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1 Backgrounds and the SGP

Soliton equations with self-consistent sources (SESCSs)
* An integrable coupled generalization of soliton equations
+ Important physical applications: plasma physics, hydrodynamics and solid-state physics
x Interactions between different solitary waves
% The KPESCS and the KAVESCS
* V.K. Mel’nikov, Lett. Math. Phys. 7 (1983)129.
x E.V. Doktorov and R.A. Vlasov, Opt. Acta 30 (2) (1983) 223.

* V.K. Mel’nikov, Commun. Math. Phys., 112 (1987) 639; 112 (1987) 639; 126 (1989) 201.
* C. Claude, A. Latifi and J. Leon, J. Math. Phys. 32 (12) (1991) 3321.



Examples

e The KP equation: (dup — Ugpy — BUUL )y — Suy, =0

(4%5 = Uzzz — 6uux)x — 3uyy = — Z(ijwj)m‘a
%The KPESCS: < | j=1
¢j,y:¢j,$$+u¢j7 J = 1727“' 7K

\ _'ij,y — ¢],$x+u¢]7 ]: 1727'”

( K

K

~

e The KdV equation: wp + 6uty + Ugpyy =0
K
Ut + Uggy + 6uu:1; = Z (¢3)x7
%The KAVESCS: =1
*x V. K. Mel’ nikov, Inverse Problems, 6 (1990) 233.

x J. Leon and A. Latifi, J. Phys. A, 23 (1990) 1385.
*x Y.B. Zeng, Phys. A, 262 (1999) 405.



A systematic way to construct a SESCS

Restricted flows of a soliton equation <> The stationary case of the SESCS.
Lax pair for the SESCS

Nonlinear form of the SESCS
Methods to solve a SESCS

—Inverse scattering transform,

—Darboux transformation

—Hirota’s bilinear method
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Source generation procedure (SGP)

e Motivation = —— looking for a direct method to construct and solve
a SESCS

e Basic idea —— Hirota’s bilinear form of original equations without
sources
—— Determinant or pfaffian solutions of equations without
sources

* X.B. Hu, H.Y. Wang, Inverse Problems 22 (2006) 1903.



e Steps of the procedure:

Step 1. Give the exact solution of an original bilinear equation: determinant or pfaffian
form including some arbitrary constants c;;.

Step 2. Generalize some constants ¢;; into some functions of one independent variable,
e.g., ¢ij(x), then we get the generalized determinant (pfaffian).

(x: some independent variable)

Step 3. Seek new coupled equations M Generalized determinant (pfaffian)



2 Construction of the KPESCS

§2.1 Elementary Properties of Pfaffian

I. An N-th order Pfaffian can be defined by the determinant of a 2N x 2N antisymmetric
matrix

A =det(a;;)onxon, Gij = —aj;
A= pf(1727 o 72N>27 pf<7’7.7) = ai,ja and pf(’L,]) — _pf(.]a Z)a 1 < Z;] < 2N.

Examples:
N = 1, A = (CL172)2 = pf(l, 2)2, then pf(l, 2) = a12
N =2, A = (aj2a34 — a1 3024 + a1 4a23)* = pf(1,2,3,4)%

That 1s
pf(1,2,3,4) = a1 2a34 — a13a24 + a14023
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2. An N-th order Pfaffian can be expanded as

2N

J=1

or

pf(1727 72N> — Z (—1)Z+]_1pf(7,,])pf(1, 7,27"' 757"' 72N)7

1<i<j<2N

where the hat on the letter denotes the deletion of the letter under it.

3. An N-th order determinant
B = det(b; j)1<ij<n

can be expressed as an N-th order Pfaffian
B :pf(172> 7N7N*7°” 72*71*)7
where Pfaffian entries are defined by
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4. Pfaffian identities:
pf(CLl, a9, as, a4, 1, s ,QN)pf(l, 2, s ,QN)
4 o
— Z(_:l)jpf(al)aj? 17 e 72N)pf<a27 o 7dj7 T, Ay, 17 toe 72N)7
=2

pf(ai,as,as,1,--- ;2N — D)pf(1,2,--- ,2N)

= pf(al, 1, 00 C ,2N — 1)pf(a2, as, 1, 2, 00C ,2N)
—pf(ag, 1, s ,QN — 1)pf(CL1, as, 1, 2, ce ,QN)
+pf(as, 1,--- ,2N — 1)pf(ay,as,1,2,--- ,2N).

The Jacobi determinant identity and the Plucker relation are special examples of the above

pfaffian identities.

[1] R. Hirota, Direct method in soliton theory (In English), (Edited and Translated by A. Nagai,
J. Nimmo and C. Gilson Cambridge University Press, 2004. 6).
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§2.2 Construction of KPESCS

K P equation (4w — Uypy — 6UUy )y — 3y, =0, (1)
M u=2(In7)y,
Bilinear KP (Dy — 4D, Dy +3D))r - 7 =0, (2)

e Hirota bilinear operator [1]:

omn o
D?m7®¢%9@¢%=@ﬁag(x+%t+$mx—%t—$bﬁwm
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Step 1. Grammian determinant solution of Eq. (2):
T = dCt(ﬁZ’j —I—/ fl'f:]'dx)lgi’jg]\[, ﬁij = constant,

fi and fj satisfy the dispersion relation:

df; _ ofi Of; _ (_1)n_13nfi
ox, Oz  Oux, oxn’

(x1 =z, o=y, w3=1).

3)

4)
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Step 2. Change the function 7 in (3) into the following form:
f = det(aij)icij<n = p(L,2,- -+, N, N¥, -+, 17) = pf(-),
Pfaffian elements:
pf(i, 7°) = aij = B;(t) + /x fifidz, pf(i,§) = pf(*,j*) =0, 4,j=1,2,---,N,

Bi;(t) satisfies the following condition:

Bii(t) = Gi(t), i=jand 1<i< KN, K,NeZt,
VR Bij, otherwise,

)
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Step 3. Introduce other new functions:

gi = 24/ 28;(Opf(d, 1, -+ N, N* -+ Ji*,--- 1%), i=1,2,---

hi =2 QﬁZ(t>pf<d0717 7%7"' 7N7N*7"' 71*)7 1=1,2,.--

3i(t): the derivative of 3;(t) with respect to t.

New pfaffian elements:

x " % "

pf(dy, dn) = pf(dy,, dy) = pf(dm, dn) = pf(dy,, 5°) = pt(dm, 1) = 0.

mnes, 1,5j=12--- N

(6)

(7)
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f, gi and h; in (5)-(7) satisfy the bilinear equations:

K
(D! —4D,D, +3D2)f - f = gihi,
1=1

(Dy+Dg23)ng:07 2'21727"'7[(7

(D, +D>)h; - f=0, i=1,2--- K.

I

Bilinear form of KPESCS

(8)

©)

(10)
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e Proof of equations (8)-(10)

» According to the formula of the derivative of a determinant, we have

K
ft226j(t)pf(1727 7}7"' 7N7N*7”' 75*7”' 71*)
j=1
+pf(d27 dz;) .) _ pf(d17 Ta .) =+ Pf<d07 d;7 .)7
K
fl‘t:Zﬁj<t)pf<d07dEk)71727 757'” 7N7N*7"' 75*7”' 71*)
j=1

+pf(d37 dz;) .) - pf(d07 dga dl) 4{7 .> + pf(d07 d;;) .)7

where the dot in the above pfaffians denotes the set {1,2,--- | N, N* --. 1*}.
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Substituting the above formulas into (8), we get the expression

0= 3[pf(d0, d87 dl? dT? 0)pf(0) - pf(do, dé? .)pf(dla >1k> .) + pf(do, dT? 0)pf(d1, dé? .)]

K
_Zﬁj pfd()ad()? 7"'757"'7N7N*7"'7]?*7"'71*)pf<.)
_pf(d07d07 )pf< "'7N7N*7“'7]'A*7“'71*>

+pf(d0717" 7N7N*7"' 7]?*7"' 71*>pf(d07]-7 757"' 7N7N*7"' 71*)]

which is a linear combination of K + 1 pfaffian identities. So equation (8) holds.
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» According to the expression of g;, we have

5} (t)pf(dy
Gjxx = Qﬁ] (t) pf d27 + Pf do, dg, dj )]
26] (t)[p d27 pf d07 dOJ )]

where * denotes the set {1,--- , N, N* .- j* ... 1},

Substituting the formulas into eqgs. (9), we also get an identity of determinants:

pf(d07 Ta.)pf(dz;? sy T N N*v 7‘7?*7”' 71*2
+pf< )pf(d07d07 19 7"' 7N7N*7”° 7j*7”° 71*)

_pf(d07d07 ) ( 1717"' 7N7N*7°'° ujA*?”' 71*):0

So egs. (9) holds.
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Bilinear form of the KPESCS (8)-(10)

u=2(In f)zs “ gi=¢if, hi=Yif
Nonlinear form of the KPESCS

K
<4ut — Ugppx — 6uu$)az - Suyy + Z(qbzwz)xa: — 07
i=1

¢i,y:¢i,xm+u¢i7 Z:1727 7K
_wi,y:wi,xaj—i_uwia 1= 1727”' 7K

* V. K. Mel’nikov, Commun. Math.Phys. 126 (1989) 201-215;
* S.F. Deng, D.Y. Chen and D.J. Zhang, J. Phys. Soc. Jpn, 72 (2003) 2184,
x T. Xiao and Y.B. Zeng, J. Phys. A. 37 (2004) 7143-7162.

(1)



21

3 New types of KPESCS

e Recall:

The K P equation cij — Cij(t) ( The KPESCS
Determanant solution Determinant solution

(t — temporal variable)

e Question 1:

{ The KP equation cij — Ci;(y)

I ?
Dietermsmamit salhnsamn What kind of coupled system?

(y — spatial variable)

e Question 2:

{ The KP equation cij — Cij(X)

I 9
Diebermmimat aslurom What kind of coupled system?

(X — linear combination of ¢ and )
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§3.1 A new type of KPESCS:
* X.B. Hu, H.Y. Wang, Inverse Problems, 23 (2007) 1433-1444.

step 1: the same as the first step in the normal KPESCS
step 2: Introduce a new function:

f= det(azj)lgi,jgN =pf(1,2,--- ,N,N*,--- | 1),

Pfaffian elements:

ﬁij(y) satisfies the following condition:

Gty = 4 Ailw),  i=jad ISiSKSN, KN €7,
i\ = Bl otherwise,

(12)

7N7
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step 3: Introduce other new functions:

gi = \/ CZ(y)pf(d8717 7N7N*7°“ 7/2*7“' 71*)7 (13)

hi = \ Cl(y>pf(d0717 7%7'” 7N7N*7.” ’1*)’ (14)

New pfaffian elements:

DE(d 1) = S0 pi(d, %) = 2

pf(d; . d}) = pf(dp,, d;) = pf(d;,, d;) = pf(d;,, 77) = pf(dpn,i) =0, m,l € Z.
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Besides, we introduce some auxiliary functions:

kl:CZ(y>pf(17 7%7"' 7N7N*7"' 7%*7“' 72*71*)7 221727

do7 7...’]\],‘]\[*’...7@'*7... 71*)

Yoy

+\/Czy Z Cj(y)pf(d87177377N7N*775*7

1<i<j<M

Z Ciy)pt(d, 1, 15, Ny N e 35 e % e

1<]<Z<M

zr

pfd07 s 17T 7%7"' 7N7N*7'” 71*)

—l_\/ Z C pfd()) s 1T 7]7 N7N*7"'

1<i<y<M

Z Ci(y)pf(do, 1, , 5, 4, , N, N* oo 5% oo

1<g<i<M

M (15)

aj*a"' 71*)

, 1)1, (17)
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Then those functions satisfy bilinear equations:

M
(D} — 4D, Dy +3D2)f - f =6 > (Dyki- f — Dagi - hy), (18)
=il
D,k; - f + gihi =0, (19)
M
(Dy—D2)gi- f=Pf —g: Y Kk, (20)
=1
. J
(Dy—D2)f - hi=hi Y ki — fQi. (21)
=1
: M
(D3 +3D,Dy —4Dy)gi - f =3D,[Pi - f —gi- (O _ k)], (22)
=1
. J
(D3 + 3Dy Dy — 4Dy) f - by = 3D, [() _k;) - hi — f - Qil. (23)

J=1
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Through the dependent variable transformations:
Xi=ki/f ¢1i=PF/f, ¢2.=0Qi/f,

bilinear Eqs.(18)-(22) can be finally transformed into the following coupled system:

2

M
(uxx:n + 6““1} — 4ut)x + 3uyy =6 ;[¢@,mxwz — ¢z¢2,xw — (¢zwl)y]w7

M
& AP paw — Ay + BuP; 5 + Bugdi — 3 [ uydz = 66 > i, (24)
=

M
A; paw — Wiz + 6u; 5 + Bughs + 30 [©uydz = —6¢; > ¢
=i

\

New type of KPESCS

* V. K. Mel’nikov, On equations for wave interactions, Lett. Math. Phys. 7 (1983) 129.



27

e The new KP equation with one source (M = 1):

( (umm + 6uu, — 4Ut)m + Buyy = 6[¢xw¢ — Py — (¢¢)y]x,

4Qppr — 40 + 6uP, + 3u P — 3¢ ffoo uydx = 6¢2¢7 (25)

7\

. Wpyzr — Wt + 6uthy + Bugtp + 3 f_xoo uydaj - _6¢¢2'

» Exact solutions:

u=2(Inf)s, ¢=- ¢ (26)

=
e
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According to formulas in (12)-(14):

f = det(aij)1<ij<n, aijZﬁij(y)Jr/ fifjda, (27)
. - _ Cl<y>7 1=3=1,
with 5;;(y) = { constant,  otherwise,
fi a2 - ain f1 f2 fN
o= /0| 2 oo | o R e | g
IN an2 -+ ann ani an2 -+ QNN

where fi, f; satisfy

ofi _ 0"fi df _ (_1)n_1anﬁ'
ox, Ox" Oz, Oxm’

(x1 =2, o=y, x3=1).
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» one-soliton solution:

Take NV = 1 and
e2oy)

B =Ci(y) = !

p+q
_ & _ prpty+pit f . n _ qr—q*y+git
fi=eb = ePTPUIPL L f) = ¢ = ITTVHTE g g e R,

Y

where a(y) is an arbitrary function of the variable y.

1-soliton solution:

2

0
U = QW In(1 4 e&+1-220)),

bV g(p +q)a(y)et W)

, ¢ =

V2p + g)ay)e’ W

1 + ebt+n—2a(y) 1 + ef+n—2a(y)
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» two-soliton solution:

Take N = 2 and
P11 =Ci(y) = ! e20W) Blg = By =0, Poy = !
P11+ q1 7 7 P2+ q2

. ) 2 3 ~ ) r—q2 3 .
fZ = egl — 6p2m+pzy+pzt’ fZ —= 6771 — e%m qzy+qzt’ ])z7 qlb € R7 (— 1’ 2

then

U = 28_21 [1 _|_ £1+771—2Oé(y) _|_ Ea412 _|_A £1+771+€2+T]2—204(y)]

— 81’2 n (& e e ,
b = V2(p1 + q1)a(y)en W1 + byetr]

1 4+ efitm—2a(y) 4+ efotme L Aelitm+éatn—2a(y)’
) = — V2(p1 + q)a(y)e W1 + a7
= 651—1-771—2@(9) + et L A€€1+771+52+772—204(y)’

where by = hw—e o _PiTPh (p1 —p2) (@1 — q2)

peta  pta (p1+q)(p2+q1)
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§3.2 Hybrid type of KPESCS

Step 2 oco coc
step 2: Introduce a set of new functions:

f= det(aij>1<i,j<N — pf(L Do NN caa 1*)7 (29)

Pfaffian elements:
ai; = pf(i, ) = Bi;(X) +/ fifjd:r, pf(i, j) = pt(i*, ;) =0, 4,j=1,2,---,N,

Bi;i(X) satisfies the following condition:

B,(X) = Gi(X)=Bi(ay+bt), i=jand 1<i< KN, K,NeZT,
E B otherwise,

where a and b are real constants and they cannot be zeroes at the same time.
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New pfaffian elements:

pf<dm7z) — Oxm’ pf(dmaj ) — 81’”’5’

m,l € Z

pf(dim d?) — pf(dm, dl) — pf(d;ﬁm dl) - pf(d;kmj*) — pf(dm, Z) = 0.

(30)

€1
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step 3: Introduce other auxiliary functions:

:C'Z.(X)pf(l’... 727... N, N* .. 75*,... L 2% 1%),

1<Z<]<M

Z C pfd07 7'“757“'7N7N*7“'7%*7”°75*7"'7

1<j<i<M

 (X)

C
24/ Ci<X)

Qi: - pf<d0717"'7%7"'7N7N*7”'71*)

+4/C Z C;(X)pf(do, 1, 4y 4, ,N,N*, .-

1<i<y<M

Z C pfd07 7”'737”'7%7°"7N7N*7”°75*7”'7

1<j<i<M

7

C'

]

(X): the second order of C;(X') with respect to X



34

These new functions satisfy the bilinear equations:

M M
(D3 — 4D, Dy +3D2)f - f =80 gihi+6ay_(Dyki- f — Dugi - i), (32)
1=1 1=1
Dyki - f + gihi =0, (33)
M
(Dy— D2)gi- f = alP.f —gi > kjl, (34)
=1
. J
(Dy — D2)f - hi = alhi > _kj — fQi], (35)
=1
’ M
(D3 +3DyDy — 4Dy)g; - f = (3aDy — 4D)[P; - f — gi- (O _kj)], (36)
=1
. J
(D3 + 3Dy Dy — 4Dy) f - hi = (3aD, — 40)[(Y _k;) - by — f - Qi] (37)

J=1
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Applying the dependent variable transformations:
Xi=ki/f ¢1i=PF/f, ¢2.=0Qi/f,

Bilinear equations (32)-(37) are finally transformed into the nonlinear system:
(Ugza + OULy — duy)y + uy,
M M
= 8b Zl(cbz%)m + 6a Zl[q%,m% — ¢ti gz — (Diths)ylz,
a[4¢i,x:px - 4¢i,t 4 6U§bz,x + 3u3’3¢2
M
—30; f_xoo uydz] 4 4b[¢i y + Gizw + udi] = 6a*¢; 21 G0,
j:
a[4¢i,x:m: — 4%,75 + 6uwz,x + 3“$¢Z
M
+31; ffoo uydz] + 4b[1h; y — Vi ze — wihi] = —6a*yh; 21 P;1;.
j:

Hybrid type of KPESCS

(38)
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olfa=0,0= %, the system(38) is reduced to the general KPESCS (11)

M
Ugre + O6UU, — duy + 3 ffoo uyydx — Z(¢Z¢Z)$7

1=1
¢i,y + ¢’i,l‘$ + u¢l — 07 Z - 17 27
=1,

,M
wi,y_wi,xx_uwi:(L ( 27"'7M

e Ifa =1, b =0, the system (38) is reduced to the first new type KPESCS (24)

M

Uger + OuU, — duy 4 3 ffoo Uyydr = 6 2[%9@%‘ — PiWi gz — (@'%)y],
M

A woz — Aiy + 6uds z + Jugd; — 3¢ [©_uydz = 6¢; > 91,
j=1

M
A; paw — Wiy + 6UY; 5 + Sugth; + 3¢; [©_uydz = —6¢; > ¢,
=l
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Characteristic:

e Considering the forms of equations

The KPESCS

Hybrid KPESCS

KP equation

New KPESCS

a combination of the two simpler KPESCSs

e Why we call this kind of system a hybrid type?

» some hybrid-type equations in the soliton theory
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% The generalized nonlinear Schrodinger equation

G = iGee + a(q*q")s + ibgq",

a=0,b#0: the NLS equation
a#0,b=0: thederivative NLS equation

% a hybrid differential-difference equation

dw,,

T = [1 + bwn + C’wi](wn—l — wn—|—1>7

up,=14+w,, b=1, ¢=0: Lotka — Volterra equation
U, =wy, b=0, c=1: Self — dual nonlinear network equation

* M.J. Ablowitz and P.A.Clarkson, Solitons, Nonlinear Evolution Equations and Inverse Scattering, 1991, Cam-
bridge: Cambridge University Press.

*x A.S. Carstea, Phys. Lett. A 233 (1997) 378-382.

* R. Hirota and M. Iwao, CRM Proceedings and Lecture Notes 25 (2000) 217-243.
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4 Summary

e The source generation procedure is applied to the KP equation, and three kinds of KPESCSs

are given and their determinant solutions are derived respectively.

e The relationship among the three coupled systems

» From the point of equations

Hybrid KPESCS

The KPESCS

KP equation

New KPESCS

a combination of the two simpler KPESCSs

» From the point of exact solutions (determinant solutions)
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EF equation
D-zolution,

including cij

L=y |

| € > cg(})

e

Hybrid EFEZCE
D-zolution,

including cy(X)

(060

60)—40)

r

. A

The EFESCS WNew EPESCS

D-solution, D-zolution,
including cﬁ(t) including c!';(y)
c; () > ¢, cy.(y) —>c,

\/

EP ecuation
D-zolution, e

including cij
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Thank you!

E-mail: wanghy@]lsec.cc.ac.cn
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