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31. Introduction
Two important aspects about the Painlevé equations:

1. Generalization of equations of elliptic functions (non-autonomous).

2
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2. It is derived from a deformation theory of linear equations.

(Monodromy preserving deformation)



Degeneration of the Painlevé equations
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Schlesinger system:
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is derived from a defomation theory of Fuchsian equation in the

form
d n A
—Y = : Y,
dx ( Z )
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called Schlesinger normal form.



§2. Classification theory of Fuchsian equations
2.1. Spectral types

n + 1-tuples of partitions of m:

1 1 1 2 2
mlmz...mll,ml...ml2,...,m?...m&,m<{o...mf(?

L .
(Zmﬁ-:m for ogwgn).
J=1

It means that an information about the multiplicity of eigen val-
ues of A; is given by the i-th partition, mz- (1 <j <I; same eigen
values exist.



2.2. N. Katz’s two operations:
1. addition
2. middle convolution

Addition is a transformation

fora = (aq,...,an) € C".



Middle convolution

A convolution is defined as a transformation A — (G1,...,Gn)
for A € C, where

O

0,

Gi S MnXm(C)-
Then, we consider two invariant subspaces with respect to G =
(G1,...,Gn):

KerAq
IC — : C CnXm
KerAy,

Ly =Ker(G1+ -+ Gn),



and we express the action of G = (G4,...,Gr) on the quotient
space C"*™/K 4+ Ly as G = (G1,...Gp). The transformation

A= (Aq1,....An) — G = (Gq,...C)

is called a middle convolution.



e.g. hypergeometric equation

dy  agp ay

de :Izy+:1:—1y
! mc)y

¥ _ (1fao+X a

dx T 0 0




Theorem 1 (N. Katz). Any regid, irreducible Fuchsian system
is constructed by finite procedures of additions, and middle con-
volutions from a Fuchsian system of order one.

Theorem 2 (T. Oshima). Any irreducible Fuchsian system with
4 accessary parameters is constructed by finite procedures of
addtions and middle convoltuions from a system of Fuchsian
equations of the following 13 types:

11,11,11,11,11
21,21,111,111 31,22,22,1111 22,22,22,211

211,1111,1111 221,221,11111 32,11111,11111
222,222,2211 33,2211,111111 44,2222,22211
44,332,11111111 55,3331,22222 66,444,2222211.



Theorem 3 (Haraoka-Filipuk). Schlesinger systems are invari-
ant under the Katz’s two operations.



33. Space of accessory parameters
3.1. Dimension

The number of the accessory parameters is given by the following
formula:

n L .
N=(n-1)m?-Y (Z(m;)Q) + 2.

i=0 \j=1
3.2. Poisson structure

Kostant-Kirillov structure is introduced by the Poisson bracket

{(Ap)ij, (A k1) = 0p,q(6;1(Ap)k, i — Ok, i (Ap)ir)-
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Schlesinger system is rewritten as

o
a—Az = {4y, H},
U
by using the Hamiltonian
TI’(AkAl)
Hp= > .
£k Yk W

3.3. Symplectic structure

If we put A; = B'-C", B' € My, ka.(C), C'€ Mpa, n(C), then
the symplectic form is given as

n . .
w= )Y Tr(dB"AdC").
1=1
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34.1. Hamiltonian of the type 21,21,111,111

Eigen values of each matrices are given as

0,0,6% 0,0,6%; 0,604,605 k1, ko, k3,

0° + 01 + 0% + 65 + k1 + Ko + k3 = 0 (Fuchs)

The hamltonian H can be written as

_907 0t2 _93_ .
s(s—1)H = s(s—1)Hyg L8141, P1
KD — K1, —Kko — 05
-0, — 6}
+s(s — 1)Hyp ( . S; qz,p2>
R3 — K1, —R3

—(q1 +q2)(q1 — 1)p1(g2 — s)p2
+r3(q1 — 1)p1go + (ko + 05) (g2 — s)poqr + f(s),
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t—1

where s = ==

Here H\y/ is the hamiltonian of the sixth Painlevé equation, and
it is given as follows:

0o, 01
t(t — 1)Hyg (9 't q,p>
ty K1

= q(qg—1)(qg—t)p°
—{00(g—1)(g—1t) +01(q —t)g+ 0:q(q — 1)}p
+r1(k1 +600 4601 +6:)(g—1t)
+(t — 1)000; + t016;.



34.2. Hamiltonian of the type 31,22,22,1111

Eigen values of each matrices are given as

0,0,69,0% 0,0,01,0%; 0,0,0,6"; k1,ko, kK3, kK4,

209 + 201 + 0' + k1 + Ko + k3 + kqa = O (Fuchs)

The hamltonian H can be written as

t(t—1)H =
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34.3. Hamiltonian of the type 22,22,22,211

Eigen values of each matrices are given as

0,0,60%,6°% 0,0,0%,0%; 0,0,6,0" k1,k1, k2, K3,

200 + 201 4+ 20" + 2k1 4 ko 4+ k3 = 0 (Fuchs)
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The hamltonian H can be written as

t(t—1) —209 201
(t—1) 5 Hwi <_29t7—2"01 q1 p1>

1
—5(0 + (391 —t — 1)p1)p1g>

—(1 — 2¢1)(g3p3 + (g2p2 — 0 — k1 — K2)?)
—2(q1(q1 — 1) — g2)(q1 — t)p2(g2p2 — 0 — Ko — K2)
—{(t+1)6° + 6" + 6" + 2k1q1 + ((1 + t)q1 — t)p1 — P12}
X (2qop2 — 0 — k1 — K2),
where 6 = 69 4 91 4 6.



Particular solution

On the condition that 6 + k1 + k> = 0 (kp = k3), g¢o = 0 is a
solution because %QQ = 0.

In this case,

d
t(t — 1)£p2 = 2¢1(q1 — 1)(q1 — t)p3
+2{(t+ 1)0g + t01 + 6 + 2r191 + ((L + t)q1 — t)p1}p2
1
+§(9 + (3¢q1 —t —1)p1)p1.

If q1,p1 is a solution of the sixth Painlevé equation, go> = 0, p»> is
a solution of the Riccati equation, whose coefficients are written
by g1 and pq1, then it is a particular solution.
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