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@ Soliton Cellular Automata and Ultradiscretization

© KP equation, 7-function and Wronskian

© Ultradiscrete Soliton Equations and Total Non-Negativity

@ Grammian and Wronskian
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Soliton solutions of continuous and discrete soliton equations

Grammian <= Wronskian
U

Hirota form

(perturbation form)

{ Ultradiscretization
Q1: Ultradiscrete (tropical) analogue of Wronskian and Grammian
including all types of line soliton solutions?

Q2: Grammian form for general line soliton solutions for 2-dimensional
soliton systems??
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Soliton Cellular Automata

Soliton Cellular Automata (SCA)= Box and Ball System
D. Takahashi & J. Satsuma (1989) J. Phys. Soc. Japan
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Ultradiscretization

T.Tokihiro, D.Takahashi, J.Matsukidaira, J.Satsuma: Phys. Rev. Lett. 76
(1996)
The relationship between Soliton equations and Soliton Cellular Automata

Key formula

lir61+ eln(e?/¢ 4+ €B/¢) = max(A, B)

’ KdV eq. ‘<:>’ semi-discrete KdV eq. ‘ ¢>’ discrete KdV eq. ‘ = SCA
space discretization time discretization ultradiscretization
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Ultradiscretization

KdV equation V; + 6V V, 4+ Vppe = 0

| Space discretization
Semi-discrete KdV (Lotka-Volterra) equation d;’;‘ = Up(Vp—1 — Unyt1)
{ Time discretization

Discrete KdV (discrete Lotka-Volterra) equation
up ol bt uttlgttl
) FUUp g T Uy Upyg

{ Ultradiscretization
Ultradiscrete KdV equation

Uit — U' = max(0,U}_, — 1) — max(0, ::{-_11 1)
_ <+l +1 t+1
‘U’ Ut - E?——oo Tt - Z?——OOT
t+1 t+1
Box-Ball system T; ™" = — max (T} — 1 LSO (T — 1)
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Ultradiscretization

1 soliton solution of the Toda lattice

: vy Bfe ..y = max(.
El‘l'ri\oalog(c +e?F 4. ) =max(d4,B,---)

eps=0.5 eps=0.1
1 1
[ 5
—
2 1 a 1 2 2 1 o 1 2
eps=0.01
1
/4]
2 1 Q 1 2

a+b= max(A,B), ab= A+ B
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How to obtain exact solutions?

!

Take the ultradiscrete limit of exact solutions of difference equations.

However, we can take ultradiscrete limit of exact solutions only in which
all terms are non-negative! It is not easy to find which type of exact
solutions exists in ultradiscrete limit.

Many works use the Hirota form (which is equivalent to Gram type) of
NN-soliton solutions. — Some soliton solutions were missed in previous
studies!
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R. Hirota & D. Takahashi(J.Phys.Soc.Japan, 2007):
They proposed a new type of solutions of ultradiscrete soliton equations.

It is similar to "Permanent’.

Q1. Show the root of permanent type solutions in ultradiscrete soliton
systems. Derive permanent type solutions systematically from the De-
terminant solutions.

Q2. Systematic method to construct simple forms of soliton solutions

of 2D and 1D ultradiscrete soliton equations.

N J
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Determinant and Permanent

n
det(A) = Z sgn(o) H Qo (i)

gESy =1

n
perm(A) = Z Haia(i)

oESy i=1

where
A = (aij)1<i,j<N

is a matrix.
e.g. 2 X 2-matrix
det(A) = aj1a22 — aj2a21, perm(A) = ajiaz2 + ai2a2:.
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Permanent-type solution of Ultradiscrete Systems

Ultradiscrete Lotka-Volterra (ultradiscrete KdV) equation

Vv, — V™ = max(0, V", — 1) — max(0, Vit — 1)

n

_ m-1 m—+1
Vrj,n_Frzl—1+Fn+2 _F'rT_Fn-i-l

1 .
E = _max[|si(m + 2(j — 1), n)| li<ij<n

n
max[a;;] = max (Z ai,a(i)>

=1
Note

lim eln(perm[e®i/€]) = max|a;;]
e—0+

Does this solution exist only in ultradiscrete systems???
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Hirota Bilinear form, 7-function

KP (Kadomtsev-Petviashvili) equation

o ( 43u+33u+6 8u)+332u_0
By ot | 0z3 oz ay?

Transformation

62
u(mv y7t) - 28 2 log'r(:n, yat) ’
xr

Hirota bilinear form
[-4D,D; + Dy + 3Dt -7 =0,

D;;nf g = (8;3 - 8:1:’)mf(w7 yat)g(wla Y, t)|:1:=:1:’ .
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Hirota Bilinear form, 7-function

© (0

1 N
(N-1)  (N-1)
( U,

where f;(x,y,t) is a set of M linearly independent solutions of the linear
equations

ofi _ 9%f: ofi _ 9%f:

9y  9x2’ ot ox3’

for 1 < ¢ < IN. A finite dimensional solutions:

M
fi(wayat)zzaijEj(way?t)a t=1,---,N< M,
Jj=1

Ej(z,y,t) := €% = exp(kjx + kzjz-y + k:?t + 02) .
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Hirota Bilinear form, 7-function

~

KP 7-function  A-matrix determines the type of soliton & non-
negativity

T(z,y,t) = det(ABOK)

- Z le,...,mN Aml,...,mN exp (aml,m ,mN) ’
1<my <--<my <M

_ J
A = (an,m) is the N X M coefficient matrix,

© = diag(ef, ... ,eM),

the M x N matrix K is given by K = (k7 1),

9m1,---,mN(fU,y,t) = eml + -+ Ova ki <kay<:---<Ekm
Vima,...,mx is the vandermonde determinant

Vina,ymn = H1§j<l§N(kmj —km,),and Ap,, ... my is determined
by columns the IN X IN-minor of A.
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Hirota Bilinear form, 7-function

A-matrix for non-singular soliton solution

T-function is totally non-negative if A-matrix is the following:
we(3300) w300 7).
(007 7):

m=(sot ) (50T
= (500 ()

Y. Kodama (2004), G. Biondini & S. Chakravarty (2006), S. Chakravarty

& Y. Kodama (2008)
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O-type (2143) P-type (4321) T-type (3412)
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The 2-dimensional Toda lattice

2
aaatQ"(m’ £) = eQ@uir@t) _ 9eQu(@t) 4 (Qu-a(ait)

T

a%r, oT, OTp, 9

Tn — = Tha+l1Tn—1— T
dxdt at oz Hin=l T in
2
Qulat) = 1og (14 5o log ()
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Discretization of 2D Toda lattice

AFALQumn
= Vim-1,n+1 — Viti,m—1,n — Viyman + Viti,man—1,
Viymmn = (0K) 7 log[1 + 8k (exp Qi m,n — 1)]

+ _ fl+1,m,n - fl,m,n — _ fl,m,n - fl,m—l,n
Al fl,m,n - 5 ’ Amfl,m,n = s

\_ /

+ A — + —
(Al AmTl’m’n) Tl’m’n - (Al Tlsmsn) AmTlam’n
= Ti,m—1,n+1Tl4+1,mn—1 — TiI+1,m—1,nTl,m,n;

At A-— . Ti+1,m+1,n—1Tl,m,n+1
Vimn = A A 108 Timmn s Qlmn = log : . Lithts .
Ti+1,mnTl,m+1,n
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Ultradiscretization of 2D Toda lattice

Using lim¢_o4 €In(e?/¢ + eB/€) = max(A, B), we can create the
ultradiscrete 2D Toda lattice

AfA;;vl,m,n = A’ max(0, v m,n — T — S),

A’ fimmn = fitr,mt1,n—1 + frmmnt1 — fir1,mmn — fiomt+in -
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Construction of soliton solutions of ultradiscrete 2D Toda

lattice

The past research : Some special cases. Take ultradiscrete limit of some
special soliton solutions. The solution is not in determinant or permanent.

Idea

Determinant solution of fully discrete 2D Toda
{ ultradiscretization

Determinant-tye solution of ultradiscrete 2D Toda?

KM & G. Biondini (2004): resonant type determinant-type (actually,
permanent-type) solution

Difficulty: Ultradiscretization is available only in which all terms in
T-function are non-negative.

(Resonant-type) determinant solution has total non-negativity.
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Soliton solution of ultradiscrete 2D Toda

Theorem
The tau-function of IN line soliton solutions of the ultradiscrete 2D Toda
lattice, i.e. the tropical tau-function, is

p(l,m,n) = el_i)rgl_'_ € log ’Tf’m’n = el_i)r(r)1+ € log |A® K|
where A = (aij)1<i<Nni<j<m ., ®. = diag(¢1, p2,...,dnMm),
¢; = k(1 + 6k;) (1 + wk; )" j0, ky = ei/<,
0= e_r/e, K = e_s/e, ¢j,0 = e%i0/€ and K. = (kg_lhgi,jg\r-
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Soliton solution of ultradiscrete 2D Toda

Moreover, the tropical tau-function p(l, m,n) is a tropical determinant
p(lv m, n) = | A‘I)tropKt'rop |t'r‘op

where ®4,.0p, Ktrop are tropical matrices and | |¢rop is a tropical
determinant, these are obtained by taking ultradiscrete limit of matrices
P, K¢ and a determinant. Here a matrix A must be chosen for satsfying
that each term of tau-function Tﬁm’n is non-negative. In other words, the
tropical 7-function can be considered as ultradiscrete limit of permanent if
an appropriate A is chosen because all terms are non-negative.
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Soliton solution of ultradiscrete 2D Toda

Theorem
By using Binet-Cauchy formula, a tropical tau-function is expressed in the

form of

N
p(l,m, n) = max ¢(h17 ce ,hN) + Z(J - 1)Khj

i=1

where the phase combination is defined by

#(hi,- - ,hn) = z;.\’: L ¢§;"P, the phase is

(b;mp = nK; 4+ lmax(0, K; — r) — mmax(0, —K; — s) 4+ 9.
Note that each term in the tropical tau-function p corresponds to non-zero

minor A(hi, ha,- -+ , hn) which denotes the N X NN minor of a matrix

A obtained by selecting columns hy,ha,--- , hN.
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Soliton interaction of ultradiscrete 2D Toda

2-soliton (T-type, (3412))

A:<10——>,
o1 + +
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Soliton interaction of ultradiscrete 2D Toda

2-soliton (O-type, (2143))
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Soliton interaction of ultradiscrete 2D Toda

2-soliton (P-type, (4321))
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Grammian

Question: Are there general line soliton solutions in Grammian form?

—— Grammian solution for the KP equation —
7 = det(I + BFBT) = det(I + CF),

where B is an IN X r matrix and Bisan N x N matrix, C = BTB
is an IN X r matrix of constant coefficients and F' is an r X IN matrix
whose entries are given by
e¢(Pm)—¢(Qn)
Fon=——, (m=1,2,...,7, n=12,..,N).

Pm — Q4n
N J

The O-type IN-soliton solution is obtained by setting »r = IN and C = I.
In this case the resulting T-function 7 = det(I + F) is positive for all

x,y,t if the parameters are ordered as
PN <PN-1<..<p1 <q1 <@q2<...<¢gnN.
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Grammian form of general line soliton solutions

Wronskian form 7 = det(AEK), E = diag(e%)M , K is
vandermonde matrix, A is N X M coefficient matrix.

I Grammian form of general line soliton solutions —
7= det(I + JE2XE1_1) 9

with El = FE1D; = dlag(e‘f’(qz))ﬁl and E2 = FE;Dy; =
. Mo\ M—N .

dlag(e‘i’(f’z))i=1 ()i = piiqj for e = 1,....,M — N,
J = 1L.,.N. D1 = diag(Hj:l,j;éi(qi - qj))'zli\;l' D; =
diag([[j=y (pi — @j))iti ", E1 = diag(e®? @)Y, B, =
diag(e?®NMTN A = (I,J)P, I'is N x N submatrix of the
pivot columns of A, J is N X (M — N) submatrix of the non-pivot
columns of A, P is M X M permutation matrix.
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Grammian:Proof

T =|AEK| = |(I,J)PEK| = |(I,J)(PEP !)PK|

(7.7) E, O K,
’ 0 E- Ky

= |E1K (I + JE, K2 K{'E{")| = |E1 Ky |+

= |IE Ky + JE2 K|

F=|I+ JE2K2K1_1E1_1)|, E,, E5 are respectively N X IN and
(M — N) X (M — N) block diagonal matrices whose elements are
permutations of the set {ef1,e%,... e} K;, K, are respectively
N X N and (M — N) X (M — N) matrices obtained by permuting the
rows of the vandermonde matrix K by P.

P induces a permutation 7 of the ordered set {k1,..., knr}:

7T({k1, k27 esey kM}) - {Q1, 42,y NP1y P2y« pM—N} ’
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Grammian:Proof

Using a formula
K2K;' = DaxD; ',

we obtain

F=|I+JE KK 'E{"|
= |I + JE2Dox Dy ' ETY = |I + JE2xEy 1.
where (x)ij = pi%Qj fori=1,.... M — N, j=1,...,N,
Dy = diag([ Ty (2 — 45)) i1,
Dy = diag([]jzy (pi — )™ Ko = (@] '), K2 = (9] 71),
E, = diag(e"’(qi))i]il, E, = diag(e¢(Pi))f;’1—N_
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Grammian and Wronskian type solutions

@ We can also take ultradiscrete limit of Grammian solution. This will
give another form of soliton solutions of ultradiscrete systems.

@ Soliton solutions of 1D soliton cellular automata (CA) are obtained by
using the reduction technique from line soliton solutions of
ultradiscrete 2D-Toda or KP.

@ We can recover known solutions for 1D soliton CA. It is easy to find
possible soliton-type solutions of ultradiscrete soliton equations if we
start from our formula.
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Conclusions

@ We proposed a systematic method to obtain soliton solutions of
ultra-discrete soliton systems.

@ Determinant solutions of discrete integrable systems lead to tropical
determinant solutions (permanent-type solution) in ultradiscrete limit.

@ Why do soliton solutions look like permanent in ultradiscrete?—
Because of loss of vandermonde determinant in ultradiscrete limit.

@ We can also do same computation in the ultradiscrete KP equation.
N-soliton solutions of 1D soliton cellular automata can be obtained
from solutions of ultradiscrete 2D Toda and KP equations.

@ We found the corresspondence between Wronskian form and
Grammian form of general line soliton solutions. This correspondence
also survive in the ultradiscrete systems.

o B-type, C-type, D-type 2D Cellular Automata?

K.Maruno (UTPA) Soliton Cellular Automata July 15-21, 2009 33 /33



	Outline
	Soliton Cellular Automata and Ultradiscretization
	KP equation, -function and Wronskian
	Ultradiscrete Soliton Equations and Total Non-Negativity
	Grammian and Wronskian

