"37", AB = 52r2/16,

p=—1rl—af/a. q=—1r(1-BP/A.
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Step 2: Q1: 1SS via BT/DT

» BT: {
v rq

» 1SS (with linear 0SS):

1— a+k\" b+ k\"
1SS _ Pnm o
u —an+ﬁm+v+ﬂl+pnm, pnm—(a_k> (b_k> P00

» 1SS (with power 0SS):

J155 — Ala"B™(1 4+ ”_QPn,m) + Ba "37(1 + Iizpmm)
1+ Pn,m
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Step ...4: NSS/Bilinearization-I: Linear 0SS

» Trans:  ul% = an+ Bm+vy — (c?/r — 6%r),

n,m

» Bilinearization-I:

Q = ?f(b—5)+??(a+6)—??(a+b)=0,

Q, = ffla—b)+FF(b+5)—Ff(a+)=0,

Qs = —Ff+fg(—ato)+if+fa(b—05)+7g(a—b)=0,

Qs = fgla—b)+Fg(a+b)—FE(a+b)+Fa(—a+b)=0.
» NSS: f—|N 1|g—|—1N—1|

=0/ (6+ ki)(a+ ki)"(b+ ki)™ + 0i (6 — ki)' (a— ki)"(b — ki)™.
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NSS/Bilinearization-1l: Power 0SS

» Trans:

7 f
uh>s — Aa"ﬁ’"? + Bof”ﬂ”“?, AB = 6°r?/16,

n,m

» Bilinearization-II: (Bilinear H3):

B = 2cff+(a—c)ff — (a+c)ff =0,
By = 2¢ff + (b—c)ff — (b+ c)Ff =0,

» NSS: £ =|N—1
= of (c+ k)'(a+ k)"(b+ ki)™ + o (c — ki)' (a — ki)"(b — ki)™
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Il. New 1SS of Q1°
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Miura Transformations[Atkinson-08]

» |dea:
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Miura Trans.

» Q19
p(u—8) (@ — ) — q(u—)(@— 1) — 62pq(q — p) = 0.

» Q1°:

» MTJ[Atkinson-08]:

(w—w)(u—1) = p(ww — §%),

(w— W)(u — 0) = q(wiv — 82).
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Miura Trans.

> Q2:
p(u—1)(a—1)—q(u—1)(a—1) = pq(q—p)(u+i+i+u—p*+pg—q°).
> Ql‘s:

~
o~ ~

p(w — W)(W — w) — g(w — W)(W — w) = 6%pq(q — p).
» MT:

S(w — w)(u—1) = —p[6%(u + 1) — 2ww] + 6p?(w + w + dp),
S(w — w)(u—1) = —q[6%(u + 1) — 2ww] + 6¢g*(w + W + dq).
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Closed MT for power 0SS

> u855: oM or a7"FT"
l M7
udss: Aa"B™ + Ba~"3™,  4AB = §?
l s=0
udss: a"Bm or o737,

» Note: MT not for Linear(Q1%): u®° = an+ gm+ 1,

c2/r—56%r c?/r—8°r
P:ﬁ, q:ﬂv a=pa, [=qb.

(Different p for Q1% and Q1°)
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2.3 New 1SS of Q1°

Open MT for linear 0SS

> 9SS an+bm+my, p=a’, q="b

l MT /Keep same p, g

3 3 3
New u9%%: (a"+b'3"+71) -2 "+b3m+72 — 8%(an+ bm + 73)

1 o=0

bi 3 3 3
> New Ugss: (an+ r3n+71) _a n+b3m+’yzl

L MT (W= W) - 5) = p(wiv — 2)
> New ugss: 5th order ------ .

» Polynomial 0SS chain for Q1°.
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2.3 New 1SS of Q1°

New 1SS of Q1°

> New ugss:

+bm+m)?  @n+bm+
(an ';7 n)_an 3'" 2 _ §2(an + bm + 73)

> New ugss :

1SS _ (an+bm+k+m)®  @ntbPm4 X+ K

° 3 3

(—2k((an + bm +71)* = 6*)pp,m)
1 + Pn,m

—8%(an+ bm+ k +3) + 74 +

[ a+k\"[ b+k\"
Prom=\Za5k) \Zb+k/) 0
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0SS of Q2
1SS from linear 0SS

1. 1SS of Q2 1SS from power 0SS

[1I. 1SS of Q2
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Two 0SS of Q2: Linear background

> u%slﬁ: an+ fm+-y

| mt

2 20 52\ 2
0SS. + 1(c’/r=0°r
uoss: (w +’Y) +Z(/T>

» Parametrization:

2 r—6%r 2 /r—6%r

32—62 ’ q_W7 = pa, /8:qb
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Two 0SS of Q2: Power background

> B3 (0=1)

1 nam -1 _—np—m _ (1—&)2 _ (1_6)2

E(Aaﬂ +A a8, P= " q—T
L wmr

> S,

%(Aa"ﬁ’" +A Yo BT 1 4) + Z;;(Pn +Qm+r)

_ Aa"g"-1 _ (@®-1)(a’~4a+1) _ (BP-1)(8*-4p+1)
Zom = Fargrrrs P= " Q= ""—um
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1SS from linear 0SS

» Linear background u%szsz

an+ m 2 1/c%/r—0°%r\2
()

) 4 42
SS.
> UGy
2 r? 1— pnm 2
(an+pBm+~v)+ — +2s(an+ fm + v) ——— + 57,
4 1+ pom

_(az+sp\"[(Bz+sq\"
Pr,m = oz — sp Bz — sq Po0
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.1 0SS of Q2
.2 1SS from linear 0SS
1. 1SS of Q2 .3 1SS from power 0SS

Power 0SS

> 0SS

1
5(Aa"B™ + A tam "B 4 4) + Z; L (Pn+ Qm + 1)

_ Aamgm—1
Znm = panpm 1
p— (a® —1)(a?® —4a +1)
N 402 ’
o (F-1(F-45+1)
_ s _
so(kt 1)+ VKT ok, K=& ZDE" 45t 1)

452
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0SS of Q2
.2 1SS from linear 0SS
1. 1SS of Q2 .3 1SS from power 0SS

1SS from power 0SS

> uészs:
éanﬂmll + sfl(A2a2nﬂ2msf2 o 1)rn,m]
A5G L+ (A0S — 1), )
+2[1 - (A2a2"ﬁ2m5_2 — Dl m]
2(1752+s n,m)
P+ Qm 1) (14 G )
Aa"B3"+1

Lpra

. 1 (1= 5*)pnm

™ AanBm =1 (AanBm — 1)(1— s%) + (Aa"B7s L — S)ppm’

(1—as\"(1-pBs\"
Pn,m = a—s ﬂ—S £0,0-
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3.1 0SS of Q2
3.2 1SS from linear 0SS
33

1. 1SS of Q2 1SS from power 0SS

Questions

» More 0SS of Q197
» More NSS of Q197
» Relation between them?

» 0SS and 1SS of Q27
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Based on:
J. Hietarinta, D.J. Zh, Soliton solutions for ABS lattice equations: Il

Casoratians and bilinearization, arXiv:0903.1717v1 [nlin.SI].

J. Hietarinta, D.J. Zh, Soliton solutions of Q2, in preparation, 2009.

Thank You!
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